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STRUCTURES OF HYPERHOLOMORPHIC

FUNCTIONS ON DUAL QUATERNION NUMBERS

Hyun Sook Jung, Su Jin Ha, Kwang Ho Lee, Su Mi Lim
and Kwang Ho Shon∗

Abstract. We research properties of a corresponding Cauchy the-
orem of hyperholomorphic functions in an open set of product com-
plex spaces, in the sense of complex Clifford analysis.

1. Introduction

Theory of holomorphic functions of several complex variables was de-
veloped by a constructive method of complex analysis. Weil [14] gener-
alized the Cauchy integral formula to polynomial polyhedra in Cn. Oka
[6-13] solved the so-called fundamental problems, that is, Cousin prob-
lem and Levi problem et al. Likewise in the theory of holomorphic func-
tions of several complex variables, investigations of hyperholomorphic
functions, regular functions, monogenic functions, biregular functions
and their natural domains of existence are rooted in abstract versions of
complex Clifford analysis and their applications. In practice, we require
n solutions of polynomial equations having the form

c0z
n + c1z

n−1 + c2z
n−2 + · · ·+ cn−1z + cn = 0,

where c0 6= 0, c1, · · · , cn are given complex numbers and n is a positive
integer called the degree of the equation. The fundamental theorem of
algebra does not hold in the case of complex Clifford analysis.
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2. Preliminaries

For the real space R4, the non-commutative extension of the complex
numbers was discovered by Hamilton [3], and was called the quaternion
in Clifford analysis. Futer [1] gave a definition of regular quaternion
function in R4 and developed theory of quaternion functions in 1935.
Recently, theory of quaternion analysis have been applied in physics
(see [2]).

The field T of quaternions

z =

3∑
j=o

ejxj (x0, x1, x2, x3 ∈ R)

is a four dimensional non-commutative R-field of real numbers such that
its four base elements e0 = id., e1, e2 and e3 satisfy the followings:

e2
j = −1 (j = 1, 2, 3), e1e2 = e3 = −e2e1,

e2e3 = e1 = −e3e2, e3e1 = e2 = −e1e3.

Identifying the element e1 with the imaginary unit
√
−1 in the C-field

of complex numbers, we have a quaternion that z is regarded as

z = z1 + z2e2 ∈ T ,

where z1 = x0 + e1x1, z2 = x2 + e1x3 ∈ C. Thus, we identify T with
C2. We define the quaternion multiplication of two quaternion numbers
z = z1 + z2e2 and w = w1 + w2e2 ∈ T , by where z̄1 = x1 − e1x2, z̄2 =
x2 − e1x3 ∈ C. For z = z1 + z2e2, the quaternion conjugate z∗, the
absolute value |z| of z and the inverse z−1 of z in T are defined by the
followings:

z∗ = z̄1 − z2e2, |z| =
√
|z1|2 + |z2|2, z−1 =

z∗

|z|2
(z 6= 0).

We use the following quaternion differential operators:

Dz :=
∂

∂z1
− e2

∂

∂z̄2
=

1

2

(
∂

∂x0
− e1

∂

∂x1
− e2

∂

∂x2
+ e3

∂

∂x3

)
,

D∗z =
∂

∂z̄1
+ e2

∂

∂z̄2
=

1

2

(
∂

∂x0
+ e1

∂

∂x1
+ e2

∂

∂x2
− e3

∂

∂x3

)
,
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where ∂
∂z1

, ∂
∂z̄1

, ∂
∂z2

and ∂
∂z̄2

are usual differential operators. And, we
have

∂

∂z1
e2 =

1

2

(
∂

∂x0
− e1

∂

∂x1

)
e2 =

1

2

(
e2

∂

∂x0
− e1e2

∂

∂x1

)
=

1

2

(
e2

∂

∂x0
+ e2e1

∂

∂x1

)
= e2

∂

∂z̄1
,

∂

∂z̄1
e2 =

1

2

(
∂

∂x0
+ e1

∂

∂x1

)
e2 =

1

2

(
e2

∂

∂x0
+ e1e2

∂

∂x1

)
=

1

2

(
e2

∂

∂x0
− e2e1

∂

∂x1

)
= e2

∂

∂z1
.

The operator

DzD
∗
z =

(
∂

∂z1
− e2

∂

∂z̄2

)(
∂

∂z̄1
+ e2

∂

∂z̄2

)
=

1

4

(
∂2

∂x2
1

+
∂2

∂x2
2

+
∂2

∂x2
3

+
∂2

∂x2
4

)
= ∆x.

Let D be an open set in C2 and f(z) = f1(z) + f2e2 be a function de-
fined on D with values in T , where z = (z1, z2) and f1(z) and f2(z) are
complex-valued functions on D.

Definition 1. Let D be an open set in C2. A function f(z) = f1(z) +
f2(z)e2 is said to be L(R)-hyperholomorphic on D, if
(1) f1(z) and f2(z) are continuously differentiable on D,
(2) ∂

∂z∗ f = 0 (f ∂
∂z∗ = 0) on D.

The above equations (2) of the definition 1 operate to f as follows:

D∗zf =

(
∂

∂z̄1
+ e2

∂

∂z̄2

)
(f1 + f2e2) =

(
∂f1

∂z̄1
− ∂f̄2

∂z2

)
+

(
∂f2

∂z̄1
+
∂f̄1

∂z2

)
e2,

fD∗z = (f1 + f2e2)

(
∂

∂z̄1
+ e2

∂

∂z̄2

)
=

(
∂f1

∂z̄1
− ∂f2

∂z̄2

)
+

(
∂f2

∂z1
+
∂f1

∂z2

)
e2.

The above equation (2) of the definition 1 for L-hyperholomorphic func-
tion f(z) is equivalent to the following corresponding Cauchy-Riemann
system in T :

∂f1

∂z̄1
=
∂f̄2

∂z2
,
∂f2

∂z̄1
= −∂f̄1

∂z2
.
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3. Dual quaternion

The dual numbers extended the real numbers by adjoining one new
element ε with the property ε2 = 0. Every dual number has the form
z = x + εy with x and y uniquely determined real numbers. And the
conjugate dual number z∗ of z is defined by z∗ = x− εy and we obtain
|z|2 = x2. If we use matrices, dual numbers can be represented as

ε =

(
0 1
0 0

)
, z = x+ εy =

(
x y
0 x

)
.

For the real polynomial, we have

P (x) = pnx
n + pn−1x

n−1 + · · ·+ p1x+ p0,

P (x+ εy) = pn(x+ εy)n + pn−1(x+ εy)n−1 + · · ·+ p1(x+ εy) + p0

= pnx
n + εnpnx

n−1y + pn−1x
n−1 + ε(n− 1)pn−1x

n−2y

+ · · ·+ p1x+ εp1y + p0

= P (x) + εyP ′(x).

For a Taylor series of a holomorphic function f(a+ εb), we have

f(x+ εy) =

∞∑
n=0

f (n)(x)

n!
(εy)n = f(x) + εyf ′(x).

Hence, we have

exp(εy) =
∞∑
n=0

(εy)n

n!
= 1 + εy.

Thus,
(x+ εy)c+εd = xc + ε[y(cxc−1) + d(xc lnx)].

Therefore, the dual numbers are elements of the 2-dimensional real al-
gebra

D = {z = x+ εy | x, y ∈ R, ε2 = 0}
generated by 1 and ε. The dual quaternion z =

∑3
j=0 ejxj +ε

∑3
j=0 ejyj

is written as
z = a+ εb.

The conjugation number z∗, the absolute value |z| and the inverse z−1

of z = a+ εb are given by the followings:

z∗ = x0 − e1x1 − e2x2 − e3x3 + ε(y0 − e1y1 − e2y2 − e3y3) = a∗ + εb∗,

|z|2 = zz∗ =
3∑

j=0

xj
2 + 2ε

3∑
j=0

xjyj =
3∑

j=0

ζj
2, z−1 =

z∗

|z|2
(z 6= 0),
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where ζj = xj + εyj (j = 0, 1, 2, 3), a∗ and b∗ are conjugate numbers of
a and b, respectively.

We consider the following differential operators:

D :=
∂

∂x0
− e1

∂

∂x1
− e2

∂

∂x2
− e3

∂

∂x3
+ ε

(
∂

∂y0
− e1

∂

∂y1
− e2

∂

∂y2
− e3

∂

∂y3

)
,

D∗ =
∂

∂x0
+ e1

∂

∂x1
+ e2

∂

∂x2
+ e3

∂

∂x3
+ ε

(
∂

∂y0
+ e1

∂

∂y1
+ e2

∂

∂y2
+ e3

∂

∂y3

)
.

Then, we have the following for dual quaternion operators:

DD∗ = D∗D =

3∑
j=0

∂2

∂xj2
+ 2ε

 3∑
j=0

∂2

∂xj∂yj

 =

3∑
j=0

∂2

∂τj
2 = ∆z,

where
∂

∂τj
=

∂

∂xj
+ ε

∂

∂yj
(j = 0, 1, 2, 3).

Definition 2. Let Ω be an open subset of C2 × C2. A function
F (z) = f(a) + εg(b) =

∑3
j=0 ejuj(a) + ε(

∑3
j=0 ejvj(b)) is said to be

hyperholomorphic on Ω if
(1) uj(a) and vj(b) (j = 0, 1, 2, 3) are continuously differentiable on Ω,
(2) D∗F (z) = 0 on Ω.

Equation (2) of Definition 2 operates to F (z) as follows:

D∗F =

 3∑
j=0

ej
∂

∂xj
+ ε

3∑
j=0

ej
∂

∂yj

 3∑
j=0

ejuj + ε
3∑

j=0

ejvj


=

(
∂

∂x0
+ e1

∂

∂x1
+ e2

∂

∂x2
+ e3

∂

∂x3
+ ε

(
∂

∂y0
+ e1

∂

∂y1
+ e2

∂

∂y2

+e3
∂

∂x3

))
· (u0 + e1u1 + e2u2 + e3u3 + ε(v0 + e1v1 + e2v2 + e3v3))

=
∂u0

∂x0
− ∂u1

∂x1
− ∂u2

∂x2
− ∂u3

∂x3
+ e1

(
∂u1

∂x0
+
∂u0

∂x1
+
∂u3

∂x2
− ∂u2

∂x3

)
+ e2

(
∂u2

∂x0
− ∂u3

∂x1
+
∂u0

∂x2
+
∂u1

∂x3

)
+ e3

(
∂u3

∂x0
+
∂u2

∂x1
− ∂u1

∂x2
+
∂u0

∂x3

)
+ ε

(
∂v0

∂x0
− ∂v1

∂x1
− ∂v2

∂x2
− ∂v3

∂x3
+
∂u0

∂y0
− ∂u1

∂y1
− ∂u2

∂y2
− ∂u3

∂y3

+ e1

(
∂v1

∂x0
+
∂v0

∂x1
+
∂v3

∂x2
− ∂v2

∂x3
+
∂u1

∂y0
+
∂u0

∂y1
+
∂u3

∂y2
− ∂u2

∂y3

)
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+ e2

(
∂v2

∂x0
− ∂v3

∂x1
+
∂v0

∂x2
+
∂v1

∂x3
+
∂u2

∂y0
− ∂u3

∂y1
+
∂u0

∂y2
+
∂u1

∂y3

)
+e3

(
∂v3

∂x0
+
∂v2

∂x1
− ∂v1

∂x2
+
∂v0

∂x3
+
∂u3

∂y0
+
∂u2

∂y1
− ∂u1

∂y2
+
∂u0

∂y3

))
.

Therefore, the Equation (2) of Definition 2 for F (z) is equivalent to
the following system of equations:

∂u0

∂x0
=
∂u1

∂x1
+
∂u2

∂x2
+
∂u3

∂x3
,
∂u2

∂x3
=
∂u1

∂x0
+
∂u0

∂x1
+
∂u3

∂x2
,

∂u3

∂x1
=
∂u2

∂x0
+
∂u0

∂x2
+
∂u1

∂x3
,
∂u1

∂x2
=
∂u3

∂x0
+
∂u2

∂x1
+
∂u0

∂x3
,

∂v0

∂x0
+
∂u0

∂y0
=
∂v1

∂x1
+
∂v2

∂x2
+
∂v3

∂x3
+
∂u1

∂y1
+
∂u2

∂y2
+
∂u3

∂y3
,

∂v2

∂x3
+
∂u2

∂y3
=
∂v1

∂x0
+
∂v0

∂x1
+
∂v3

∂x2
+
∂u1

∂y0
+
∂u0

∂y1
+
∂u3

∂y2
,

∂u3

∂y1
+
∂v3

∂x1
=
∂v2

∂x0
+
∂v0

∂x2
+
∂v1

∂x3
+
∂u2

∂y0
+
∂u0

∂y2
+
∂u1

∂y3
,

(3.1)
∂v1

∂x2
+
∂u1

∂y2
=
∂v3

∂x0
+
∂v2

∂x1
+
∂v0

∂x3
+
∂u3

∂y0
+
∂u2

∂y1
+
∂u0

∂y3
.

Now, we add the following condition of integrability:

∂v0

∂x0
=
∂v1

∂x1
+
∂v2

∂x2
+
∂v3

∂x3
,
∂v2

∂x3
=
∂v1

∂x0
+
∂v0

∂x1
+
∂v3

∂x2
,

(3.2)
∂v3

∂x1
=
∂v2

∂x0
+
∂v0

∂x2
+
∂v1

∂x3
,
∂v1

∂x2
=
∂v3

∂x0
+
∂v2

∂x1
+
∂v0

∂x3
.

We let

dxy = dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dy0 ∧ dy1 ∧ dy2 ∧ dy3.

Theorem 3.1. Under the condition of integrability (3.2), let F (z) be a

hyperholomorphic function in an open set Ω of C2 × C2 and

κ = ˆdy0 − e1
ˆdy1 + e2

ˆdy2 − e3
ˆdy3 + ε( ˆdx0 − e1

ˆdx1 + e2
ˆdx2 − e3

ˆdx3),

where ˆdxj is the dxj-removed form on dxy, and ˆdyj is the dyj-removed
form on dxy (j = 0, 1, 2, 3). Then for any domain G ⊂ Ω with smooth
distinguished boundary bG of C2 × C2,∫

bG
κF (z) = 0,
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where κF (z) is the product of quaternion numbers of the form κ on the
function F (z).

Proof. By the rule of the multiplication of quaternion numbers, we
have

κF (z) =[ ˆdy0 − e1
ˆdy1 + e2

ˆdy2 − e3
ˆdy3 + ε( ˆdx0 − e1

ˆdx1 + e2
ˆdx2 − e3

ˆdx3)]

·

 3∑
j=0

ejuj + ε
3∑

j=0

ejvj


=uo ˆdy0 + e1u1

ˆdy0 + e2u2
ˆdy0 + e3u3

ˆdy0 − e1u0
ˆdy1 + u1

ˆdy1

− e3u2
ˆdy1 + e2u3

ˆdy1 + e2u0
ˆdy2 − e3u1

ˆdy2 − u2
ˆdy2 + e1u3

ˆdy2

− e3u0
ˆdy3 − e2u1

ˆdy3 + e1u2
ˆdy3 + u3

ˆdy3 + ε[v0
ˆdy0 + e1v1

ˆdy0

+ e2v2
ˆdy0 + e3v3

ˆdy0 − e1v0
ˆdy1 + v1

ˆdy1 − e3v2
ˆdy1 + e2v3

ˆdy1

+ e2v0
ˆdy2 − e3v1

ˆdy2 − v2
ˆdy2 + e1v3

ˆdy2 − e3v0
ˆdy3 − e2v1

ˆdy3

+ e1v2
ˆdy3 + v3

ˆdy3 + u0
ˆdx0 + e1u1

ˆdx0 + e2u2
ˆdx0 + e3u3

ˆdx0

− e1u0
ˆdx1 + u1

ˆdx1 − e3u2
ˆdx1 + e2u3

ˆdx1 + e2u0
ˆdx2 − e3u1

ˆdx2

− u2
ˆdx2 + e1u3

ˆdx2 − e3u0
ˆdx3 − e2u1

ˆdx3 + e1u2
ˆdx3 + u3

ˆdx3].

Therefore,

d(κF ) =

 3∑
j=o

∂

∂xj
dxj + ε

3∑
j=o

∂

∂yj
dyj

 (κF )

= ε

[(
∂u0

∂y0
− ∂u1

∂y1
− ∂u2

∂y2
− ∂u3

∂y3
+
∂u0

∂x0
− ∂u1

∂x1
− ∂u2

∂x2
− ∂u3

∂x3

)
dxy

+ e1

(
∂u1

∂y0
+
∂u0

∂y1
+
∂u3

∂y2
− ∂u2

∂y3
+
∂u1

∂x0
+
∂u0

∂x1
+
∂u3

∂x2
− ∂u2

∂x3

)
dxy

+ e2

(
∂u2

∂y0
− ∂u3

∂y1
+
∂u0

∂y2
+
∂u1

∂y3
+
∂u2

∂x0
− ∂u3

∂x1
+
∂u0

∂x2
+
∂u1

∂x3

)
dxy

+e3

(
∂u3

∂y0
+
∂u2

∂y1
− ∂u1

∂y2
+
∂u0

∂y3
+
∂u3

∂x0
+
∂u2

∂x1
− ∂u1

∂x2
+
∂u0

∂x3

)
dxy

]
.

By Equations (3.1) and (3.2), we have d(κF ) = 0. By Stokes theorem,
we have ∫

bG
κF =

∫
G
d(κF ) = 0.
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