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STRUCTURES OF HYPERHOLOMORPHIC
FUNCTIONS ON DUAL QUATERNION NUMBERS

HyuN Sook Jung, Su JIN HA, KwaNG Ho LEE, SU M1 Lim
AND KwaNG HO SHON*

Abstract. We research properties of a corresponding Cauchy the-
orem of hyperholomorphic functions in an open set of product com-
plex spaces, in the sense of complex Clifford analysis.

1. Introduction

Theory of holomorphic functions of several complex variables was de-
veloped by a constructive method of complex analysis. Weil [14] gener-
alized the Cauchy integral formula to polynomial polyhedra in C". Oka
[6-13] solved the so-called fundamental problems, that is, Cousin prob-
lem and Levi problem et al. Likewise in the theory of holomorphic func-
tions of several complex variables, investigations of hyperholomorphic
functions, regular functions, monogenic functions, biregular functions
and their natural domains of existence are rooted in abstract versions of
complex Clifford analysis and their applications. In practice, we require
n solutions of polynomial equations having the form

0"+ 12" F e 4 ep1z+ e =0,

where ¢y # 0,c¢1,- -+ , ¢, are given complex numbers and n is a positive
integer called the degree of the equation. The fundamental theorem of
algebra does not hold in the case of complex Clifford analysis.
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2. Preliminaries

For the real space R*, the non-commutative extension of the complex
numbers was discovered by Hamilton [3], and was called the quaternion
in Clifford analysis. Futer [1] gave a definition of regular quaternion
function in R* and developed theory of quaternion functions in 1935.
Recently, theory of quaternion analysis have been applied in physics
(see [2]).

The field T of quaternions

3
z= E ejxj (xo, 1, 22,23 € R)

j=o

is a four dimensional non-commutative R-field of real numbers such that
its four base elements eg = id., e1, e and ez satisfy the followings:
2 .
ej=-1(=1,23), ele2=e3=—ezel,
€2€3 = €1 = —€3€3, €3€1 = €2 = —€1€3.

Identifying the element e; with the imaginary unit /—1 in the C-field
of complex numbers, we have a quaternion that z is regarded as

z2=21+zmes €T,

where 21 = xg + €121, 29 = 22 + e1xg € C. Thus, we identify T with
C2. We define the quaternion multiplication of two quaternion numbers
z = z1 + z9e9 and w = wy + woeg € T, by where 21 = 21 — e1x9, 25 =
xo — ejxg € C. For z = 21 4+ 29e9, the quaternion conjugate z*, the
absolute value |z| of z and the inverse 27! of z in T are defined by the
followings:

*

_ z
2=z - 29€9, ’Z‘ = 4/ |2’1’2 + ‘22|2, P W (2: 7& 0)

We use the following quaternion differential operators:

0 0 1(8 0 0 8)

S o %95 2

D*_i+€i_1 i+ei+ei_€i
2_851 282_2_2 Oxo 181‘1 28([)2 33173 ’

D eQ— +e3—

dz0  om C0my | Pomg
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where -2, -2 9 and L are usual differential operators. And, we
0z17 021 Oz2 07%2 ’

have
o, Yo _oN, _L1( 2 .. 9
821 2_2 81'0 181‘1 2_2 281‘0 1261’1
1

0 0 0
D) <628$0 +62618:p1> ¢ 04’
0 1/ 0 0 1 0 0
8,27162:2(3:B()+618x1> €2 2( 25 +61628x1>
=1<€2a —2618>=€28
2 Oxo o0z 0z1

The operator

. [0 a\ /[ o 9
p:0:= (5% ~e2p5) (% *9%)

_ ! a—2+32+82+82 —A
4 \02? oz 022 0x3) U
Let D be an open set in C? and f(z) = f1(z) + f2e2 be a function de-

fined on D with values in T, where z = (21, 22) and f1(2) and fa(z) are
complex-valued functions on D.

Definition 1. Let D be an open set in C2. A function f(z) = f1(z) +
fa(z)eq is said to be L(R)-hyperholomorphic on D, if

(1) f1(2) and fa(z) are continuously differentiable on D,

(2) 3% f=0(fz% =0) on D.

The above equations (2) of the definition 1 operate to f as follows:

(DD (0h _ohY (0% 0h
DZf_ <8 21 +62(9 2) (f1+f262) N (62‘1 622) + <8Z_1 + (922) 2

. 9 0N (%h oY, (0, of
fDZ_(f1+f2e2) <8 1+ 2822> - (82—1 852>+<621+822)

The above equation (2) of the definition 1 for L-hyperholomorphic func-
tion f(z) is equivalent to the following corresponding Cauchy-Riemann
system in T:

Of _ 0k 0 _ 0

0z 0z’ 0% 822
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3. Dual quaternion

The dual numbers extended the real numbers by adjoining one new
element ¢ with the property €2 = 0. Every dual number has the form
z = x + ey with £ and y uniquely determined real numbers. And the
conjugate dual number z* of z is defined by z* = z — ey and we obtain
|z|? = 22, If we use matrices, dual numbers can be represented as

(0 1 _+_37y
5—00,2—33 6y—0x.

For the real polynomial, we have
P(x) = ppa" + pn12™ " + -+ 4+ p1z + po,
Pz +ey) =palz+ey)" +pp_1(x+ey)" 1+ +pi(x+ey) + po
= puz™ + enppz™ y + puo1z" 4 e(n — Dpp_12™ 2y
+ -+ P17+ Ep1y + po
= P(z) + eyP'(z).

For a Taylor series of a holomorphic function f(a + €b), we have

O () (4
faten) =3 T Dy = @) +eur' )
n=0 ’
Hence, we have
exp(ey) = n;o (gg') =1+ey.

Thus,
(x4 ey) e = 2° + e[y(caz®!) + d(z¢ In z)].
Therefore, the dual numbers are elements of the 2-dimensional real al-
gebra
D={z=z+cey|z,ycR,e?=0}

generated by 1 and €. The dual quaternion z = Z?:o ejrj+e Z?:o €jy;
is written as

z =a+¢eb.
The conjugation number z*, the absolute value |z| and the inverse z~
of z = a + ¢b are given by the followings:

1

* * *
2" =1z —e1x1 — eax2 — e3x3 + (Yo — e1y1 — eay2 — e3y3) = a* +eb”,

*

3 3 3
_ z
|22 = 22" = Z:ch + Qaijyj = Z(jz, 271 = e (z #0),
=0 =0 =0
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where (j =z +ey; (7 =0,1,2,3), a* and b* are conjugate numbers of
a and b, respectively.
We consider the following differential operators:

p-2 _,°2 ,°2 9 (o _,°2 9 9
o dxg 16]}1 2(9%‘2 38.133 8yo 183/1 283/2 332/3

=2 e el 0l (Ll el el
T Ome ‘om0 PO Ao 159 2592 38y3
Then, we have the following for dual quaternion operators:
3 3 3
0? 0? 0?
DD*=D*D = — 42 — | = — A
Z 8$]’2 e Z al‘jayj Z aT‘2 =

where

0 0 0
—=—+4+e—(5=0,1,2,3).
aTj 3xj+€8yj (] T )
Definition 2. Let Q be an open subset of C?> x C2. A function

F(z) = f(a) +eg(b) = Z?:o ejui(a) + E(ZJ 0€;vj(D)) is said to be
hyperholomorphic on € if

1) u;(a) and v, ) = 0,1,2,3) are continuous ifferentiable on
(1) u;(a) and v;(b) (j =0, ) ly differentiable on €2,
(2) D*F(z) =0 on .

Equation (2) of Definition 2 operates to F'(z) as follows:
3 P 3 P 3 3
Zej%—i-sz:ej? Zerj+€Z€jUj
j=0 J §=0 Yi §=0 j=0

= +e 8+ea+€i+6 i—i—ea—l—ea
T \O9zo " 'O POme | P 0ws oy toy1 | Oy
0
+€38£B>) - (up + equ1 + eaug + ezus + €(vo + e1v1 + egv2 + e3v3))
3
auo 8U1 BUQ 8’&3 Ty (8U1 811,0 au'g, 8u2>

80+87£C1+8l‘2 8333

8U3 8U2 811,1 811,0
<6x0 + 8:61 8:62 + 8%3)

e i i o ey

Te 81)1 8’00 8’03 8112 6u1 aUO OU3 82@
"\Oxo " 0xy ' Ozy  Oxs  Oyo Oy Oyx Oy
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8212 6123 81)0 8’01 6u2 0u3 Ouo 6u1
e <3330 0y * Oxry  Oxz Oyo Onr * 0y * 8y3>
Ovs Ovy Ovy Ovg Ouz Ous Ou; Oug
v (Gt o Tt o o o o o))

Therefore, the Equation (2) of Definition 2 for F'(z) is equivalent to
the following system of equations:

8u0 _ 8u1 QUQ 8u3 8u2 _ 3u1 8uo au;g
gro 0wy Owy | Owy’ Dvs  Owy  Owy | Owy’
aU3 aUQ 8u0 6u1 8u1 . 8U3 au2 8u0
81’1 81‘0 8.%‘2 87.%3’ 87232 N 87330 * o 8.%1 81‘3
O | D _dv e v du | Du | Ou
drg  Oyo Oxy  Oxo  Odxz Oy Oy Oyz’
81)2 8u2 - 87)1 81)0 81}3 8u1 auO 8U3
Oxs ' Oys Oxg  Oxy  Ora  Oyo  Oy1  Oys’
8’LL3 81)3 o 81)2 87)0 81}1 au2 auO 8u1
i il A TRl el Tl e
g1 o dm Ou 0w Ow  Ous  Ouy | Oug
Ory  Oya Oxg Oxy Oxz Oyo Oy1 Oys
Now, we add the following condition of integrability:
Du _ 0w vy Du Du 0w dw | O
Oxg Ox1 Oxg Ox3’ Ox3 Oxg Ox1 Oz’
(3.2) Ovg _ Ovy  Owg 0w Ovi _ Ovs | Ova O
8.21?1 8.212‘0 8:132 8303 ’ 81’2 61’0 8.%'1 8.21?3
We let

dxy = dxog N\ dx1 A dzo A dxs N dyg A dyy N dys A dys.
Theorem 3.1. Under the condition of integrability (3.2), let F(z) be a
hyperholomorphic function in an open set Q of C? x C? and
k= dyo — erdys + eadys — esdys + e(dzg — erdar + eadas — esdas),

where di'j is the dxj-removed form on dxy, and dij is the dy;-removed
form on dxy (j = 0,1,2,3). Then for any domain G C Q with smooth
distinguished boundary bG of C? x C?,

/b R =0,
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where KF(z) is the product of quaternion numbers of the form k on the

function F(z).

Proof. By the rule of the multiplication of quaternion numbers, we

have
KF(Z) :[dAyo — eleA/l + €2d§/2 — egdijg + E(di‘o — eldiAc'l + €2d.%'2 — egd.%g)]

3 3
. E €;U; +€E €;v;
Jj=0 Jj=0

=uodyo + erurdyo + exuzdyo + esusdyo — eruodyr + urdy:
— eguady) + eausdy; + eauodys — esurdys — updys + equsdys
— eguodys — eaurdys + eruadys + usdys + e[vodyo + eyvidyo
+ eavadyo + ezvsdyo — ervody; + vidyr — esvady; + ezvsdyy
+ eavodys — ezvidys — vadys + e1vzdys — ezvodys — eavidys
+ e1vadys + v3dys + updzo + eyurdao + euadag + esusdrg
— eluod&:l + uldf%l — equd;zrl + egu;gdfnl + 62U0d.’2‘2 — 63u1dfng

— ugdxo + equszdry — esupdrs — equidrs + equsdrs + U3d$3].

Therefore,

3 3
0 0
j:o jZO

8U() 8u1 8U2 8U3 8u0 8u1 aUQ aU3
=& 7—7—87212—7—1-7—7—7—7 dxy

9yo O

By Equations (3.1) and (3.2), we have d(xkF) = 0. By Stokes theorem,

/bG,./.;F:/de):o. 0

we have
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