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THE CORRELATION DIMENSION OF GENERALIZED
CANTOR-LIKE SETS

M1 RYEoNG LEE AND HUNKI BAEK

Abstract. In the paper, a symbolic construction is considered to
define generalized Cantor-like sets. Lower and upper bounds for
the correlation dimension of the sets with a regular condition are
obtained with respect to a probability Borel measure. Especially,
for some special cases of the sets, the exact formulas of the corre-
lation dimension are established and we show that the correlation
dimension and the Hausdorff dimension of some of them are the
same. Finally, we find a condition which guarantees the positive
correlation dimension of the generalized Cantor-like sets.

1. Introduction

The most basic tool to characterize fractal sets is to calculate their
fractal dimensions, such as the Hausdorff dimension, information dimen-
sion, and box dimension, etc. Especially, the Hausdorff dimension has
been investigated by many researchers because it has the advantage of
being defined for any set, and is mathematically convenient, as it a based
on measures, which are relatively easy to manipulate.(cf, [7, 15, 16]).
However, one of the disadvantage of studying the Hausdorff dimension
is that in many cases it is very difficult to compute or to estimate its
value.(see [6]). In order to overcome such drawback, in [8], the authors
introduced a brand new fractal dimension, so called the correlation di-
mension. The correlation dimension rather than other dimensions often
give us as well advantages of calculations as mathematical characteri-
zations and some physical explanations on a dynamical system as the
information or box dimension.(see [8, 9, 11]).
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Many authors have studied for various types of Cantor sets as typical
fractal sets which mean compact, totally disconnected and perfect sub-
sets in RY. (cf, [1, 2, 4, 5, 13, 14, 19]). The author in [1] found out lower
and upper bounds for the Hausdorff dimension of a deranged Cantor set
and the authors in [2] and [19] calculated the exact packing dimension
and Hausdorff dimension, respectively. In [4], they found the Hausdorff
dimension of a Cantor set considering infinitely many contractive ratios.
On the other hand, in [5] and [13] they considered a random map having
a given number of contractive ratios, in connection with each random
sequence in (0, 1) and obtained formulas for the correlation dimension of
the generated set by the given map. Especially, in [14] and [18], the au-
thors introduced a symbolic construction for Cantor-like sets which are
generalizations of constructions, so-called, the iterated function system
of a family of contractive maps or the Moran construction and so on.
In addition, they investigated formulas for fractal dimensions, such as
Hausdorff, box, packing or correlation dimensions, of the generated set
by a symbolic construction. In order to obtain lower and upper bounds
for the dimensions of the Cantor-like set, they used an equilibrium mea-
sure on the set concerned with a suitable vector of real numbers.

Thus, in this paper, we first introduce a symbolic construction for
generalized Cantor-like sets. We deal with infinitely many contractive
ratios in the construction of the sets and define a probability Borel mea-
sure on the set induced by the given symbolic construction together with
a sequence of vectors of random numbers in (0,1). Using the theory of
energy, we find lower and upper bounds for the correlation dimension of
the generalized Cantor-like sets with a regular condition with respect to
the probability measure. Moreover, we obtain results in [4] as corollaries
by considering some restrictions in our construction and show that the
correlation dimension of some of the sets is equal to the Hausdorff dimen-
sion. Also, we see that many results about the correlation dimension in
other papers can be followed as corollaries from our results. Finally, we
find a condition which guarantees the positive correlation and Hausdorff
dimensions of some generalized Cantor-like sets.

2. Preliminaries

Let us introduce a symbolic construction for generalized Cantor-like
sets in R!. Fix an integer [ > 2 and take an integer m satisfying 1 <
m <.
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Let ¥ = {1,2,...., 0} = {(i1,42,...) : i; € {1,...,1},7 = 1,2,...}. Con-
sider a symbolic set & = {(i1,i2,...) € Xy : d9,—1 € {1,...,m}, 19, €
{1,..,1},n=1,2,...}.
Put I = [0, 1]. Denote | - | the length of an interval in R*.
Let us construct the basic intervals of a generalized Cantor-like set as
follows. I contains mutually disjoint closed subintervals Iy, ..., I,,, satis-
fying 0 < |I;] = r; and ) ;% r; < 1. Next, I; contains mutually disjoint
closed subintervals I;1, I;o, ..., I;; satisfying

0< g\ = 74; and ZZ:T-- <1

15l ? Jj=1 ?

for 1 <i<mand1l < j <I[. By repeating these subdivisions, each

basic ;.. 4, , for n > 2 contains mutually disjoint closed subintervals
{Li,. i, 1, } satisfying
|Ziy...in |
0 ——=— = Ti1..in and Zr’ilmin <1
’Ii1~.in71 ’

in

where 1 < i, < m for n being odd and 1 < 4, < [ for n being even
number.

For each n € N, an n-tuple (i1,i2,...,1,) € {1,2,...,1}" is called S-
admissible if there exists w = (i},45,...) € S such that ¢} = i; for 1 <
j < n. Put S, be the set of all S-admissible n-tuples (i1, ...,%,) and
S* = Unzlsn.

We may assume that the following condition;

0 <r <inf{ry i, : (i1,...,1,) € S, for n € N}.
Let

(e.9]
F = ﬂ U Liviy. in
n=1 (i1,...,in)ESn
We call this set F' a generalized Cantor-like set generated by the symbolic
set S.

REMARK 2.1 In this note, because we do not use properties of er-
godicity as in [13] or [14], we need not conditions about the symbolic
set, so-called, invariant set and topological transitivity under some shift
map.

Now we are in a position to define a probability measure on the set
F.
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First, we choose m-numbers cgl), cél), e cﬁi) € (0, 1) satisfying Eglzlc,(ﬁl)
=1, and define a map p by p([;) = cgl) for i = 1,...,m. Next, we choose
l-numbers 052),09),...,01(1) € (0,1) satisfying 22:1022) = 1, and define
p(Liyip) = 0522) p(L;;) = 0522)07(;11) fori; =1,...,mand is = 1,2,...,]. Con-
tinuing these processes, at n-th stage, we can choose either m-numbers
an)7 cgn), s M e (0,1) satisfying 221:101(:) =1 for n being odd number

or l-numbers an)’ cgn), ey cl(n) € (0, 1) satisfying Eﬁﬂ:lc,(ﬂ") = 1 for n being
even number. And we define a map p as follows:

o TTL0)
p(Ill..A’Ln) - Cin p(Ill-nlnfl) - r[lci]'
J:

for each S-admissible n-tuples (i1, 2, ...,4,) and all n € N.
For the generalized Cantor-like set F' generated by S, put

pp(A) = inf{ Z p(Liy..q,) s AC U I, 4, for C C S*},

(il,‘..,in)GC (il,..‘,in)ec

for any Borel subset A of F'.
Then p, is a probability measure on the set F(see [3, 4]).

To obtain the lower bound of the correlation dimensions of the gener-
ated Cantor-like set generated by the symbolic set S, we a little moderate
in our construction by adaptation a regular symbolic construction in [14]
or [18].

Let Z C §. Given 0 < r < 1. For each i = (i1, 12, ...,In,...) € Z, we
can find the unique integer number n(i) such that r;, - -- Ty <r<
Tiy " Ti,q - We note that n(i) — oo as 7 — 0. Fix i € Z and consider

the cylinder set Ci17i27.,,,in<i),

01'171'27“_’%(0 = {J = (jl,jg, ) cS: jk = ik, k= 1,2,...,n(i)}.

Plainly, i € Ciy,..i,4- We note that if i € Cil,iz,-‘.,in(i/) N Z and
n(i’) > n(l), then Cilvi%---vin(i’) NZc Ci1,i2,...,in(1) nZz.

Let C(i) be the largest cylinder set containing i with the property
that C(i) = Ciy,... i, i, for some i” € C(i) and Ciy.... 5, ,, NZ C C())NZ

for any i’ € C(i) N Z. Then the sets C(i) corresponding to different
)

i € Z either coincide or are disjoint. We denote these sets by C’ﬁj ,
j=1,2,---,N,. We can easily see that these sets form a cover of Z.
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Now, we define a bijective map II from the symbolic set & to F' as
H(l) = m%o:lliligmin € F for any i = (il,ig, .- ) €Ss.
Put 1Y) = H(C’,SJ)). Let N(z,r) denote the number of basic intervals 19
that have non-empty intersection with the open ball B(z,r) centered x
and radius r. If N(x,r) is less than a uniform constant in x and r, then
we call this a regular condition. And we call a symbolic construction
regular if it admits the regular condition(cf. [14, 18]).

REMARK 2.2 For the general case | = m, if the basic intervals
{Liyiy. i, } satisty the following condition

log |Zi,i,...i
Sup Sup _ ‘ 122... n‘
N (i1,62,10n)ESn n

<C

for some constant C' > 0, then the symbolic construction becomes reg-
ular.

3. Results

Throughout this paper, let S, F,1I and p, be the same as in section
2. For simplicity of notations, we write i, for the n-tuple (i1,...,i,) €
{1,2,..,0}" for i = (i1,...,0pn,...) € ¥; and [;, for the basic interval
L, is,...i, at the n-th step(n > 1). Also we write p for f,.
Our goal is to obtain some estimations about the correlation dimension
Dy(A, ) of A(C R) with respect to the probability measure u([5, 17,
18]);

Dy(A, ) =sup{s > 0: I;(n) < oo} =inf{s > 0: I5(u) = oo},

where I,(1) = [, [4 le—y|~*dp(x)du(y) is the s-energy of A with respect
to p.
Denote B(z,r) for the open ball of radius r > 0 centered at x.

Lemma 3.1. Let F' be a generalized Cantor-like set. If E C F
satisfies that for p-almost all N0 I; (= x) € E,

1 L

n—00 IOg |Iln ‘
then there exists a constant a; > 0 such that u(B(x,r) N E) > ar’.

Proof. Let r > 0 be given. For each x € FE, there uniquely exists
i=(i1,12,13,...) € S satisfying II(i) = N9, I;, = x.
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Using the similar arguments for the cylinder set as previous, we can find
a large number ng = no(x) € N satisfying = € [; and

(31) ’Iin0+1’ S r < ‘Ilnoy

no+1

By the assumption, there exists a large number Ny such that for any
n > N()a

(3.2) zel; and pu(h,) > |1, |°.

For a sufficiently small number 0 < r < 1, we may assume that ng > Np.
Then for p-almost all x € E, we have B(z,r) D I;, _,, and using (1) and

(2),

o+l

p(B(z,r) N E) = p(l;

. !1|'1;0+‘1BV B BB = ay P
1

n0+1) Z ‘Iin0+1‘

Theorem 3.2. Let F' be a generalized Cantor-like set. If £ C F
satisfies the same condition as in Lemma 3.1, then we have D2(E, 1) < f3.

Proof. In order to obtain the upper bound S for the correlation di-
mension Do (E, 1), we need to calculate the energy of E with respect to
the measure p. Put ¢¢(x) = [ |z —y|"du(y). Then, by Lemma 3.1,
for all t > f3,

on(z) = /0 Ty e B lo -yt = r))dr = /0 " (Bl Y A B)dr

= t/ e u(B(x,€) N E)de
0

o0
Zt/ e*tfl-al-eﬁde:oo
0

Therefore Iy(n) = [z ¢i(x) du(z) = oo, for all t > f, which implies
Dy(E, ) < 5 O

Lemma 3.3. Let I’ be a generalized Cantor-like set generated by a
regular symbolic construction. If E C F' satisfies that for p-almost all
x(E ﬁ?zozljin) S E7

a < lim mf1 08 i)
noos loglf, |

then there exists a constant ag > 0 such that u(B(z,r) N E) < agr®.
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Proof. Let » > 0 be given. For each x € FE, there uniquely exists
i= (i1,12,13,...) € S satisfying II(i) = NS, [;, = =. Also we can find a

number n; = ni(z) € N satisfying = € L, ., and

(3:3) Ly | <7 < |

|.
7L1
From the above assumption, we can get for all [ > k,
(3.4) x € I;, and p(ly;) < |1;,|“.
From the definition of the regular symbolic construction, we note that
(B(z,r)NE) c YN@") I, . If we take r sufficiently small, then we may
assume that n; > k. Hence for p-almost all x € E, using the facts (3)
and (4),
N(z,r)
w(B(z,r)NE) < > pl,,) < Const.- | L, |
< Const.r—% r% = aqr®.

O

Theorem 3.4. Let F' be a generalized Cantor-like set generated by
a regular symbolic construction. If E C F' satisfies the same condition
as in Lemma 3.3, then we have o < Dy(E, ).

Proof. In order to obtain the lower bound « for the correlation di-
mension Do(E, i) of E, we need to calculate the s-energy of F as in the
proof of Theorem 3.2. Using Lemma 3.3, for all ¢ < a,

pi(r) = t/ooo e 1 w(B(z,e) N E)de

< t[/l e " u(B(z,€) N E)de + /OO etl,u(E)de}

0 1
1
< agt/ el de + w(E) < oo.
0

Hence I; (1) = [ ¢¢(x) dp(x) < oo for all t < v, which implies Do (E, p) >
o. U

REMARK 3.1. In our construction, if let [ = m and the ratios at n-th
step Ti,is,.in € {r1,....;7m} for n > 1 as in [5], then such construction
in [5] becomes regular and the results in [3] follow.

As the special case | = m(> 2), ie. S = &, = {1,2,...,m}Y, we
obtain some interesting results for the central Cantor sets(see [4]) and
generalized Cantor-like sets.
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First case, if we take rp11 =1y, 1 = - =1y, foralli, = (i, 42, ..., 1)
€ {1,...,m}", n > 1, then we call the set F' the central Cantor set([4]).
Moreover, if we restrict that the chosen numbers cg ) — %, forl1<k<m
and all 5 > 1, then we also have the induced probability measure i on
F from the method in section 2.

Proposition 3.5. Let F' be the central Cantor set and i be defined
as the above. Then

_ . nlogm
Do(F, i) =1 f
2(F. 1) [ —logry-ro---mp

=dimyg F
where dimy F' is the Hausdorff dimension of the set F'.

Proof. The proof of the second equality is parallel to the proof of
Proposition 3.1 in [4].
Since we know that Dy(F, i) < dimgy F for any probability measure fi
on F([13, 14, 20, 21]), we only prove that
nlogm

Dy (F, ) > liminf

t.
n—oo —logry-Te--Ty

Given € > 0, we can find ng € N such that m™ < (ry - r9---14)! ¢ for
all k£ > ny.

For any z € I, we choose an open ball B(z,r) satisfying r1-rg---rp41 <
r<ry-rg---ry for such an n > ng. Put I,, = I, (i, € S,,) for the basic
intervals at the n-th step in the construction of F'. Then the number
N(zx,r) is less than or equal to 2. Using the above facts and each r; < %
fori=1,...,m,

p(B(x,r)) = pu(B(z,m)NF)<2-p(l,) =2-m™"

t—e

<2-mC (ry oy 1) T < agrtTe

where ag > 0 is a constant.
Since € is arbitrary, we have ji(B(xz,r)) < asr?, for all z € F and r > 0.
From Theorem 3.4, we have Do(F, 1) > t. O

Corollary 3.6. If F' is the central Cantor set and [i is defined as the
above, then the following conditions are equivalent:
(i) dimy F = 0;
(11) himn—wo(rl T2 'I"n)
(iii) Do(F, i) = 0.

3=

Proof. For (i) <= (ii), the argument is similar to Corollary 3.3 in

[4].
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For (ii) <= (iii), by using two facts D2 (F, i) < dimy F' and Proposition
3.5, we have the equivalence. O

Next, for more generalized sets than central Cantor sets, their corre-
lation dimensions are obtained as follows.
Let F be a generalized Cantor-like set generated by a regular symbolic

(k)

construction and let py = ¢; be fixed positive number for 1 < k < m

and all j > 1 satisfying > ", pr = 1. We consider the Borel subset
F(p1,p2,...,pm) of F like as in [5] or [13]:

o l<ie
F(pl,...,pm)E{H(i)eF: i PG =k 1<j<n}

n—00 n

Denote i for the induced probability measure on F(pi,...,pm) from
(P1y -y Pm)y in = (41,12, ...,05) € {1,...,m}" for all n > 1 and r;, for
the ratios at the n-th step (i.e. ri, = T iy, )-

Proposition 3.7. For the subset F(p1,p2, ..., pm) and the probability
measure [,

I > iy pilog pi
Do(F(p1,p2; s Pm), 1) = liminf .
n—oo H log Tilriz . o ri

n

Proof. By the definition of F(p1,p2,...,pm), we have for any point
II(i) = N, 4;, in F(p1, ..., Pm)s
i, | =riy - rip ooy, and G(l,) = pyt o pyt e
where )" n; = n.
Then, by simple calculations as in [5] or [13] and using Theorem 3.2 and
3.4, we have the result. O

Corollary 3.8. In Proposition 3.7, if we take p; = % fori=1,...m
and [i as the above, then we obtain the followings
1 1 1 1
D2<F(,...,),ﬁ> = lim inf =dimy F(—,...,—).

m m n—oo —logry ri, T m m

n

nlogm

Now, we introduce the following condition for ratios at each stage
which provides a latent possibility for the correlation dimension of a
generalized Cantor-like set without regularity. We can obtain the idea
and method of proof from [4] and [10].

Proposition 3.9. For every n-tuple i, = (i1, 142, ...,1,) € S*, if there
is a constant M € N satisfying for all n,j > 1,
1 Ti ’,”- .. /”'-
< 1712 1n < M
M — . -

Ting Mgy 7 Mg
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1
then (ry,ri, -+ -7y, )» converges to a non-zero constant.

Proof. Let iy, = (i1, i2,...,95) € S* forallk > 1. Put H;, =ry,ri, -+ 73
Then

P

Taking the logarithm and put § = log M and L;, = log H;, for all k > 1.
Then

(35) -0+ Lik + Lij <L <+ Lik + Lij'

itg
It is sufficient to show that {L];’“} is a Cauchy sequence.
First, using inequality (5) and inductive method on k,we get
(3.6) —ké + kL, < Ly, < kd+ kL.
Manipulating (6) inequality, we have

(3.7) —(k+J)6 +kLi; <jLi, < (k+j)6+kLj,.
Divide (7) by kj, we obtain for all k£ and j,

l _ ﬂ < 1 + } )
J E|—\k )
Therefore we obtain that {L,;’“ } is a Cauchy sequence. O

REMARK 3.2. (1) Let the sequence {clgj )};?il be given in section 2
(i.e. 0 < c](j) < 1 for each j > 1 satisfying > ", cg) = 1(j: odd) or

Zﬁc:l c,(gj ) = 1(j: even)). Like as assumptions for the sequence {c,(j ) |
in Proposition 3.5 or Proposition 3.7, if we have some controls over the

sequence {c,(j ) 521, then from Proposition 3.9, we can obtain that two

bounds of the correlation dimension for a generalized Cantor-like set in
Theorem 3.2 and Theorem 3.4. become the same value.

(2) Proposition 3.9 guarantees the positive Hausdorff dimension and
correlation dimension of the set F'.

The following example explains us that the regular condition in our
symbolic construction need not satisfy the condition in Proposition 3.9.

Example 3.10. Consider a symbolic set S = {1,2} satisfying con-
ditions in section 2. Take a sequence {r; :1i, € {1,2}", n > 1} such
that ry, =7, = (§)"+0 (0 < < 1) for all n = 1,2,3,.... For all
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i= (i1,72,...) € Sand all n, 7 > 1, we can not find the constant M satis-
fying the condition in Proposition 3.9. On the other hand, for fixed r > 0
and = = II(i) for i = (41,42,13,...) € S, there exists an integer number
ng = no(i) such that i € Ciyoviipgrr a0d 7y 1, ST <y T

So the open ball B(x,r) intersects at most two images for the map II of
such cylinders at ng-th step. Then the number N(z,r) is less than or
equal to 2 independent of z and 7. O
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