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OSCILLATION OF ONE ORDER NEUTRAL DIFFERENTIAL
EQUATION WITH IMPULSES

JINFA CHENG AND YUMING CHU

ABSTRACT. Explicit sufficient conditions are established for the oscilla-
tion of the one order neutral differential equations with impulsive

(@(t) + D cim(t —03)) +pr(t —7) =0, t #ty,
=1

n
Az(ty) + > ciz(ty — 1)) + pox(ty — 7) =0,
i=1
where ¢; > 0,i=1,2,...,n,pT > 0,po7 > 0, A(z}) = x(t:) — z(tg). Ex-
plicit sufficient and necessary condition are established when ¢; = 0,7 =
1,2,...,n.

1. Introduction

The oscillation theory of impulsive differential equations is one of the di-
rections which initiated the investigations on the qualitive properties of the
differential equations. It was published in 1989 the paper of K. Gopalsamy and
B. G. Zhang [7] where the first investigation on the oscillatory properties of
impulsive differential equation was carried out. Unfortunately, this work was
not followed by another publications.

During the last several years, D. Bainov and D. P. Mishev have studied
the oscillatory properties of various of impulsive differential equations. The
monograph [5] is the first book to present systematically the result known up to
1998, and to demonstrate how well-know mathematical techniques and methods
after suitable modification, can be applied in proving oscillatory theorems for
impulsive differential equations. For oscillation theory of differential equation,
we prefer to the monographs [1, 2, 3, 4, 6, 8].
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Consider the periodic linear impulsive neutral differential equation with de-
lay

(@(t)+ Y et —0:)) +pa(t—7) = 0,  tHty,
(1.1) et
A(z(ty) + Z cxlty — o) +pox(ty —7) = 0,

where ¢; > 0,4 =1,2,...,n,Ax(ty) = z(t]) — z(t;,).
We assume the validity of the following conditions:
Hl. p>0,0<py <1, 7>0.
H2. There exist m, m; € N such that
it — o5, t) = my, it —7,t) =m, t €R.
Here ¢ (a,b) denotes the number of the points i, lying in the interval (a, b).
We are looking for a positive solution of the equation (1.1) in the form

(1.2) x(t) — e—At(l_M)i[O,t],

where A € R, p < 1.
We substitute (1.2) into (1.1) and obtain that z(¢) has the form (1.2) if

A+ Zci)\e)“”(l — )™ = pe (1 — )™,
(1.3) -
p Y cper i (L—p)™™ = pee(1—p) "™
=1

The system (1.3) is called characteristic system corresponding to the equation
(1.1).

It is easy to see that the solution (A, p1) of Eq.(1.3) satisfies yn = E2A. More-
over the system (1.3) has a solution (A, ) with g < 1 if and only if the char-
acteristic equation

(1.4) H\) = -XA=> cde*i(1- PON7m 4 peM(1 - 2nm =0
; 2 p
i=1

has a solution A € (0, %0). The following basic result was established by D.
Bainov and P. Simeonov [5].

Theorem A. Let the conditions H1 and H2 be fulfilled. Then the following
assertions are equivalent:

(i) The equation (1.4) has no solution A € (0, %‘)).

(ii) The characteristic system (1.3) has no solution (A, u) with p < 1.

(iii) Fach regular solution of the equation (1.1) is oscillatory.
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Similarly, we consider the periodic linear impulsive neutral differential equa-
tion with advance

(@(t) + Y cm(t+o)) +pat+7) = 0,  t#t
(1.5) T
A(z(ty) + Z cix(ty +0;)) +pox(ty +7) = 0.

We introduce the following conditions:
H3. p<0, po <0, 7>0.
H4. There exist n, ny € N such that
ift,t + o;] = ng,ift,t +7] =n,t € R.

We look for a positive solution of the equation (1.5) with form (1.2).
Substituting (1.2) into (1.5) we obtain that z(t) is a solution of Eq.(1.5) if

A ede - ) = pe (- ),
=1
(1.6) -
pA > cipe (1= )™ = pee (1 — )"
=1

The system (1.6) is called characteristic system corresponding to the equation
(1.5).

We get the solution (A, z1) of system (1.6) p = P2\, and the system (1.6) has
a solution (A, p) with g < 1 if and only if the characteristic equation

(L7 HON) =-A=Y e (1= g pe 1 - 22yym =0
‘ p p
i=1

has a solution A for which \ < p%.

Theorem B. Let the conditions H3 and H4 be fulfilled. Then the following
assertions are equivalent:

(j) The equation (1.7) has no solution A < 0.

(ji) The characteristic system (1.6) has no solution (A, p) with p < 0.

(3ii) Each regular solution of the equation (1.5) is oscillatory.

Just like on the case when we investigate one order linear differential equa-
tions without impulses, it is very significant to obtain explicit sufficient condi-
tions or necessary and sufficient conditions for the oscillation, see the mono-
graph [8]. Although Theorem A and Theorem B are fundamental results, they
are not easy to apply. Therefore, in this paper, we give explicit sufficient condi-
tions for oscillation of Eq.(1.1) and Eq.(1.5), necessary and sufficient conditions
for oscillation of Eq.(1.1) and Eq.(1.5) when ¢; = 0,4 = 1,2, ..., n. It is notable
that when Eq.(1.1) and Eq.(1.5) are reduced to differential equations without
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impulses, our results improve or coincide with the corresponding theorems in

[8].
2. Main results and proofs

Theorem 1. Let the conditions H1 and H2 be fulfilled. Then every solution
of Eq.(1.1) oscillates if

(21)  =Xo(1—Xo)™e 707 = 3" edi(1— A) ™ ie w4 py > 0,
=1

where

pT _ T 2 _ 4pT
)\ P0+m+1 \/(P0+m+1) Po
0= )

2pT
Po
p(r—0i) . _ p(r—0i) . 2 _ 4p(r—o0s)
N +m—m;+1 \/( 2t m—mi +1) =
v 2p(T—0;)
Po

Proof. By Theorem A, for equation
HQ) = A= > edei(1 - 2Oy mmi g perr(n = Poyy=m =g,
, p p
i=1

if it has no solution A € (0, £2), then each solution is oscillatory. From H(A) =
0, we have
22) —2a - Baym - N7 ¢ Poeri (1 - B yymeme g poedt — o,

P p —"p p
Let %0)\ = ): then \ € (0,1). For the sake of convenience, we still denote h by
A. Then Eq.(2.2) becomes

(2.3) AL =)™ — Zci)\e%)‘m(l — X)) peero T = 0.
=1
Set

F()\) _ _)\(1 . )\)7”6*%AT . Zcz)\(l _ )\)m—mie*%)\(‘rfcn) + po.
i=1
If F(A) = 0 has no solution in (0,1), then from Theorem A we know that each
solution is oscillatory. Let
G(N\) = —\(1—\)"e 767,

D

Gi(N) = —eA(1 — A Mg me M),
Then

GO =1 -\ le m M= ETN2 o (BT o a— 1.
Po Po
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Denote pr pr
IN) = —[=XN = (= +m+DA+1],
Do Po
A=ty -4
Do Po

Obviously, A > (%Z +m—1)2 If m # 0, then A > 0 and equation I(\) =0
have two different real roots:

Etm+1-VA

AOZP 9pT ’

Po
. EZim4l+V/A
)\ — Po
0 2pl .
Po

It is easy to verify that
0< A <1<

We can delete :\0 since 5\0 > 1. Therefore we obtain the following conclusions:
1. If 0 < A < Ag, then I(X) < 0, that is G'(A\) < 0 and G(A) is decreasing;
2. If \g < A < 1, then I(X\) < 0, that is G'(A) > 0 and G()) is increasing.
Thus G(A) attain its minimum value at A = Ao and

G(N) = =M1 = A\)™e 76 > —Xo(1 — Ag)™e 7607
Similarly, we conclude that G;(\) attain its minimum value at A = \; and
GiA) = —eA(1 = )" BT 3 g (1 A RN,

In view of the condition (2.1), we get F'(A) > 0 for all A € (0,1), so there does
not exists real root in (0, 1) for equation F(A) = 0 and Eq.(1.1) is oscillatory.

Remark 1. f m =0, m; =0, i = 1,2,...,n, then Eq.(1.1) is a differential
equation without impulses

(x(t) + Z cix(t —0;)) +px(t—71) =0,

and \g = 22 \; = 22~ The condition (2.1) becomes
pT p(T—03)

n
Po 1 Po -1
——e - c;i—— e ~ +po > 0.
pT 2 “p(r —04)

i=1

That is
1 « 1
— 4 < .
T+;C T—0; be
Further, if ¢ = ¢c3 =--- = ¢, =0, then
1
—+a

< pe,
1

which is a improvement of Theorem 6.1.3 in [8].
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Theorem 2. Let the conditions Hsy and Hy be fulfilled. Then every solution
of Eq.(1.5) oscillates if

(2.4)  Ao(1+ o)™ T4 Z ciA 1 + i) (n—m)e*%)\i(rim) + po < 0,
where
—(z )+ 4n—1)2+ 22
)\O = D) )
pT
Po
N —(B) 4y 1) \/(p—“p‘o"” +n—n; —1)2+ 2T
v 2p(T—0o;) .
Po

Proof. By Theorem B, if

A=A ere (1= Bym g pedrn - Py =g
: P p

has no solution A < 0, then each regular solution of Eq.(1.5) oscillates. It is
equivalent to the equation

HQO) =X+ Y e (1+ 220" 4+ pe?(1+ 220 =
i=1 p p
has no real root A € (0,00). We have
H(o0) < 0,H(0)=p<0.
Equation H(A) = 0 is equivalent to

Po —~ o Ao Po Poy\n
2.5 — A+ G=ANH(1 + 2N 4 pee (1 4+ =) =
25 Eas a1+ e 1+ 2y
Let B2A = A= ﬂj\. Then Eq.(2.5) becomes

A+ Z cihero )‘01(1 + )"+ poepo T4 A" =

i=1

For the sake of convenience, we still denote A by A, A € (0,00). Then

n
FA) =ML+ X070 43" A1+ \) ") 52T gy,
=1
Let )
GA) = A1+ X) e 7™
Gi(N) = A1+ A) =T m AT,
Then

G’ =e 5 A1+ N =22 o (B a1,
Po Po
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Denote
=2 n_r+1,
Po Po
4
A= o121 25
Po Po

Then I(A) have two different roots:

—(%+n—1)+\/(%+n—1)2+4ﬂ

/\02 T Po >O7
po
T T 4dpT
. —(Edn-) - J(E -1+
Ao = ST < 0.

DPo

We delete Ao since Ao < 0. So we have shown the validity of the following
conclusions:
1. If 0 < A < Ap, then I'(\) > 0, that is G'()\) > 0 and G(A) is increasing;
2. If \p < A < o0, then I(A\) < 0, that is G'(A\) < 0 and G()) is decreasing.
Therefore G(A) attain its maximum value at A = A¢ and

G(A\) = A1+ A) e 70 < A\y(14 Ag) e 7007
Similarly, we know that G;(\) attain its maximum value at A = A; and
Gi(\) = e A1+ )\)_("_”")67%“7761’) <eN(1+ )\i)_("_"’i)efﬁ)‘i('r*ai).

From the condition (2.4) we know that equation F'(A) = 0 has no root in
(0,00). Then from Theorem B we clearly see that every solution of Eq.(1.5)
oscillates.

Now if we let ¢; = 0,i =1,2,...,n, then we can obtain the following explicit
sufficient and necessary conditions for Eq.(1.1) and Eq.(1.5). O

Theorem 3. Let ¢; = 0,7 = 1,2,...,n and the conditions Hy and Hy be
fulfilled. Then every solution of Eq.(1.1) oscillates if and only if

(2.6) —Ao(1— )\o)me_%/\m +po >0,

BT 41—, /(BZ 4m41)2— 42T
where Ay = 22 2o 20,

2pT
PO

Proof. Sufficiency. The sufficiency follows directly from Theorem 1.
Necessity. Assume that the condition (2.6) does not hold, then

~Xo(1 = o)™ 70T 4 py <0,

TN [ eae)
where )\ = 22 " (gt ,0 < Ao < 1. That is to say F(A\g) < 0.

2pT

PO
Since F(0) = pp > 0, according to the continuity of F'()\), there exists A\; €
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(0, Ao) such that F'(A1) =0 or H(E*A;) = 0. Therefore

2(t) = e BNt = By
p

is a nonoscillatory solution of Eq.(1.1) O
Remark 2. 1. If p — 0, then Ao — #H In this case the condition (2.6)
becomes
> .
Po = (m + 1)m+1

This result is the same as [8, Theorem 7.2.1]. In fact, if p = 0, then for
each solution z(t) of Eq.(1.1), there exists ng € Z such that z(t) = ¢4 for
t € (tk,tr+1], & > ng. Here the sequence {c} satisfies the difference equation
(2.7) Ck+1 — Ck + PoCk—m = 0.
The solution of (2.7) are oscillatory if and only if [8, Theorem 7.2.1].
1 m+1

])0M >1, méeN.

mm

2. If m = 0, then \; = 5—2. In this case we have the following differential

equation without impulses:
2'(t) +pr(t—7) =0,
and the condition (2.6) becomes
_pie_l +p0 > 07
pT
that is pre > 1. This result is the same as [8, Theorem 2.2.3].
Theorem 4. Let ¢; = 0,7 = 1,2,...,n and the conditions Hs and H4 be
fulfilled. Then every solution of Eq.(1.5) oscillates if and only if
(2.8) Mo(1+Xg) e 70N + py < 0,
— (B 4n—1)+ /(B tn—1)2+ 322

where \g = o 2o,
o

Proof. The sufficiency follows directly from Theorem 2 and the proof of the
necessity is similar to that of Theorem 3, so we omit it. O

Remark 3. 1. If p — 0, then \g — —=. The condition (2.7) becomes

n—1"
(n— 1)t
nn
This result is the same as [8, Theorem 2.2.3].
2. If n = 0, then \g = f}—;. In this case we have not impulses and the
condition (2.7) becomes F(Ag) = ]’;—26’1 +po <0orl+pre<O.

+p0<0, n>1
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