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Abstract

The similarity analysis for fuzzy set pair or crisp set pair are carried out. The similarity measure that is based on distance
measure is derived and proved. The proposed similarity measure is considered with the help of analysis for uncertainty or
certainty part of the membership functions. The usefulness of proposed similarity is vetified through the computation of similarity
between fuzzy set and crisp set or fuzzy set and fuzzy set. Our results are also compared with those of previous similarity

measure which is based on fuzzy number.
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1. Introduction

Computation of similarity between two or more in-
formations is essential for the fields of decision making, pat-
tern classification, or efc.. Quantity of difference between two
or more information can be useful to discriminate or cluster
for various informations. Until now the research of designing
similarity measure has been made by numerous re-
searchers[1-6]. For fuzzy set, there is an uncertainty knowl-
edge in fuzzy set itself. Hence information of the data can be
obtained from analyzing the fuzzy membership function. Thus
most studies about fuzzy set are focussed on designing sim-
ilarity measure based on membership function. With the pre-
vious results it is vague to obtain degree of similarity between
fuzzy set and crisp set or crisp set and crisp set. In this paper
we try to obtain similarity measure between fuzzy set and fuz-
zy set. After proving the similarity measure, we applied the
similarity measure to calculate the degree of similarity. In our
paper, we derive the similarity measure via well
known-Hamming distance. We compare and analyze our sim-
ilarity measure with previous measure. One similarity measure
which was designed with fuzzy number is introduced. Two
similarity measure have their own strong points, fuzzy number
methods is simple and easy to compute similarity if member-
ship function is trapezoidal or triangular. Whereas similarity
with distance method needs more time and consideration, how-
ever that can be applied to the general membership function.
At this point, it is interesting to study and compare two sim-
ilarity measure for the fuzzy set and crisp set.

In the next section, fuzzy number, center of gravity, and
the similarity measure are introduced. In Section 3, similarity
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measures with distance measure and fuzzy number are derived
and proved. Also two similarity measures are compared and
discussed in Section 4. In the example, we obtain similarity
measure values that have proper meaning. Conclusions are fol-
lowed in Section 5. Notations of Liu's are used in this paper

[7].

2. Similarity measure based on fuzzy number
and distance measure

In this section, we introduce some preliminary results for
the degree of similarity. Introduction of the similarity meas-
ures are carried out, those similarity measure are based on
fuzzy number and distance measure. Definition of fuzzy num-
ber, center of gravity, and axiomatic definitions of similarity
measure are included.

2.1 Similarity measure via fuzzy number

A generalized fuzzy number A is  defined as
A =(a,b,c,d,w), where 0 <w =< 1 and a,b,c, and d are real
numbers [1,2]. Trapezoidal membership function (43 of fuzzy

number A satisfies the following conditions[4]:

1) p; is a continuous mapping from real number R to the
closed interval [0,1]

2) pp(x)=0, where —co <z = a

3w 1

4 uy

(z) is strictly increasing on [a,b]

(
S) py(z) is strictly decreasing on [c,d]

(

x
r)=w, where b=z < ¢
6) py(z) =0, where d = = < 0.

If b=c is satisfied, then it is natural to satisfy triangular
type. Four fuzzy number operations are also found in literature
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[4]. In addition to the fuzzy number, traditional center of
gravity(COQ) is also necessary. Thus the definition of COG is
illustrated as follows

pz is the membership function of the fuzzy number 4. p; (x)
indicates the membership value of the element z in A, and
generally, uy(z) € [0,1]. Chen and Chen presented a new

method to calculate COG point of a generalized fuzzy number
[4). They derived the new COG calculation method based on
the concept of the medium curve. These COG points play an
important role in the calculation of similarity measure with
fuzzy number.

Next we introduce the degree of similarity which were con-
tained in the previous literatures [1-4]. Which are all based on
the fuzzy number. In the literatures [1-4], degree of sim-
ilarities are derived through membership function fuzzy num-
ber and center of gravity. We introduce the conventional fuzzy
measure that is based on the fuzzy number. Chen introduced
the degree of similarity for trapezoidal or triangular fuzzy
membership function of 4 and B as [1]

1)

where §(A,B) = [0,1]. If A and B are trapezoidal or trian-
gular fuzzy numbers, then the n can be 4 or 3, respectively.
For trapezoidal membership function fuzzy number satisfy
A = (ay, a5 05a,1) and B = (by, by, b3, by, 1).

Hsieh et. al. also proposed similarity measure for the tra-
pezoidal and triangular fuzzy membership function as follows
[2]:

T B 1
5(4,B)= T74dG.5) @)
where d(A,B)=|P(A)— P(B)|, and if A and B are trian-
gular fuzzy number, then the graded mean integration of A

and B are defined as follows:

e 0+ 40y +ag
6

PA)=

= 4b
and P(B) :bl~+62+_b3

if A and B are trapezoidal fuzzy number, then the graded
mean integration of 4 and B are also defined as follows:
PA) = a1+2a222a3+a4 and P(B) = b1+2b2-\(;2b3—\—b4'

Lee derived the trapezoidal similarity measure using fuzzy
number operation and norm definition. That is

5(1,5):1*%X4-w (3)

where |4 -B|,=la~6)", | Ul =maz (V) —min(U),

and p is the natural number greater or equal 1, finally U is
the universe of discourse.
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Chen and Chen propose similarity measure to overcome the
drawbacks of existing similarity:

S(Z E) [1 Z]ai _bzl ] « (1 |$* * ’)3(54,5}1)
7 = -4 — Iy — 2y )
min (y;:yg)
max (Y, yy)

where (x}, y}) and (z%, y}) are the COG of fuzzy number A
and B, §; and §; are expressed by S;=a,—q and
S =b,— b, if they are trapezoidal. B(S;,55) is denoted by I
if §;+855;>0, and 0 if S;+855=0. In (4), B(5;,85) is
used to determine whether we consider the COG distance or
not. All these results (1)~(4) are obtained through fuzzy
number, those are restricted with triangular or trapezoidal fuz-
zy membership function. Hence this restriction is the fatal to
the general fuzzy membership function application. Now we
design similarity measure for general fuzzy membership func-
tion with distance measure.

2.2 Similarity measure with distance function

By the axiomatic definitions of Liu, distance measure and
similarity measure can suggest the difference or closeness for
different fuzzy membership functions [7). By this definition,
we design a similarity measure.

Definition 2.1 A real function d: F—R" is called a distance
measure on F, if d satisfies the following properties:

(D1) d(4,B)=d(B,A),YA,B e F(X)

(D2) d(4,A)=0, VA € F(X)

(D3) d(D, D) =maz, . pd(4,B), VD € P(X)

(D4) VAB CeF(X),if AC BC C, then d(4,B) £d(4,0)
and d(BC) £d(4,0).

Where R*=[0,00), X is the umiversal set, F{X) is the
class of all fuzzy sets of X, P(X) is the class of all crisp
sets of X, and IF is the complement of D. There are a lot of
distance measure satisfying Definition 2.1. Hamming distance
is commonly used as distance measure between fuzzy sets A
and B,

A(4,8) = - Inale) = s,

where X={xz,zy, -~ z,}, |k|is the absolute vale of k.
pafz) is the membership function of 4 € F(X). Basically
distance measure means the difference between two fuzzy
membership functions. Next we will introduce the similarity
measure, and it describes the degree of closeness between two
fuzzy membership functions. It is also found in literature of
Liu,

Definition 2.2 [7] A real function s: F>-R* is called a sim-
ilarity measure, if s has the following properties:

(S1) s(4,B)=5s(B,A),YA,B € F(X)



(S2) s(D,IX)=0 vD e P(X)

(S3) s(C,C)=mazy s rs(A,B), V C € F(X)

(S84) v4,B,C e F(X), if Ac Bc C, then s(4,B) > s(4,0) and
s(BC) = s(A4,C).

Liu also pointed out that there is an one-to-one relation be-
tween all distance measures and all similarity measures,
d+s=1. Fuzzy normal similarity measure on F is also ob-
tained by the division of max¢pc rs(C D). With Definition

2.1, we propose the following theorem as the similarity
measure.

And the similarity measure construction with the distance
measure is obtained in Theorem 2.1.

Theorem 2.1 For any set A4,Be F(X), if d satisfies
Hamming distance measure and d(A, B) = d (A% BY), then

s(A,B) =1-d((AnB°),[0]) — d((AUB),[1]) (5)

is the similarity measure between set A and set B.

proof. Commutativity of (S1) is proved through
s(4, B) =1—d((ANB),10]) - d (AU B), [1])

=1—d((4AnB“)%,[0]%) - d((AUE;C)C, (119
=1-d((BUA®),1]) —d((BNA“),[0])

=s(BA).
To show the property of (S2),

s(4,4°)=1-d(An(4°)),[0]) = d ((4U (4A9)"),[L])
=1—(d(4,[0])+d(4,1])
=1-1=0

is clear. (S3) is clear from the relation

s(4,B)=1—d((ANB°),[0]) — d((AUB"),[1])
= 1-d((DND°),[0]) = d((PUD?),[1])

=s(D, D),
where the inequality is proved by

d((AnB), o) z d(DND*),[0])
and d((4UB%),[1])) = d((DUD®),[1]).

Finally, VA, B, C € F(X) and A € BC C imply
s(A4,B)=1—-d((ANB*),[0]) —d (AU B*),[1])
=1-d(o],[0])-d((AUB"),[1])
=z 1—d(Anceo])—dAuce1])
=1-d(p],[0])-d(4auC1])
=s(4,0).
Also
s(B,C)=1-d((BNC*),[0]) —d((BUC"),[1])
=1-d(jo],[0])—d((BUC),[1])
=1-dANCs0])—d (AU CF,[1])
=1-d(ploh-d(auce 1]
=s(4, C)

is satisfied with d((AUB%),[1]) = d((AU C*),[1)) and
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d((BUC),[1)) 2z d({(4UC®),[1]).

We have proposed the similarity measure that are induced
from distance measure. This similarity is useful for the non
interacting fuzzy membership function pair. Another similarity
is also obtained, and it can be found in our previous literature

(6]

Theorem 2.2 For any set A,B€ F(X) if d satisfies
Hamming distance measure, then

s(4, B) =2—d((4AnB), [1]) - d((4UB),[0]) 6

To be a similarity measure, Theorem 2.2 does mnot need
condition d(A4,B) =d(A°, B°). Because commutativity is
clear from the theorem itself. Also this similarity (6) is useful
for the interacting membership function pair. In the next sec-
tion, we derive similarity measure that is generated by dis-
tance measure. Furthermore entropy is derived through sim-
ilarity measure by the properties of Liu.

2.3 Similarity measure using distance function

It is obvious that Hamming distance measure satisfy the
properties of Definition 2.2. Next Hamming distance is repre-
sented as

d(4, B) = d((AnB),[1]) = (1 - d((4UB).[0])).

Where ANB=min{u, (2,),u5(2;)), AUB=maz(p4(z,),1s(z;))
are satisfied. With the Proposition 3.4 of Liu[7], we can gen-
erate the similarity measure or distance measure through dis-
tance measure or similarity measure.

Proposition 2.1 [7] There exists an one-to-one correlation be-
tween all distance measures and all similarity measures, and a
distance measure d and its corresponding similarity measure s
satisfy s +d = 1. With the property of s =1—d, we can con-
struct the similarity measure generated by distance measure d,
that is s <d>.

d(A, B) = d((ANB),[1]) +d((AUB),[0]) — 1
=1-3s(A,B) (7)

Therefore we propose the similarity measure with above
expression.

s<d>=2-d((ANB),[1]) —d((4UB),[0]) (8

This similarity measure can be found in our previous re-
sults [6]. The usefulness of this similarity measure also can be
found same literature. At this point, we verified the one-to-one
relation of distance measure and similarity measure. We also
noticed the fact that the similarity measure is generated
through distance measure. In the next subsection, we verify
that the entropy of fuzz set is derived through similarity (7).

2.4 Entropy derivation with similarity measure

Liu also suggested propositions about entropy and similarity
measure [7]. He also insisted that the entropy can be gen-
erated by similarity measure and distance measure, those are
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denoted by e < s> and e <d>. In reference 7, Proposition 3.5
and 3.6 are summarized as follows.

Propoesition 2.2 [7] If s is a similarity measure on #, define
e(A)=s(4,4%), YAE F.

Then e is an entropy on . Similarly, it is obvious that the
following proposition is satisfied.

Propesition 2.3 [7] If d is a distance measure on F, define
e(d)=1-d(4,4°), YAE F.

Then e is an entropy on F.

Now we check whether
Proposition 2.2.
Proof can be obtained by checking from (El1) to (E4) of
Definition 2.1. Hence, entropy defined by similarity is
s(A4,4°)=2—d((ANA°),[1]) - d((4U4°),[0]).

our similarity (6) satisfy

For (E1),¥ D € P(X),
s(D, D) =2-d((DND¥),[1)) - d((DUDF),[0))
=2-d([0],[1])—d(l1],[0]) =0

(E2) represents that crisp set 1,2 has the maximum entropy
value. Therefore, the entropy e([1,2]) satisfies

s(l12], 2] =2-a(((L2]n[12]9,(1])
—d(([12]U [1,2]9,[0])
=2-d([12],[1]) - 4([12],[0])
=2-14-14=1

In the above equation, [1,2]°=[1,2] is satisfied.
(E3) shows that the entropy of the sharpened version of
fuzzy set A, e(4"), is less than or equal to e(A4).
s(4, A7) =2—-d((A'n4™),[1]) —d((4"uA4™),[0])

< 2-d((4ANA°),[1]) —d((4UA%),[0])
=s(4,4°)
Finally, (E4) is proved directly
s(4,A°) =2—d((4nA°),[1]) —d((4U 4°),[0])
=2-d((4N4),1]) - d((4°u4),[0])
=s(4%4)
From the above proof, our similarity measure

5(A,4°) =2—-d((4NA4°),[1]) - d((4U 4°),[0])

satisfies fuzzy entropy. In the following chapter we present
the similarity measure for fuzzy set and crisp set by changing
the fuzzy set as crisp set.

298

3. Computational Analysis of Similarity
Measures

With the proposed similarity measure we have computed
the degree of similarity between fuzzy membership function in
our previous paper [6]. However it is often required to com-
pute similarity between fuzzy set and deterministic data. For
that case, how can we compute the degree of similarity be-
tween fuzzy set and crisp set ? In Fig. 1 there are three mem-
bership function pairs. All three pairs have the same degree of
similarity ? Naturally it must have the different degree of
similarity.

v

w

(@ (b) ©
Fig. 1. Similarity between fuzzy set and crisp set

Now we replace fuzzy set B (5) and (6) to the crisp set
A’rLEdT Of -A}

1 palz) =
where p, (z)=
)<

l\’|’—‘m|;—-\

0 palz

Apeqr 18 tepresented as Fig. 2, rectangular shape of member-
ship function of A reveal crisp set. If the width of rectangle
become narrow, it becomes the singleton as in  Fig. 1.
Furthermore two times of graded area of Fig. 2 represent fuz-
zy entropy of fuzzy set A [9]. Two membership functions are
identical, then entropy can be zero, this means that degree of
similarity becomes maximum value.

'
1

ﬁ

e

Fig. 2. Fuzzy set and crisp set membership function

Now it is possible to represent the degree of similarity be-
tween fuzzy set and crisp set. In next theorem we replace fuz-
zy set B into crisp set A, this means degree of similarity

between fuzzy set A and crisp set A,
Theorem 3.1 For fuzzy set A € F(X) and Hamming distance
measure d,

§(A, Apear) =2 =24 ((ANAL,), [0]) — 2d (AU AZ,,), [1]) (9)

is the similarity measure of fuzzy set A and crisp set A



Proofs are found in reference [6].

Similarly we can extend Theorem 3.2 for the similarity
measure between fuzzy set and crisp set.

Theorem 3.2 For any set A € F(X) if d satisfies Hamming
distance measure, then

S(A; Ancm‘) =2- d((AmAnear>; [1]) - d((A UA'rLcar)/' [OD (10)

is the similarity measure of fuzzy set 4 and crisp set A,

Proofs are also found in [6]. In the following Chapter 4 we
compute the degree of similarity between fuzzy set and crisp
set. The results are compared with previous example.

4. Computation of Similarity Measures

In this section, we compare the our similarity measure (9)
and (10) with Chen and Chen's similarity measure (4) [4]. As
mentioned before, similarity measures based on fuzzy number
have to depend on the membership function shapes. They con-
sider only trapezoidal or triangular type membership function.
Whereas our similarity measure do not consider about shapes.
In [4], Chen and Chen illustrated twelve membership function
pairs and computed the degree of similarity. Among them one
pair is shown for the computation of degree of similarity be-
tween fuzzy set and crisp set as Fig. 3.

A
1.0

<
\ 4
&

01 02 03

Fig. 3. Fuzzy set and crisp set pair [4]

In the above figure, fuzzy number of fuzzy set is denoted
by 4 =(0.1,0.2,0.3,1.0) and singleton fuzzy number is also
denoted as B = (0.3,0.3,0.3,1.0). Computation results are il-

lustrated in Table 1. 4 previous results are all obtained
through fuzzy number.

"Table 1. Comparison with the result of Chen and Chen

Previous computations similarity value

Lee[3] 0.5
Hsiech and Chen[2] 0.909
Chen [1] 0.9
Chen and Chen[4] 0.54

One of computation in Table 1, Chen and Chen computed
the degree of similarity as follows
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S(A,B):[l-ﬂigiig](l—o.nl

min{l@ZO,E’)) _
< maz (1/3,0.5) =054

This result is also obtained through fuzzy number, so com-
putation was easy to obtain. However, the result is strictly
limited for the trapezoidal or triangular membership functions.
That means fuzzy membership function of fuzzy set A has to
keep triangular or trapezoidal shape. Whereas with proposed
similarity measure fuzzy membership function shape is not
needed to keep triangular or trapezoidal shape. Proposed sim-
ilarity measures (9) and (10) are useful for general shapes of
fuzzy membership functions.

We compute the similarity measure between fuzzy set and
crisp set in Fig. 3. Computation circumstances are illustrated
as follows.

Our computation conditions are:
Universe of discourse : 0.1~1.0
Data points : 100
Sample distance : 0.01

For fuzzy set A, domain can be from 0.1 to 0.3 among
universe of discourse, whereas crisp set B can only be 0.3.

We apply similarity measure (9). We have obtained the degree
of similarity of Fig. 3 as follows

The degree of similarity : 0.476

Our proposed similarity measures are also possible to com-
pute the degree of similarity for the general membership func-
tion pairs.

5. Conclusions

We have introduced the fuzzy number and the similarity
measure that is derived from fuzzy number. We also proposed
a similarity measure based on the distance measure. The use-
fulness of proposed similarity measure is proved. By the com-
parison with degree of similarity based on the fuzzy number,
we can see that proposed similarity measure can be applied to
the general types of fuzzy membership functions.
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