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ON TWISTED GENERALIZED EULER NUMBERS

YILMAZ SIMSEK

ABSTRACT. In this paper, we shall construct generating function
of twisted generalized Euler numbers. By using this function, we
shall define twisted generalized Euler polynomials and numbers. We
shall give some basic properties of these polynomials and numbers.

1. Introduction

In the case of Euler numbers, which are classical and important in
number theory, we consider the coefficients of the expansion of 5 and
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where the symbols Hy and T} are interpreted to mean that H* (respec-
tively T%) must be replaced by Hj, (respectively Ty ) when we expand
the one on the left. We easily see that

Tr = (2H + 1)F.
The recurrence formula for the Euler numbers has the form
T+1)"+(T-1)"=0, forn>1
To=1, forn=20.
Consequently, Tony1 = 0, Ty, are positive and T}y, 19 are negative inte-
gers foralln =0,1,2,...;12 = —~1,Ty = 5,Ts = —61,75 = 1385,T1p =
—~50521....
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These numbers are connected with the Bernoulli numbers. They are
also used in the summation of infinite series.

Frobenius (1910) extended H,, to the Euler numbers H"(u) belong-
ing to an algebraic number u, and many authors (e.g. Carlitz (1], [2],
Shiratani [7], Tsumura [11], Son and Kim [10], Uehara [12]) investigated
their properties. Recently, Shiratani and Yamamoto [8] and Tsumura
[11] constructed a p-adic interpolation function of the Euler numbers,
H"(u), and their applications. They also obtained an explicit formula
for p-adic L functions, L;,(O, X), with any Dirichlet character y. Uehara
(12] gave a relation between Euler numbers and p-adic L-functions.

In (3], by using the p-adic ¢-integral and p-adic measure, Kim and
Son gave a different construction of Euler numbers and generalized Eu-
ler numbers. Satoh [6] constructed a complex and a p-adic g-I-series
which interpolate g-Bernoulli numbers and g¢-Euler numbers, respec-
tively. Satoh also gave generalized Euler numbers.

In [11], Tsumura defined the generalized Euler numbers H7(u) for any
Dirichlet character, x, which are analogues to the generalized Bernoulli
numbers, and he constructed their p-adic interpolation function of gen-
eralized Euler numbers.

The aim of this paper is to define twisted generalized Euler polyno-
mials and numbers which are used in the summation of infinite series
and twisted Dirichlet L series.

In Section 2, relations between generating function of Euler polyno-
mials and character analogue of generating function of generalized Euler
polynomials and numbers are defined. By using these generating func-
tions, proof of generalized Euler numbers and polynomials are given.

In Section 3, generating functions of twisted generalized Euler num-
bers and polynomials are constructed. Some properties of these numbers
and polynomials are given.

2. Generalized euler polynomials and numbers

Generalized Euler numbers are given as follows [11]: Let u # 0 be an
algebraic number. The number H"(u) defined by

(2.1) Fult) = S —o =Y HMu)
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is called the mn-th Euler number belonging to w. The polynomial
En(u,z) € Q(u)[z] defined by

(2.2) Fu(t,z) = -}—1— = ZE u,x)

is called the n-th Euler polynomial belonging to u. Thus we have
Fu(t,z) = e Fy(t).

As is well known,

(2.3) En(u,1—2) = (-1)"En(u™}, z).
LEMMA 1.
(2.4) En(u,z) = Zn: < Z ) H*(w)z" k.
k=0

Proof of Lemma 1. By using (2.2), we have

[}
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By applying Cauchy product in the above, we obtain

n=0

n=0 k=0

By comparing coeflicient of —tn—T: in the above series, we obtain the desired
result. 0

The recurrence formula for the n-th Euler number belonging to wu,
H"™(u) has the form:

Ho(u) =1, (H(u) +1)* —uH(v) =0, (k > 1),

with the usual convention of replacing H* by Hy. Consequently,

LATED S L)

k-1
w-nmw =Y (F)amw,
m=0
for u# 1 and k > 1. (For detail see [7], [10], [11]).

and
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Let x be a primitive Dirichlet character with conductor f. The n-th
generalized Euler number H}(u) belonging to w is defined by [11]

(1 —uf)x(a)eduf~+"1 & t
(2.5) Z e = > R
n=0

Note that when x = 1, we have H{*(u) = H"(u), for n > 0.The n-th
generalized Euler polynomial E;‘(u, x) belonging to u is defined by

-1 a1 o
(1 _ uf)X(a)e(a+a:)tuf a T
(26) Fux(t,z)=)_ o =Y E(u,2)
a=0 n=0
Thus we have
Fouy(t,z) = Fyuy(t)e™.
Note that when x = 1, we have E}(u,z) = E™(u, ), for n > 0.
By using (2.2) in (2.6), we arrive at the following

LEMMA 2. Let x be a primitive Dirichlet character with conductor
f
a+x

f)’

uxt-'L' ZX f a_lFuf(ftv

a=0
where F,(t,z) is defined in (2.2).

Generalized Euler polynomials are given explicitly as follows:

PROPOSITION 1. Let ¥ be a primitive Dirichlet character with con-
ductor f. Forn > 0,

f a+zx

7

-1
E}(u,2) = Zx(a)uf’a_lEn(u

a=0

Proof. By using Lemma 2 and (2.2) we have

oo f-1
Fux(tz) = S (3 x(@p/ -+ 1By uf, 22 x))—.

n=0 a=0

By comparing coeflicient of % in both sides of (2.6) and the above series,
we have the desired result. O

We shall give some proposition without proof. Their proofs are quite
similar to those of Lemma 1 and Proposition 1.
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PROPOSITION 2. Let x be a primitive Dirichlet character with con-
ductor f. For n > 0,

f-1
(27  Hyw =" ;x(a)uf—“-lEnwf, 7

)

-1

a=
- n
— f-a-1 my¢, [\ ,n—m ¢m
=Y x(a)u Z<m>H(u)a .
a= m=0

PROPOSITION 3. Let x be a primitive Dirichlet character with con-
ductor f. Forn > 0,

EMu,z) = i ( Z ) H(u)z™ ",

k=0

In [5], by applying the n-th generalized Euler numbers and p-adic
analytic function, Kozuka studied on p-adic Dedekind sums.

3. Twisted generalized Euler numbers and polynomials

In this section we define generating function of twisted Euler num-
bers. By using this function, we define generating function of twisted
Euler polynomials. We investigate some basic properties of these num-
bers and polynomials. We shall explicitly determine the generating func-
tion Fy,y¢(t) of twisted generalized Euler numbers, H? ((u). Generating
function of twisted generalized Euler numbers are given as follows:

LEMMA 3. Let x be a primitive Dirichlet character with conductor
f and let £ be r-th root of 1. Then

-1

(1 _ urf)x(a)ﬁaeatuf_a"’l o n
Fuxe(t) :Z eFeft — uf :ZH;@(U)E:
a=0 n=0

where H ;‘g(u) is called n-th twisted generalized Euler number belonging
tou and €.

Proof. Replacing x(a) by x(a)é® in (2.5), we have

f (1 — uf)x(a)ereatyf—a-1
a=0 eft - uf '
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Replacing f by fr in the above series, we obtain

Til (1 _ urf)X(a)é-aeatu'rf—a——l

Fuye(t)=

ft
a=0 e u"”f
fz § 1 —uf a)§a+bfe(a+bf)t rf—a—fb—1
= T 7
a=0 b=0 e’"f ur
f-1 1— ) ( )gaeaturf a—17-1 é-feft
- Ft oyt 7
= er u" P
Applying geometric progression in the second sum in the above and after
some calculations, we obtain the desired result. 1

By using definition of F,(t, ) in (2.2) and Lemma 3, we arrive at the
following corollary:

COROLLARY 1. Let x be a primitive Dirichlet character with con-
ductor f and let £ be r-th root of 1.

f-1r-1

(3.1) Fuxg(t x) = ZZX £a+bf rf—a—bf—lF £ (tr f,g_l__b';iﬁ)
a=0 b=0

By using (3.1), we have

(3.2) Func(t,x) = Fyy et Z E? (u, :r)

We shall explicitly determine twisted generahzed Euler numbers,
E;(l, 3 (U,, xr )
as follows:

THEOREM 1. Let x be a primitive Dirichlet character with conductor
f and let & be r-th root of 1. Then we have

—1r-1

n a T a— T a+b +$
— /) ZZX (a)eatbSyri-a=bf-1p (rf OHDSF Ty

a=0 b=0 T‘f

Proof. Replacing v by v’/ and z by @%ﬂ and t by trf in (2.2), we
have

+bf + o~ my rf GHDf+ nt"
(3.3) Furf(trf,f“—-r—f—‘"f):;E W, = )
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Substituting (3.3) into (3.1), we obtain
(3.4) Fuyelt,x)

%) f—1r—1 n
= (Y Y gttt g 2L
n=0 a=0 b=0

By comparing the coeflicients of % in both sides of (3.2) and (3.4), we
obtain the desired result. a

COROLLARY 2. Let x be a primitive Dirichlet character with con-
ductor f and let £ be r-th root of 1. Then

=& a+bf
Tew) = (DY x(a)er e, (ur —rf—)'
a=0 b=0

Substituting z = 0 into Theorem 1, we obtain the above corollary.

We shall next describe some simple properties of H}? .(u) and E} (u, z)
as follows:

i) If x = 1, the principal character (f = 1), and r = 1, then Fy, , ¢(t) =
F,(t), so that H(u) = H™(u).

ii) If 7 = 1, then Fyy ¢(t) = Fux(t), so that H} {(u) = H}(u) and

1w, ) = ER(u, x).
i) BT (u,0) = H} ((u),n > 0.

iv)
Al a+bf
HO ZZX €a+bf rf—a—bf— 1E( rf )
a=0 =0 Tf

By using (2.4), we have Ey(u,z) = 1. Thus we get
f-1r-1

ZZX fa—i—bf rf—a—bf—1 ZX £a rf—a— IZ uf

a=0 b=0

By applying geometric progression in the second sum in the above and
after some calculations, we obtain

r f-1 a
HO (u) _ u f— 1 X(a)§
- uf — gf : ua+1_f'
a=

If r =1, then
a
H)(g,l(u) uf~ 12 X( )'
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