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THE ZETA-DETERMINANTS OF LAPLACIANS ON THE
MOBIUS BAND AND KLEIN BOTTLE

YOONWEON LEE

Abstract. We compute the zeta-determinants of the scalar Laplacians
defined on the Mobius band and Klein bottle when the flat metrics are
given. We consider the difference between these zeta-determinants and
those of the product manifolds, and use the BFK-gluing formula to com-
pute the difference. The zeta-determinants of product manifolds are well
known and this computes the zeta-determinants on the Mobius band and
Klein bottle. We finally show that the zeta-determinant on the Klein
bottle satisfies the BFK-gluing formula.

1. Introduction

In this paper we are going to compute the zeta-determinants of Laplace op-
erators defined on the Mobius band and Klein bottle. The zeta-determinants of
Laplace operators are global spectral invariants, which play important roles in
geometry, topology and theoretical physics including the theory of the analytic
torsion ([6], [7], [11], [20], [22]). The Mébius band and Klein bottle are typical
examples of mapping tori. With these reasons, we begin with the definitions
of the zeta-determinant and the mapping torus.

Let (M, g™) be an (m — 1)-dimensional compact oriented Riemannian man-
ifold with boundary OM, where M may be empty. If OM is not empty, we
impose an elliptic boundary condition on 0M, for example, the Dirichlet or
Neumann boundary condition. We denote by Aj,; a Laplace operator acting
on smooth functions on M satisfying the boundary condition. The convention
of defining a Laplacian is that the principal part is —g* m‘?;mj so that Ay is
a non-negative operator. Then, it is well known that Aj,; has a discrete spec-
trum, which we denote by 0 = pg < p1 < o < pug < --- —> 00. For s € C, we
define the zeta function (a,, (s) associated to Ajs by
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Then, (a,,(s) is holomorphic for fs > mT_l and has an meromorphic contin-
uation to C having a regular value at s = 0 ([7], [10], [22]). We define the
zeta-determinant Det Ajp; of Ay by

Det Ay = e_C/AM(O), or equivalently logDet Ay, = —Cj,,(0).

Let ¢ : M — M be a homeomorphim. For an interval [0, a] with 0 < a € R,
the mapping torus M,, is defined by the quotient space

M, = M x[0,]/(z,0) ~ (¢p(x),a).
Equivalently, we define a Z-action on M x R by

Zx(MxR)— MxR, m-(x,u) = (¢™(z),u+ ma).

This action is properly discontinuous and M, is the quotient space. In fact,
M, is a fiber bundle over S* with a fiber M and every fiber bundle over S*
can be expressed by a mapping torus. It is well known that M, is a trivial
bundle if and only if ¢ is isotopic to the identity map of M. If M = [-b, 1] for
0<beRand ¢:[-bb — [-bb], p(x) = —z, then M, is a Mdbius band.
If M = S'(L) and ¢ : S1(2) = SH(L), p(Le) = Le= then M, is a Klein
bottle, where S(r) is the round circle of radius r > 0.

To define a Riemann metric on M,, we consider a more specific case. On
a Riemannian manifold (M, g™), we suppose that ¢ : M — M is an isometry.
We also consider the Riemannian product M x R, where we give the usual flat
metric on R. The mapping torus M, induced from M x R is called the metric
mapping torus ([1]). Then, there is a natural Riemann metric on a metric
mapping torus M, induced from the Riemannian product M x R. In this
paper, a mapping torus means a metric mapping torus. The metric mapping
tori play important roles in the study of co-symplectic and co-Kéhler manifolds,
which are odd dimensional analogues of symplectic and Kéhler manifolds ([2],
3], [18]).

When M is a closed Riemannian manifold, the zeta-determinants of Laplace
operators defined on M, were computed in [17] by using the BFK-gluing for-
mula for zeta-determinants ([4]). For example, the zeta-determinant of the
Laplace operator on the metric Klein bottle K was computed in [17]. However,
this formula is not applicable if OM # (. With this reason we need to use a
different method when we compute the zeta-determinant on the metric Mobius
band M.
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In this paper, we are going to compute the zeta-determinants of the scalar
Laplace operator Ay p defined on the metric Mébius band M with the Dirichlet
boundary condition on M and Ak defined on the metric Klein bottle K by
using the BFK-gluing formula and the results of [15]. Later, one of the referees
made an excellent observation that (a, ,(s) and (a,(s) can be expressed by
sums of the Epstein zeta functions, which gives a simpler way of obtaining the
same results in slightly different forms by computing the Epstein zeta functions
directly. However, the method presented here has its own advantage, which is
that this method can be applied to a wider class of manifolds. We finally show
that the zeta-determinant of Ak satisfies the BFK-gluing formula. So far,
we don’t find a corresponding formula for Ay since in case of M the cutting
hypersurface intersects the boundary OM.

2. Computation of the zeta-determinant on the metric Mobius
band

For 0 < a, b € R, we define a Z-action on R x [—b,b] by

(1) Zx Rx[-bb]) = Rx[-b,b], k-(z,y)=(z+ka, (1)),

where we give the trivial flat product metric on R x [—b,b]. Then, the orbit
space is called the metric Mobius band M. If p : R x [—b, b] — M is a universal
covering space, there is a natural metric on M whose lifting is the flat metric
on R x [—b,b]. We define Q) (R x [—b,b]) by

MR x [-0,8]) = {feC®Rx[-b,Y])] f(z.y) = flz+a, —y)}
Then, the Laplacian Ay is described by

0? 0? 0

Here we give the Dirichlet boundary condition on the boundary of M and denote
by Am,p the Laplacian Ay imposed by the Dirichlet boundary condition, where
D stands for the Dirichlet boundary condition. The eigenfunctions of Ay p are
given by

. 2mm T 1 2mm T 1
sin Tm cos g(n—i)y , oS o x| cos g(n—i)y ,

. 2 1 /™ 2 1 /™
sin (a(m - 2):1:) sin (73/) , cos (a(m - 2)1:) sin (Ty) ,

m>1, n>1,

and their corresponding eigenvalues are
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a? b2

472 (m — %)2 w22
U{ 2 + 72 |m,n=1,23,.-

20 1\2
U{W(nbgﬂmm’g,...},
(m—3)”
b2

where the multiplicity of T is 1 and those of other eigenvalues are 2.
The zeta function a,, , (s) associated to Ay p is given by

A2 2(p _ 1)2
{Wm L) 12,

@) Cann(s) = 2 i <4Tr2m2 +7r2(nb2_ 5)2>_s

= fan(m - 17 w2\ & (r(n— 1)\
+22< a22+b2) +Z( b22>'

n=1

On the other hand, the following Z-action

Z x (R x [~b,b]) = R x [=b,b]), k- (z,y) = (z+ka, y)

gives the cylinder S := Sl(%) X [—b,b], whose Laplacian is denoted by As.
The eigenfunctions of Agp are given by

sin %—mx cos il (n — 1) cos 27rmx cos T (n — })
a b 2/Y ) a b 2/
. 2mm ./ 2mm ./
sin | ——ax | sin (—y) ,  CcOoS x| sin (—y) , m>1, n>1,
a b a b

and their corresponding eigenvalues are

Ar2m2 2(,, _ 1)2
{Wm +7T(TL 2) |n,m:1,2,3,-~-

a? b2
4m2m?2  w?n?
U{ 2 + 72 |m,n:1,2,3,-~~}

2(, _ 1)2 2,2
U{ﬂ' (nb2 2) |n:1’2’3,...} U{ngl |n:1,2737...}7
(m—3)"

where the multiplicities of T 2 and ”21)’2”2 are 1 and those of other eigen-
values are 2. The zeta function (a ,(s) associated to Agp is given by
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e 2m2 2(  _ 1\2\ -s
(3) Can(s) = 2 <4 e ) )
m,n=1

> Am?m?  w2p2\ "¢ > /2 (n — 1)2 =S
+2 Z ( o2 + b2 ) + Z( b2 : )
n=1

m,n=1
o> ()

n=1

Here (a1, (s) and (. p,(s) are holomorphic for ®s > 1 and have meromorphic
continuation to the whole complex plane C having a regular value at s = 0 ([7],
[10], [22]). From (2) and (3), we have the following result.

CAM[,D (S) - CAS,D (S)
> 47r2(mf%)2 22\ > A72m?2  w2p2\ "¢
t -2 <a2+ 72 )

|
[\
(]
S
¥
S
™

where (gr(s) is the Riemann zeta function. Using the well known facts ([19])

CR0)=—1.  Ch(0) = —~log2m,

2’ 2
we obtain the following result.
Lemma 2.1.

d > 4772 m — 1 2 7T27’l2 o
log Det Ay;p — log Det Ag p = _ds}S—O{Q Z ( (a2 2) n >

m,n=1

= 4m?m? a2\ 7

m,n=1

Before going further, we briefly discuss the relation of (2) and (3) with the
Epstein zeta function. The Epstein zeta function is defined as follows (p.108
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in [16], [7]). For ¢ € RT U {0} and 7 = (ry,--- ,74) € (RT)?, the Epstein zeta
function (g (s;c, ) is defined by

4) Ce(sie,m) = Z (c+rimi+ - +rgm3)
(ma,-- ,mq)€L?
1 /OO -1 —t(ctrimi4-4ragm3)
_ 5 e c+rimy Tamga) .
L'(s) Jo Z

(M, ma)€ZL

If ¢ = 0, it is understood that the sum in (4) is taken over (0,---,0) #
(my,- - ,mg) € Z%. Tt is well known that (g(s;c, ) is holomorphic for Rs > %
and has a meromorphic continuation to the whole complex plane C having a
regular value at s = 0. The zeta function associated to the Laplacian on flat
torus is expressed by the Epstein zeta function with ¢ = 0 (see (13) below).
Now let d = 2 and ¢ = 0. We refer to [16] for details of the Epstein zeta
function. Then,

(5) (e(s;0,7) = 4 Z (rim? 4+ ren®) ™% + 2(7"1_34—7‘2_5) Cr(2s).

m,n>1

It follows form (2) and (5) that

(6) CAM,D (8)

> d72m?2 22\ ¢ b Am2m?2  w2p2\ °
) 2y ()
m2m?  w2p2\ ¢ > 4m?m?2  w2n2\ ¢
re Y (TEaTE) cey ()
m,n=1 m,n=1
2n2\ >/ r2p2\ T8
() -2 (%)
n=1 n=1
1 N 1 .
= Cr(s50,7) + 5Cr(s;0,72) — (r(s;0,73)
2 2
472\ "¢ w2\ ¢
() -6) )
where 77 = GL;, I%), Ty = (Zé, ’g—j) and 73 = (aij, ’g—j) Similarly, it follows
by (3) and (5) that
. 472\ ¢
Casp(s) = Ce(50,7) — (ag> Cr(2s),

which leads to
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G (5) ~ Cannls) = 3Cu(5:0.72) — Cils:0,7%)
2\ —$ 2\ —S
() (R) e

We next compute the zeta-determinant of the right hand side of Lemma
2.1. We consider X := S(2) x [0, %] with the usual Laplacian Ay, which is
given by

0?7?02

Ax = T2 o

where u and 6 are variables for [0, 5] and S 1(%), respectively. We denote by

Axpp (Axpn) the Laplacian Ax with the Dirichlet boundary condition

on v = 0 and v = § (the Dirichlet boundary condition on v = 0 and the

Neumann boundary condition on v = §). A simple computation shows that

the eigenfunctions of Ax p p are given by

2 2
{sin (mu> cosnb, sin (mu> sinnf | m,n=1,2,3,--- }
a a
2
U {sin(mu> |m:1,2,3,--~}7
a

and the eigenfunctions of Ax p n are given by

_ 1 _1
{sin (27T(7T;2)u> cosnf, sin (27r(n;2)u> sinnf | m,n=1,2,3,--- }
_1
U {sin (Wu) |m:1,2,3,-~~}.

Hence, the spectra of Ax pp and Ax p N are given as follows.

Lemma 2.2. Ax pp and Ax p N are invertible operators and their spectra
are given as follows.

d72m?  7w2n?

SpeC (AX’DJ:)) = {012 bT
{ 47?m?
U

|m7n:17273a"'}

(12 |m:172737"'}a
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594
4772(m—%)2 w2n?
Spec (AX,D,N) = a2 + b2 | m,n =123,
4% (m — §)?
U {7T(7222)|m—1,2,37... ,

a2 (m—1)"
where the multiplicities of 4”;;"2 and —~ (7:2 2) are 1 and those of other

eigenvalues are 2.

Lemma 2.2 leads to the following result.

CAX,D,N (S) - CAX,D,D (8)

o 47r2(m—l)2 22\ > dr2m?2  m2n2\ 77
22( 2+b2 _221<a2+b2)

- m,n=1 a2 m,n=
2 [ An?(m — l)2 - . [ 4r?m?\ ¢
+ Z:l < a2 2 - Z:l ( a2 >
i 4% (m — 1)2 A = [Anim? w2\ °
- 22 ( o2 =+ b2 _22 (a2+62)
m,n=1 m,n=1

) ) (2) e
< (n+

where (g (s,x) is the Hurwitz zeta function defined by (u(s,z) = >,
x)~*® for x > 0. It is well known (for example, p.23 in [19]) that

1 , 1 1 1 1
Chy (0,2> =0, Cy (0,2> =logl' (2> - 510g27r = filogQ,

which leads to the following result.

(7) log Det AX,D,N - IOg Det AX,D,D

d > 47T2(m—l)2 AN
= _dss_o{2 Z < a2 2+ b2

m,n=1

00 Anlm?  m2n2\ ¢ I 1 1
—9 Z (cz?+l)2> } + 2log;CH <0,2) - 2y (0,2)

m,n=1

~ 2108 77 ¢u(0) + 204(0)
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d > 47r2(mfl)2 n2n? -
- _dS’s_o{2 Z ( a2 2+ b2

m,n=1

4Am?m? 7r2n2 -F 2
—22( b2> }+loga.

m,n=1

This together with Lemma 2.1 leads to the following result.

Lemma 2.3.
4b
logDet Ap,p — logDet Asp = logDet Ax pn —logDet Ax pp — log —

The zeta-determinant log Det Ag p is well known. For example, it is com-
puted in Proposition 5.1 of [21] that

4b  2b grbm
(8) logDet Asp = log——i—i-QZlog(l—e a )

To compute log Det Ay p, we need to compute log Det A x p x—log Det Ax p p,
which is discussed in [15]. For self-contained presentation, we give all de-
tails. For 0 < A € R, we define the Dirichlet-to-Neumann operator Q(A) :
C>= (S*(L)) — € (S'(L)) as follows. For f € C* (S'(L)), we choose
F(z,u) € C> (S'(L) x [0, %]) satisfying

(Ax + \) Flz,u) = 0,  F(z,0) =0, ]-'(x, 9) —f

We define

Q) :C™ (S%i)) — C <Sl(:)> , QN(f) = <dci}—(x’u)) |u=%.

Then, Q()\) is a non-negative elliptic pseudodifferential operator of order 1
by the Green formula. Here F(z,u) is constructed as follows. Let f €
g)o (51(2) x [0,4]) be an arbitrary extension of f satisfying f(z,0) = 0 and
f(x,5) = f. Then, F(x,u) is given by

Flz,u) = f—(Axpp+ N " (Ax + ) [

For the construction of F(z,u), we refer to p.315 of [5] or (3.1) of [21]. We
define the Poisson operator P()\) and the trace operator vz as follows.
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a
V4 (9) = Plor(byxiey =@ ( ; *) :
Then, P(\) satisfies

(Ax +A\)P(N) =0, e - P(A) =1d,

2

” N

where
obtain

is the operator composition. Taking derivative with respect to A\, we

PN+ (Ax +A) %P()\) =0, ya - —P(A) =0,

which shows that

P =~ (Axpn+ PO,

We can rewrite Q(A) by

Q) = 75 PN,

Taking derivative with respect to A, we obtain

[N]S)

d B d d B d -1
JQ()\) = e %ap(/\) = 5 (Axpp+A) P
d _ _
= Y < (Axpx+A) "= (Axpp+A) 1) -P(N)
d _
= s, “P(A) 72 - (AxpN+A) 10!
= Q)75 - (Axpn+NT PO,

QN QN = s (Axpx+A) TP

We note that
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a4

d)\{logDet (AxpnN+A) — logDet (Axpp+A) }

(AxpN+A) T — (AX,D,D+)\)_1}

n{
{7» (Dxpn+ ) }

_ Tr{vg-<AX,D,N+A>1~P<A>} — o)

I
=

d

Q0

d
= o log Det Q(A),

which leads to the following result.

Lemma 2.4. There exists a constant ¢ € R such that

logDet (Axpn+A) — logDet (Axpp+A) = ¢ + logDetQ(N).

It is well known that each term in Lemma 2.4 has an asymptotic expan-
sion for A — oo. It is also known that the constant terms in the asymptotic
expansions of log Det (Ax pn + A) and log Det (Ax pp + A) are zero (Lemma
2.1in [13], (1.6) in [14], or (5.1) in [23]). Hence, —c is the constant term in the
asymptotic expansion of log Det Q()\). Putting A = 0, we obtain the following
result.

Lemma 2.5. There exists a constant ¢ € R such that

logDet Axpn — logDetAxpp = ¢ + logDet Q(0),

where —c is the constant term in the asymptotic expansion of log Det Q(\) for
A — o0

A simple computation shows that the spectrum of the Dirichlet-to-Neumann
operator Q(X) is given by

Spec(Q(\)) = { 7T2bm2+)\ < %) mEZ},
eV u2 -1

which shows that

2
QL) = \fAge)+A <Id+ea\/mld>.

The following lemma is well known (for example, Lemma 3.2 in [12]).
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Lemma 2.6. For a positive definite, self-adjoint elliptic pseudodifferential
operator A of positive order and a trace class operator () with I + () invertible,
the following equality holds.

logDet A(I+Q) = logDetA + logdetp,.(I+ Q).

Lemma 2.6 shows that

2
logDet Q(A) = logDet( ) Z log <1 + \/ﬁ 1) .

mEeZ

It is known that for A — co the constant term in the asymptotic expansion
of log Det (Ag(s, +A) is zero (Lemma 2.1 in [13], (1.6) in [14], (4.12) in [28])
and

Z log (1 + 2) = O(e“ﬁ).
ﬁi_;,_)\ 1

meZ

This shows that the constant term in the asymptotic expansion of log Det Q()\)
is zero and hence ¢ = 0. This leads to the following result, which is obtained
in Theorem 2.4 of [15].

Theorem 2.7.
logDet Axpn — logDetAxpp = logDetQ(0).

A simple computation shows that

Spec(Q(0)) = {z}u{”l:” (1+63_1) |m=1,27~-~},

Tm
b

where the multiplicity of % is 1 and that of
2.6, it follows that

/

1+ —ork ) is 2. By Lemma

e b —1

2 1 — 2
(9) logDetQ(0) = log~ + logDet Agesy + 2> log <1+eb_1>

m=1

2
logf + log2b + 2ZIOg (1+am1>

m=1

Lemma 2.3 and Theorem 2.7 with (8) and (9) lead to the following result.

Theorem 2.8. Let M be the metric Mébius band defined in (1) and Ay be
the Laplacian acting on smooth functions on M. Then, the zeta-determinant
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of Am,p is given by

4b 2 b TOm
logDet Ayp = log— — l + QZlog(lfe grgem >
3a

m=1
+2210g<1+

)
m=1 _1

Remark : This result can be obtained in a slightly different form by taking
derivatives on the Epstein zeta functions and Riemann zeta function in (6).

3. Computation of the zeta-determinant on the metric Klein bot-
tle

In this section, we are going to compute the zeta-determinant of the Laplace
operator on the metric Klein bottle K by using a similar method presented in
the previous section. The Klein bottle K is obtained by the group of motions
on R? generated by (z,y) — (2,y + 2b) and (z,y) — (x + a,2b — y) for some
0 < a,b € R. The fundamental domain for K is (0,a) x (0,2b). We denote by
Q% (R?) the set of smooth functions which are invariant under these motions,
i.e.

QR (R?) = {f € C®[R?)| f(z,y) = f(z,y +2b) = f(z +a,2b - y)}.
The Laplacian Ak is described by

0? 0?
A = (L 2
R (8x2 * ay2)
defined on QY (R?). The eigenfunctions are given by
(27rm ) (7m ) . (27rm ) ( n )
cos z ) cos(—vy), sin ( ——=a | cos (—y) ,
a b a

b
21 1 /TN . 2 1 ./
COS <a(m — 2)1’) S (Ty> y S <a(m — 5)1' S1n <7y> y

m>1, n>1,

and their corresponding eigenvalues are

Am*m?2 w2n? 4m?m?
(10) {O}U{ a2 —|—l)2|m,n:1,2,}u{ a |m—1,2,}

2,2 A2 _1)2 2,2
U{Wn|n—12 } {W(mQ 2)+7Tn|mn—12 }
a

b2
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where the multiplicity of m;”z is 1 and the multiplicities of other non-zero
eigenvalues are 2.

The flat torus T is obtained by the group of motions on R? generated by
(z,y) — (z,y + 2b) and (z,y) — (x 4+ a,y). The fundamental domain is

(0,a) x (0,2b). The eigenfunctions are given by

2mm ™ . 2mm ™
cos| ——z | cos(—y]), sin x|cos|—vy),
a b a b
2mm . /TN . 2mm ./
cos z|sin|{—y), sin|——=a|sin{—y), m=>1 n>1,
a b a b

and their corresponding eigenvalues are

4m?m? w?n? 47m2m?
(11) {O}U{az+b2|m,n:1,2,--~}u{ e m:1,2,---}

71'2712
U{ b2 |m:1727"'}7

where the multiplicity of 4“;;"2 + "Z;Tz is 4 and the multiplicities of other non-
zero eigenvalues are 2. From (10), (11) and (5), the zeta functions (a,(s) and

Ca,(s) associated to Ag and A are given as follows.

> 2,2 2,2\ — S
12) e =23 (T T

m,n=1
i 472 (m—%)2 2n2\
+2m;—1< (l2 i b2
Ar2m2\ ¢ = (72n2\ ¢
23 () 2 (%)
m=1 n=1

> Am2m?2  w2p2\ 77 = [4rim2\ ¢
1) o = 1Y (ELTE) w2y ()

From (12) and (13), it follows that
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CAK (3) - CA’J]‘ (5)

e 47?2 (m — 1)2 w2n2 - > Ar2m?2  w2p2\ 7
2 Z ( a2 2+ b2 -2 Z < a2 + B2 )
1

I
O
[~
/N
i
3
[V
—~
3, 3
[\v}
3
S
N3

2,2\ ¢ oo An2m2  a2n2\ ¢
) “2 ) ( —a +bz>

n,m=1

(1) e

which together with (7) and (9) shows that

log Det Ak — log Det A

2
= logDet Axp N —logDetAxpp — log — —log2b

2 2
= log* + 10g2b + 2210g (1+(mm1> —loga_long

m=1

= 2210g<1+ am2_1>

It is known in Theorem 8.3 of [9] that

4wbm

logDet Ay = 210g2b——+4Zlog<1—e a ),

which leads to the following result.

Theorem 3.1. The zeta-determinant of the scalar Laplacian Ax defined
on K is given by

27h - by
logDet Ax = 210g2b—3l + 4Zlog(1—e_4: )
a
m=1
+2Zlo I
= 1 g 0/7\"771_1 .

Remark: (1) Theorem 3.1 is obtained in Theorem 2.8 of [17] by using a different
method. In [17] the zeta-determinant on a metric mapping torus is computed
by using the BFK-gluing formula for zeta-determinants proved in [4] (see also

[5] and [8]).
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(2) This result can be obtained in a slightly different form by taking derivatives
on the Epstein zeta function and Riemann zeta function in (12).

We finally discuss the BFK-gluing formula for the zeta-determinant on the
metric Klein bottle K, which is also obtained as follows. For r > 0, let S1(r)
be the round circle of radius r. We define

p: St <b> — 5t <b> , %) <b€i0> = Eefw.
™ ™ 0 ™

Then the metric mapping torus associated to ¢ is K = S* (ﬂ)w' We now cut
K along S* (£) x {0} to obtain S* (£) x [0,a]. Let Det Asl(g)x[o a),p De the

zeta-determinant of the scalar Laplacian defined on S* (ﬂ) [0,a] with the
Dirichlet boundary condition. The BFK-gluing formula express log Det Ag —
log Det A S$1(2)x[0,a],D by the zeta-determinant of some Dirichlet-to-Neumann

operator defined on S* (%) x {0} with some extra term. We are going to
investigate this formula. It is known (for example, Proposition 5.1 in [21], (8))
that

a 2amm
logDetAsl(%)X[O,a]’D = logg 6b+2210g<1—e b ),

2b wm
logDetAsl(%)Xsl(%) = 210g2b—3—;r+4210g(1—e*4ba )

m=1

arwm

= logDetAsl(ﬁ)xsl(%) = 210ga——+4210g 1—e b').

In fact, the last equality is obtained from the second equality by replacing a
with 2b and b with g, and vice versa. The above equalities with Theorem 3.1
leads to the followmg result.

(14) logDetAsl(%)x[O,a],D = {210ga—(gg+4zlog(1—6_a1m)}

m=1

2amm
{2 Z log _m:n) — log ab}

= {210g2b—+4210g(1—e 4bgm)}
{250:1 1—|—eia}: logab}
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DO amm

Qb'ﬂ— i __ 4bmm 1+67 b
2log2b7§+4Zlog<176 a )JerZ_llogle_a,gmlogab

m=1
= logDet Ax —loga —logb.
We next define the Dirichlet-to-Neumann operator R : C* (S’l (%)) —
Ok (Sl (%)) as follows. For f € C'* (Sl (%)), we choose (0, u) € C* (Sl (%) X
[0,a]) satisfying

(_8au2 N ;fez)wﬂx $(0,0) = f(0),  ¥(0,a) = f(p1(0)).

Then, R(f) is defined by

3 = (5o0) @00 — (50) 0.0,

Then, it is well known that R is a non-negative elliptic pseudodifferential op-
erator of order 1. If f = constant, then 1(f,u) = f and hence

Rf = 0.
For f = cosm#@ or sinmf with m # 0, ¥(6,u) is given by

mm mm

— (u—a) _ 2% (u—a) My  —MIy
e b e b € b e b _
¢(97u) = mz —m=w f(a) + mw o ,Maf(go 1(0))7
e b —e b e b —e b
which shows that
0
—(0
S (6.)
— 2= (u—a) e (u—a) Iy —mTy
mm e b + e et Yde e _
= — |- e — T f0) + = [ 1)) ) -
b e —e b e e "%
Hence,
2mm (e T4 e T f(o(0)) + f(o~1(0
) = B et (o) - LRI O
es v —en e s —e %

R(f) =
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2mr (e 4 em T+ 2
m(f) = mT g “mzg f(@)
b er v —e
2mm [(e% @ +e” % @ 2mm (1+e” %@
- m mm 9 - m 9 .
(G ) 10 = 5 () £0)

Hence, the spectrum of R is given by

(15)  Spec(fR)

Y T L el BT O i NPT S
b l4+e %0 b l—e 0 ¢

Lemma 2.6 shows that

(16) logDet R = logb.

Since the area of S (£) x [0,a] is 2ab and the length of S* (£) x {0} is 2b,
which shows that

Area (S (2) x [0,4])
0
® Length (1 (2) x {0})
From (14), (15) and (16), we obtain the following result.

= loga.

Theorem 3.2. The difference of the zeta-determinants of log Det Ax and

log Det A g, (£)x[0,a1,D satisfies the following relation.

logDet Ag — logDetAsl(g)X[O a),D

Area (S (2) x [0,4a])

Length (S* (£) x {0})"

Remark : This formula is called the BFK-gluing formula for zeta-determinants.
Theorem 3.2 shows that the BFK-gluing formula also holds on a non-orientable

manifold. However, so far, we don’t find a similar formula for a Moébius band
because in this case the cutting hypersurface intersects the boundary.

= logDetR + log
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