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ABSTRACT. Let ¢®)(s) be the k-th derivative of the Riemann zeta function and a be a
complex number. The solutions of C(k>(s) = a are called a-points. In this paper, we give
an asymptotic formula for the sum

Z C(j) (pff)) as T — oo,

1<y <r

where j and k are non-negative integers and p((lk) denotes an a-point of the k-th derivative
¢ (s) and 75" = Tm(p?).

1. Introduction

Let ¢(s) be the Riemann zeta function, s = o + it be a complex variable and a
be a complex number. The zeros of ((s)—a, which are denoted by p, = 8, +i7,, are
called a-points of ((s). First, we note that there is an a-point near any trivial zero
s = —2n for sufficiently large n and apart from these a-points, there are only finitely
many other a-points in the half-plane o < 0 (see [1]). The a-points with 8, < 0
are said to be trivial. All other a-points lie in a strip 0 < ¢ < A, where A depends
on a, and are called the nontrivial a-points. These points satisfy a Riemann-von
Mangoldt type formula, namely

T T
1.1 N, (T) = 1=—1log— logT
(L1) (D= Y 37 108 5 + O(logT),
0<va<T; Ba>0
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where

(2 if a=1,
=11 1 otherwise.

This is the well-known Riemann-von Mangoldt formula when a = 0, which Bohr,
Landau and Littlewood [1] generalized for all a € C. We observe that these asymp-
totics are essentially independent of a, that is,

N,(T) ~ N(T), T — oo,

where N(T') = No(T) denotes the number of nontrivial zeros p = § + i~y satisfying
0 < v < T. Levinson [8] showed that all but O(N(T)/loglogT) of the a-points

2
< (oglogT)”

log T - So the a-points

with imaginary part in T < t < 2T lie in ’Re(s) — %’

are clustered around the line Re(s) = 1.

In [2], Conrey and Ghosh suggested the problem of estimating the average

ZO<7<;C)<T C(j)(p(()k)) for non-negative integers j and k, where p((Jk) = Bék) + z"y(()k)
o =

denote a zero of the k-th derivative ((*)(s). One of the first result on this topic was

given by Fujii [3]. He gave an asymptotic formula of the sum 3 ;. 7 (' (po) X
for a rational number X > 0. The k = 0 case was treated by Kaptan, Karabulut
and Yildirim in [5]. Garunkstis and Steuding in [1] gave a generalization of Fujii’s

asymptotic formula with X =1 that if T — oo, we have

1 T T T T
"(pa) = |5—a)s=log” (= —1+2a) —log | —
) ~n§rivia1< (Pa) <2 a> 5. 108 (27r> +(Co + 2a) 5 08 <27r)

0<va <T

T
(1.2) +(1—Co—C2+3C, —2a)2—+E(T),
Y

In fact, in the proof of (1.2) Garunkstis and Steuding used the following formula
established and corrected by Fujii in [3]

Y ) = %log2 (%>+(CO—1)%log(%>

0<~y<T

F(1-Co—C3t 301)% 10 (Te—CV‘OgT) ,

where the summation is over all nontrivial zeros p = 8 + iy of {(s).
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where C), are the Stieltjes constants and

0] (T %4‘5) under the Riemann hypothesis,
(13)  B(T)= i N
0] (Te o8 ) unconditionally,

for any € > 0 and some constant C. Using formula (1.2), they concluded that
the main term describes how the values ((1/2 + it) approach the value a in the

complex plane on average. In [1], Garunkstis and Steuding also proved that the
set {(C(1/2 +it),’(1/2 +it)) | t € R} is not dense in C2. This result tells us a
value distribution on the critical line. Note that Voronin [14] proved that the set

{(¢(o +it), (o +it),...,(" V(o +it)) | t € R} is dense in C™ for all positive
integers n and every fixed o € (1/2,1).

Recently, Karabulut and Yildirim in [7] studied Conrey and Ghosh’s average
and proved that for fixed j, k € Z>o and large 7', we have

14 Y O (o) = (1) G0+ BGK) o (0TY ™ + 0 (Tlog’ T),
0<~{M<T

where §;0 =1 if 7 =0 and 0 otherwise,

k
. E+1 .
(1.5) B(j, k) = Tt *J!Z Z]-l—l i (2r) + 4! Z ]+1,

r=1

the sum over r being void in the case k = 0 and z, (r =1, ..., k) being the zeros of
Py(z) = Y5027 /5!.

Let p,(lk) = B(k) + w(k) denote an a-point of (*)(s). Similar to the a-points of
¢(s), there is an a-point of (¥)(s) near any trivial zero s = —2n for sufficiently large
n and apart from these a-points, there are only finitely many other a-points in the
half-plane o < C for any C' < 0 (see Lemma 2.3)

In this paper, we give an asymptotic formula for the sum

¢ (p®) .
2,00

The basic idea of the proof is to interpret the sum of ((j)(p((lk)) as a sum of residues.

By Cauchy’s theorem, we have

(k) o $EHs)
Sl QM/RfUC(k)(S)_am

1<y <

The Stieltjes constants are given by the Laurent series expansion of {(s) at s = 1,
+ 2T
o N)

1_
n=1n

For example, Co = limn 4o (ZN
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where f(s) is (/)(s) and R is the rectangle joining the points b+414, b4iT, —b +iT
and —b’' + ¢ with some constants b, b > 0.

Our main result is stated in the following.
Theorem 1.1. Let j and k be non-negative integers and a be a complex number.
For sufficiently large T, we have

SO (69) = (<1 (850 + abo + BUE)) o= (g 7)™

- s
1<y <1

(1.6) +Oj1 (T(logT)7) .

Here and in the sequel, the implicit constant in the error terms may depend on a.
Remark. By Theorem 1.1, we can deduce the average value of ¢V )(p((lk)), over the

a-points pi of ¢ (s) with 1 < Im(pt(zk)) <T,ie.,
1 .
(@) ( ,(F)
No(aT) > D,
1<y <r

where Ny (a,T) is the number of terms in the above sum. Because of the asymptotic
formula Ni(a,T) ~ (T/2m)log T (see [9]), the average is

(=1) (6,0 + adro0 + B(j, k) (log T')’ .

So this tells us about the size of ¢(\9)(s) at certain points (namely the a-points of

¢®(s))-

2. Preliminary Lemmas and Equations

In this section, we prepare some lemmas and equations to prove Theorem 1.1.
Let k be a positive integer. We start with some results (see [9]) about the a-points of
k-th derivative of the Riemann zeta function (see also [13]). For ¢ > 1, the following
equation

2.1) ¢M(1—s) = (=1)*2(2m)*T(s)(log s)* cos(ms/2)((s) (1 +0 (|101gs|>)

holds in the region {s € C; o > ¢, [t| > 1}. Equation (2.1) (see [9, Theorem 2.2])
yields an a-point free region for ((*)(s), that is, there exist real numbers Ey;(a) < 0
and Ea(a) > 1 such that (¥ (s) —a # 0 for {s € C; o < Eyx(a), |t| > 1} and
{s € C; 0 > Es,(a)}. Moreover, in [9, Theorem 2.3] the second author proved
that there exists N = Nj(a) € N such that ((*)(s) = a has just one root in
Chi={se€C; —2n—1<0 < —-2n+1, |t| <1} for each integer n > N.
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Let us recall that ¢(®)(3) = ((®)(s), then if a ¢ R, there exist infinitely many
a-points, or infinitely many @-points, of ¢**)(s) in {s € C;0 < t < 1}.

In the following lemma, we prove that equation (2.1) yields another a-point free
region for ¢(*)(s).

Lemma 2.2. Let k be a non-negative integer. For any real number C' < 0, there
exists a constant Ty c > 0 such that there are no a-points of (*)(s) in {s € C; o <
C, |t| > Trc}

Proof. By Stirling’s formula, for |t| > 1 and fixed ¢ > 1 — C, we have
[2(2m)~°T(s) (log 8)" cos(ms/2)| = [f17~/2|log(1 + [¢])".
Moreover, one has
IC(s)l <1
for fixed 0 > 1 — C. Using the last estimates and (2.1), we get
€1 = 8)] < [t 172 log(1 + [¢])*

for |¢| > 1 and fixed 0 > 1 — C. Hence, there exists a constant Ty ¢ > 0 such that
|C®)(s)| > |a| holds for all Eyy(a) < o < C and |t| > Ty c. O

From Lemma 2.2, we deduce easily the following lemma.

Lemma 2.3. Let k be a non-negative integer. For any real number C' < 0, there
are finitely many a-points of ¢¥)(s) in

{sec;o<Cci\| U e

n>Ng(a)

For a positive integer k and a complex number a, we have (see [9, Theorem 1.1])

T T T
—log— — —+4+0logT) if a#0
2w 2r 27

(22)  Ne(a,T):= > 1=

T T T
1<y < = oo — — = loeT) if a=
2m Og47r 27T+O(og ) i a=0
and for sufficiently large T', we also have
(2.3) Ni(a, T+ 1) — Ni(a,T) < logT.

Now, using [9, Lemma 2.6], for any constants 1,09 and s € C' with 01 < 0 < 09
and large t, we have

(k+1) (g 1
[v$® —t|<1 a
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Lemma 4.1 in [9] states that, for a positive integer k and a sufficiently large 0 > Eoy,
we have

(k1)
(2.5) C(s)
C(k)(s) —a
_1)k(+D) 1
Z ()liﬂ(logno)kﬂ(lognl...lognl)k — (a #0),
_ A ng...n;
- 1 I+1 1 i | L 20415 .
— ogmn ogni...logn a=0).
1>0; nOZQ;z;Lh--.JLLZ?) ((10g2)k> ( & 0) ( & & l) ngnf ( )

The right-hand side is complicated, so here we abbreviate it to > ., a(d)d™*.
When k =0, ¢'(s)/(¢(s) — a) also has a convergent Dirichlet series expansion (The
case k =0 and a # 1 is mentioned in [11, (29)]). Note that «(1) =0 holds if ¥ > 0
and a # 0.

We finish this section by the following estimate
(2.6) (M (s) < JtHlte,

which holds as |t| — oo for any small € > 0, where the function u(o) satisfies the
inequalities

0 (c>1)
plo)<q 52 (0<o<)
i-0 (o <0).
3. Proof of Theorem 1.1
Let a be a complex number. We write s = ¢ + it, pgk) = Bl(lk) + i'yék) with real
numbers o, t, ,Bt(lk) and *y((lk). The case a = 0 was already proved by Karabulut and
Yildirim in [7], so here we assume a # 0. By the residue theorem, for a sufficiently
large constant B and constant b € (1,9/8), we have
. 1 ) §(k+1)( s)
3.1 (a)( (/c)) _ 7/ () ds,
(3.1) > () =5 [ V0 Gy s
1<y <
1-b<g® <B

where the integration is taken over a rectangular contour in counterclockwise direc-
tion denoted by R with vertices 1 —b+1¢, B+1i, B+4iT, 1 —b+:T. Since there are
finitely many a-points in {s € C; Re(s) <1 —1b, Im(s) > 1}, we have

3w <pgk>) :L/ 4<j>(3)mds+0(1),
R

2mi CF)(s)—a
1<y <
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Hence, we have

(3.2)
Z ¢ (pgo)
1<y <
1 B+i B+iT 1—b+iT 1—b+ti ' (k+1)
=— / + - +/ C(J)(s)ggmi(‘s)ds +0(1)
21 | Jicori B B4iT 1—biT (®(s) —a

—_— 1
T omi

The integral I; is independent of T', so we have I; = O(1). Next, we consider I5.
Using (2.5), we get

(It + Io + I3 + 14) + O(1).

B+i p=1 d>1
e e} B+iT
= Z( logn)? Za(d)/ (nd)~*°ds,
n=1 d>1 B+i

where we define (—logn)? = 1 when n = 1 and j = 0. The integral factor can be
calculated as

B+iT ) .

T-— d=
/ (nd)~%ds = ! ! B (n

Bti O((nd)=B) (nd>1).

By these estimates, we obtain
I, =0(T).

From (2.4), we have

L=biT  »(j) 1—b+iT ,
I; = Z / ¢ ;Ek)) ds+ O (/ (log T)d”(s)ds) .

871 B+iT S — B+iT

Now, we change the path of integration. If yt(lk)

upper semicircle with center pgk) and radius 1. If 'yék

the lower semicircle with center pt(lk) and radius 1. Then, we have

o
s—p)

on the new path. This estimate and the bound (2.6) yields

< T, we change the path to the

) > T, we change the path to

<1

Ii=0|1t-2+ Z 11+0 (Tb*%+€ logT> .

[ —T1<1
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In view of the number of a-points (2.3), we obtain
I; =0 (Tb—%+e log T) .
This leads to Is < T since 1 < b < 9/8.

Finally, we estimate I;. By (2.1) and Stirling’s formula, for fixed 1 < b < 9/8 and
large |t| > 2, we have

(3.3) ]dk)(l . it)’ = [¢=1/2 |log |¢]|" .

Therefore, there exists a constant A such that

a

'am—mm'“

holds for any [t| > A. We divide the path of the integral into two parts

1—b+iA 1—b+i (k+1)
o CFPH(s)
Iy = / +/ C(]) §) ———"—ds.
! ( 1—b+iT 1—b+iA> ( )C(k)(s) —a

Then, the second term is O(1) since it is independent of T'. Using

1 i L 1
¢B(s) —a = (CW(s)mH (W ()ML] )7

we get

S [ et
1

Iy = ds
! ot “ppia (CW(s))m !
1=b+4T | ~(5) () (k+1)
¢V ()¢ (s)
" </1b+m GEIO) A A R
By (3.3), the integrand can be estimated as
C(J) (S)C(k+1)(3) — -n —kn+j

(3.4) W = W(b 1/2)(1 )(logt) kntj+1

Hence, each integral can be calculated as

1—-b+:T j k+1
/ C(j)(i))C( +J)r§5) ds < TO=1/2)(1-n)+1+e
1bria  (CF(s))m
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for any small € > 0. It follows from the last estimate that the sum for n > 2 is
bounded as

1—b+iT C(j) C(k‘Jrl ( )
2 s < Tf(b71/2)+1+5 < T1/2.
Z /1 bria  (CF(s))mH!

1—b+iT
/1 —b+id
Therefore, we get

L=b+T +(3) ()¢ (h+1) L=b+T +(3) ()¢ (k+1)
_ ¢Y(s)¢ (s) _ ¢ (s)¢ (s) 1/2
li= /1_b+i,4 GO “/I_MA cwap o (r”?)

— K, —aKy+ O (Tl/Q) .

Similarly, one has
¢W(5)¢* ) (s)

1/2
OB ds < T2,

Karabulut and Yildirim [7] already studied K7, and they gave an estimate
T T : T T\ :
— 90 d s oo — 4 (—1V B(i k) — = j
K, 270 {(&0 5 log 5=+ (1) B(j, k) 5 (log 271-) + 0O (T(logT)") ¢ -
It remains to evaluate K. From (3.4), for & > 1, we have

1—b+iT ‘ '
K, <« / llogt’ |ds| < T'(logT)’,
1-b+iA

so hereafter we consider the case £ = 0. In this case, we use Conrey and Ghosh’s
result (see [2, (16)])

35 e a0t/ (e~ () a9

for o < 1/2 and [t| > 1, where x(s) := 2(27)*7!T'(1 — s)sin(ns/2) and ¢ :=
log(|t|/2m). Substituting this equation into the integrand of Ky with k = 0, we
have

(= (/) C(1— 8) (¢ — (d/ds)) C(1L— ) |
=0 -9y (”O<|t>>

Since the path of the integral satisfies Re(s) =1 —-bwith 1 <b < 9/8, ((1—s) <1
and ¢ (j)(l — 5) < 1 hold for any non-negative integer j. Therefore, we have

1—biT _ _
K> :/ (=07 40 (g |t)7)) ds
1-b+2A

= (=1)""4T(log T)"*" + O (T(log T)) .
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Combining K7 and Ks, we obtain

Iy = (=1)74 (8,0 + adyo + B(j, k) T (log T’ ™' 4+ O (T(log T)) .

From estimates of I, I, I3 and I, we finally obtain Theorem 1.1.

4. Concluding Remarks

this

In this section we present some problems that will be considered in a sequel to
note.

e Let L(s,x) be the Dirichlet L-function associated with a primitive character
x mod q. We believe that we can extend Theorem 1.1 to higher derivatives
of L(s, x). To do so, we first extend Karabulut and Yildirim’s result given by
equation (1.4) (see [7]) using the same argument as in [0].

e The a-points of an L-function L(s) are the roots of the equation L(s) = a.
We refer to Steuding book [12, chapter 7] and Selberg paper [10] for some
results about a-points of L-functions from the Selberg class. Therefore, it is
an interesting problem to extend Theorem 1.1 to other classes of L-functions
(the Selberg class with some further conditions) and its higher derivatives.
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