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ABSTRACT. Let R be a commutative ring and let M be an R-module. In this note, we give
a brief proof of the Hilbert basis theorem for Noetherian modules. This states that if R
contains the identity and M is a Noetherian unitary R-module, then M[X] is a Noetherian
R[X]-module. We also show that if M[X] is a Noetherian R[X]-module, then M is a
Noetherian R-module and there exists an element e € R such that em = m for all m € M.
Finally, we prove that if M[X] is a Noetherian R[X]-module and anng(M) = (0), then R
has the identity and M is a unitary R-module.

1. Introduction

Let R be a commutative ring and let R[X] be the polynomial ring over R. For
an R-module M, let M[X] be the set of polynomials in an indeterminate X with
coefficients in M. Then M[X] is an R[X]-module under the usual addition and the
scalar multiplication as follows: For f = Y7 a; X', g = > 1" b, X" € M[X] with
m>nand h = Zfzo r X' € RX],

f+g:= Z?:o(ai + b)) X" + Z;im-l a; X"’
and
hf =Yt e XY

where ¢; = >, _grrai—y for all i = 0,..., 0+ m (cf. 2, Chapter 2, Exercise 6]). We
call M[X] the polynomial R[X]-module.

Let R be a commutative ring and let M be an R-module. Recall that M is
a Noetherian module if it satisfies the ascending chain condition on R-submodules
of M (or equivalently, every R-submodule of M is finitely generated); and R is a
Noetherian ring if R is a Noetherian R-module. It is well known as Hilbert basis
theorem for Noetherian modules that if R is a commutative ring with identity and
M is a Noetherian unitary R-module, then M[X] is a Noetherian R[X]-module [2,
Chapter 7, Exercise 10]. When M = R, it recovers the well-known Hilbert basis
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theorem which states that if R is a Noetherian ring, then R[X] is also a Noetherian
ring [2, Chapter 7, Theorem 7.5] (or [4, Theorem 69]).

In this note, we study Hilbert basis theorem for Noetherian modules. We first give
a brief proof of Hilbert basis theorem for Noetherian modules. We next consider the
converse of Hilbert basis theorem for Noetherian modules. More precisely, we show
that if M[X] is a Noetherian R[X]-module, then M is a Noetherian R-module and
there exists an element e € R such that em = m for all m € M. We also prove
that if M[X] is a Noetherian R[X]-module and anng (M) = (0), then R contains the
identity and M is a unitary R-module.

2. Main Results

We start this section with Hilbert basis theorem for Noetherian modules. While
the result appears in [2, Chapter 7, Exercise 10], we insert a brief proof for the sake
of reader’s easy understanding.

Theorem 1. Let R be a commutative ring with identity and let M be a unitary R-
module. If M is a Noetherian R-module, then M[X] is a Noetherian R[X]-module.

Proof. Suppose to the contrary that M[X] is not a Noetherian R[X]-module. Then
there exists an R[X]-submodule N of M[X] which is not finitely generated. Let f1
be a nonzero element of least degree in N. Then (fi) € N. Let fa be an element
of least degree in N \ (f1). Then (fi, fo) C N. By repeating this process, for all
integers k > 1, there exists an element fy11 of least degree in N \ (fi,..., fx). For
each integer ¢ > 1, let a; be the leading coefficient of f; and let d; be the degree
of f;. Then d; < d;y; for all integers ¢ > 1. Since M is a Noetherian R-module,

the ascending chain (a1) C (a1, a2) C --- of R-submodules of M is stationary; so
there exists an integer ¢ > 1 such that (aj,...,a¢) = (a1,...,ap41). Therefore
ap41 € {a1,...,ap). Write app1 = riaq + -+ + rpag for some r1,...,7, € R. Let

g = f€+1 — ((Tle‘Hlidl)fl + -4 (T’ng[Jrlid[)fg). Then g € N\ <f1, e fg> and
deg(g) < deg(fet+1). This is a contradiction to the choice of for1. Thus M[X] is a
Noetherian R[X]-module. O

We next consider the converse of Hilbert basis theorem for Noetherian modules.
In order to study the converse of Hilbert basis theorem for Noetherian modules, we
give a result which is required to prove the main theorem.

Lemma 2. Let R be a commutative ring and let M be an R-module. If M[X] is a

Noetherian R[X|-module, then the following assertions hold.

(1) M is a Noetherian R-module.
(2) For each m € M, there exists an element r € R such that rm = m.

Proof. (1) Let N be an R-submodule of M. Then N[X] is an R[X]-submodule of
M[X]. Since M[X] is a Noetherian R[X]-module, there exist g1, ..., gr € N[X] such
that N[X] = (g1,...,9k). Let n € N. Then we obtain

n=figi+ -+ fegr + g1 + - + legr



A Note on Noetherian Polynomial Modules 419

for some fi,...,fx € R[X] and ¢1,...,0, € Z. For each i = 1,... k, write f; =
St X7 and g; = Zf;o ni;X7. Then we have

n = rignio + - - + TroNko + L1n10 + - - - + Lrnko;

so N = (nip,...,ngo). Hence N is a finitely generated R-submodule of M. Thus M
is a Noetherian R-module.

(2) Let m € M. Then (m) C (m,mX) C (m,mX,mX?) C --- is an ascend-
ing chain of R[X]-submodules of M[X]. Since M[X] is a Noetherian R[X]-module,
there exists a nonnegative integer ¢ such that (m,...,mX%) = (m,...,mX%*1); so
mX% € (m,...,mX9). Therefore we have

mXatl — Jom 4+ fq(qu) +lom + -+ éq(qu)
for some fy,...,f; € R[X] and 4y,...,¢; € Z. For each ¢ = 0,...,q, write f; =
> 5o ijX7. By comparing the coefficients of X9t in both sides, we obtain
m = Tog+1m+---+ram
= (rog+1+ -+ rq)m.

Note that 7941 + -+ + 741 € R. Thus the proof is done. [l

Let R be a commutative ring and let M be an R-module. Then anng (M) := {r €
R|rM = {0}} is an ideal of R and is called the annihilator of M in R. We are now
ready to give the main result in this note.

Theorem 3. Let R be a commutative ring and let M be an R-module. If M[X] is a
Noetherian R[X]-module, then the following conditions hold.

(1) There exists an element e € R such that em = m for allm € M.

(2) Ifanng(M) = (0), then R contains the identity and M is a unitary R-module.

Proof. (1) Suppose that M[X] is a Noetherian R[X]-module. Then by Lemma 2(1),

M is a Noetherian R-module; so M = (mq,...,my) for some mq,...,m, € M. By
Lemma 2(2), for each i = 1, ..., n, there exists an element r; € R such that r;m; = m;.
Let e; =11 +7r9—r1re and for each i € {2,...,n—1},let e; = e;_1+7iv1 —€i-17541-

Then e;m; = m; for all i = 1,2. Suppose that there exists an index k € {1,...,n—2}
such that egym; = m; for all i € {1,...,k + 1}. Then we have

ert1m; = (er + Trto — €xTep2)m;

€My + Tk42M; — €Tk42M;

m;
foralli=1,...,k+ 1. Also, we obtain
err1Mpt2 = (e + Thyo — €kThe2) Mt
= epMg4+2 + Th42Mk+2 — €xTE4+2Mk42

= Mg+2-
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Therefore exy1m; = m; for allt =1,...,k+2. Hence by the induction, e,_1m; = m;
foralli=1,...,n. Let m € M. Then we have

m=smi+---+ S,My +€ymy +---+€ym,
for some s1,...,8, € Rand ¢4,...,¢, € Z. Thus we obtain

en1m = ep_1(s1mi+ -+ Spmy +Llimy + -+ Lmy,)
= S1ep—1Mmi+ -+ Spep_1Mmp Fliep_1mi + -+ lpep_1my
= Slml+"'+5nmn+flm1+"'+€nmn
= m.

(2) Let a be any element of R. By (1), there exists an element e € R such
that em = m for all m € M; so aem = am for all m € M, which indicates that
(ae — a)m = 0 for all m € M. Therefore (ae — a)M = {0}. Since anng(M) = (0),
ae —a = 0. Hence ae = a. Thus e is the identity of R, which also shows that M is a
unitary R-module. O

As an immediate consequence of Theorems 1 and 3(2) and Lemma 2(1), we have

Corollary 4. Let R be a commutative ring and let M be an R-module with anng (M) =
(0). Then the following conditions are equivalent.

(1) R contains the identity and M is a Noetherian unitary R-module.
(2) M[X] is a Noetherian R[X]-module.

By applying M = R to Theorem 3(1), we regain

Corollary 5. ([3, Theorem]) Let R be a commutative ring. If R[X] is a Noetherian
ring, then R contains the identity.

We next give two examples which show that the converse of Theorem 3(2) is not
true in general and the annihilator condition in Theorem 3(2) is essential.

Example 6. Let M = {0,2,4} be a Zg-submodule of Zg. Then Zg contains the
identity and M is a unitary Zg-module. Note that Zg[X] is a Noetherian Zg[X]-
module by Theorem 1 (or [2, Chapter 7, Exercise 10]) and M[X] is a Zg[X]-submodule
of Zg[X]. Hence M[X] is a Noetherian Zg[X]-module. However, anng, (M) = {0, 3}.

Example 7. Let R = {0,2,4,6,8,10} be a subring of Zi2 and let M = {0,4,8}
be an R-submodule of Z5. Then R is a commutative ring without identity and M
is a nonunitary R-module with anng(M) = {0,6}. Also, 4m = m for all m € M.
Finally, M|[X] is a Noetherian R[X]-module. (To see this, suppose to the contrary
that M[X] is not a Noetherian R[X]-module. Then there exists an R[X]-submodule
N of M[X] which is not finitely generated. Let f; be a nonzero element of least
degree in N. Then (f1) € N; so there exists an element fo of least degree in N\ (f1).
For all i = 1,2, let a; be the leading coefficient of f; and let d; be the degree of f;.
Then d; < dy. If a1 = as =4 or a; = as = 8, then we let g = fo — (4Xd2_d1)f1.
Then g € N\ (f1) and deg(g) < deg(f2). This is a contradiction to the choice of
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fo. Ifa; = 4 and as = 8, then we let g = fo — (2X%~4)f;. Then g € N\ (f1)
and deg(g) < deg(f2). This is impossible because of the choice of fy. Similarly, if
a; = 8 and ay = 4, then we let g = fo — (2X%~4)f;. Then g € N \ (f1) and
deg(g) < deg(f2). This is also absurd because of the minimality of the degree of fo
in N\ (f1). Hence M[X] is a Noetherian R[X]-module.)

Let R be a commutative ring and let M be an R-module. Then the Nagata’s

idealization of M in R (or the trivial extension of R by M) is a commutative ring
R(+)M :={(r,m)|r € Rand m € M}

with usual addition and multiplication defined by (r1,m1)(re, me) = (ri72,r1me +
romy) for all (r1,my), (re,ma) € R(+)M. It is routine to check that (R(4+)M)[X]
is isomorphic to R[X](+)M[X] (cf. [1, Corollary 4.6(1)]). It was shown that if R
contains the identity and M is a unitary R-module, then R(+)M is a Noetherian
ring if and only if R is a Noetherian ring and M is finitely generated [1, Theorem
4.8] (or [5, Corollary 3.9]).

Corollary 8. Let R be a commutative ring and let M be an R-module. If R[X](+)M[X]
is a Noetherian ring, then R contains the identity and M is a unitary R-module.

Proof. Suppose that R[X](+)M[X] is a Noetherian ring. Since R[X](+)M[X] is
isomorphic to (R(+)M)[X], (R(+)M)[X] is a Noetherian ring. Hence by Corollary
5, R(+)M contains the identity.

Let (a,n) be the identity of R(+)M. For each r € R, (a,n)(r,0) = (r,0); so
ar = r. Thus a is the identity of R. Let m € M. Then (a,n)(0,m) = (0,m); so
am = m. Thus M is a unitary R-module. (|
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