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NONCONFORMING MIXED DISCRETIZATION FOR

SECOND-ORDER ELLIPTIC PROBLEMS IN R3†
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Abstract. The main aim of this paper is to suggest modified patch con-

ditions for nonconforming mixed finite element(NMFE) method and intro-
duce a new family of the NMFE space of higher order on parallelepiped

grids. Also, we provide a framework for error estimates.
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1. Introduction

The mixed finite element method has been investigated in many fields[2, 4,
5, 6]. However, when a common mixed approach was used in semiconductor
application problems or problems with large jumps in the diffusion coefficient,
a major drawback was revealed due to poor local approximation of the flux[7,
8, 10]. In this case, it is necessary to enhance the discrete space for the flux.
Hence a nonconforming technique is applied. So far, the nonconforming mehtods
have been widely studied for Lagrangian finite elements, but has not received
much attention for mixed finite elements[3, 9]. In a recent work, Jo and Kim[12]
improved Hiptmair’s result[11] for nonconforming mixed finite element(NMFE)
method and provided a family of the NMFE space which satisfies the some patch
conditions. In this paper, we suggest modified patch conditions and construct
another NMFE spaces of higher order (k ≥ 1) which has fewer degrees of freedom
than the existing ones.

The organization of this paper is as follows: In Section 2, we present the
model problem. Next, we provide modified patch conditions for nonconforming
mixed discretization. In Section 4, we introduce new nonconforming mixed fi-
nite element spaces on parallelepiped grids. Finally, an error estimates of the
discretization is given.
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2. Model problem

We are concerned with the second-order elliptic boundary value problem
which have large jumps in the diffusion coefficient{

−div(κ∇p) = f, in Ω,
p = 0, on Γ,

(1)

where Ω is a simply connected bounded Lipschitz polyhedral domain with con-
nected boundary Γ, f is a given funtion of the space L2(Ω) and κ ∈ L∞(Ω) is
assumed to be uniformly positive definite and bounded. Introducing the auxil-
iary variable u = κ∇p, the problem (1) may be written as the system u− κ∇p = 0, in Ω,

divu+ f = 0, in Ω,
p = 0, on Γ.

(2)

Then the mixed formulation of (2) is to find (u, p) ∈ H(div ,Ω) × L2(Ω) such
that ∫

Ω

κ−1u · vdx+

∫
Ω

pdivvdx = 0, ∀v ∈ H(div ,Ω), (3)∫
Ω

divuqdx+

∫
Ω

fqdx = 0, ∀q ∈ L2(Ω), (4)

where H(div ,Ω) = {v ∈ (L2(Ω))3 : divv ∈ L2(Ω)}. For convenience of the
presentation, we let

a(u,v) =

∫
Ω

κ−1u · vdx,

b(v, p) =

∫
Ω

p divvdx.

Then the equations (3) and (4) can be expressed simply as follows: find (u, p) ∈
H(div ,Ω)× L2(Ω) such that

a(u,v) + b(v, p) = 0, ∀v ∈ H(div ,Ω),
b(u, q) + (f, q) = 0, ∀q ∈ L2(Ω),

(5)

where (·, ·) indicates the inner product in L2(Ω). If the well-known inf-sup con-
dition is satisfied, then the problem (5) has a unique solution[1].

3. Nonconforming mixed discretization

Let Ω = [0, 1]3 and Th be a regular triangulation of Ω into parallelepiped K.
And let Qℓ,m(K) or Qℓ,m,n(K) be the space of polynomials of degree less or
equal to ℓ,m, n respectively, in each variable. The nonconforming discretization
of equations (3) and (4) is to find (uh, ph) ∈ Xh ×Wh such that∫

Ω

κ−1uh · vhdx+

∫
Ω

phdivvhdx = 0, ∀vh ∈ Xh, (6)
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Ω

divuhqhdx+

∫
Ω

fqhdx = 0, ∀qh ∈ Wh, (7)

where the two finite-dimensional spaces Xh and Wh have to satisfy the following
three conditions:
C1.Xh = Vh+H(div ,Ω), whereVh = {v ∈ (L2(Ω))3 | v|K ∈ H(div ,K), ∀K ∈
Th} and Vh ⊈ H(div ,Ω). Thst is, Vh space is locally in H(div ,K) but not in
H(div ,Ω).
C2. (Modified patch conditions) For all horizontal inter-element boundaries
fH = ∂Ki ∩ ∂Kj(i ̸= j) and ∀vh ∈ Vh, we have∫

fH

q
(
vh|Ki · ni + vh|Kj · nj

)
dA = 0, ∀q ∈ Qk,k(fH),

where ni denotes the unit outward normal to ∂Ki. For all vertical inter-element
boundaries fV = ∂Ki ∩ ∂Kj ,∫

fV

q
(
vh|Ki

· ni + vh|Kj
· nj

)
dA = 0,

∀q ∈ Qk,k(fV )\{xkzk} or Qk,k(fV )\{ykzk}.

A lack of continuity of normal components across inter-element boundaries gives
rise to a nonconforming appoximation[11].
C3. divVh = Wh and Wh ⊂ L2(Ω).

Since Vh ⊈ H(div ,Ω), we cannot guarantee that the bilinear forms a(·, ·)
and b(·, ·) make sense for functions of Vh. So we define extensions to the larger
space Xh as follows:

ah(uh,vh) =
∑
Ki

∫
Ki

κ−1uh · vhdx, ∀uh,vh ∈ Xh,

bh(vh, ph) =
∑
Ki

∫
Ki

phdivvhdx, ∀ph ∈ Wh, ∀vh ∈ Xh.

The Xh space have the following norm which is an extension of ∥ · ∥H(div ,Ω) :

∥uh∥2Xh
=

∑
Ki

∥uh∥2H(div ,Ki)
, ∀uh ∈ Xh.

And the Wh space has L2-norm. Then the mixed finite element problem corre-
sponding to (5) is to find (uh, ph) ∈ Xh ×Wh such that

ah(uh,vh) + bh(vh, ph) = 0, ∀vh ∈ Vh,
bh(uh, qh) + (f, qh) = 0, ∀qh ∈ Wh.

(8)

The purpose of this article is to construct a new nonconforming mixed finite
element space Vh satisfying above three conditions for problem (8).



1230 Ji Hyun KIM

4. New nonconforming mixed finite element spaces

In this section, we introduce a new family of nonconforming mixed finite
element space of higher order k ≥ 1 on parallelepiped grids. First, we denote
by Q1

ℓ,m,n(K) and Q2
ℓ,m,n(K) the set of all polynomials of Qℓ,m,n(K) except

those having the form xiymzn and xℓyjzn for i = 0, . . . ℓ − 1(ℓ ≥ 1) and j =
0, . . .m−1(m ≥ 1), respectively. Also, Q1

0,m,n(K) = Q0,m,n(K) and Q2
ℓ,0,n(K) =

Qℓ,0,n(K). To define the vector variable space Vh(K), we consider the following
vectors for i = 0, · · · , k − 1:

a11 = (xk+1yizk, 0, 0), a12 = (0, 0, xkyizk+1), b1 = (xk+1yizk, 0,−xkyizk+1),

a21 = (0, xiyk+1zk, 0), a22 = (0, 0, xiykzk+1), b2 = (0, xiyk+1zk,−xiykzk+1),

c1 = (xk+1ykzk, 0, 0), c2 = (0, xkyk+1zk, 0), c3 = (0, 0, xkykzk+1),

d = (xk+1ykzk, xkyk+1zk,−2xkykzk+1).

Definition 4.1. For i = 0, · · · , k − 1, we let V∗
h(K) as follows:

V∗
h(K) =

Q1
k+1,k,k

Q2
k,k+1,k

Qk,k,k+1

 ⊕

yk+1zi

xk+1zi

0


Let Vh(K) be the subspace of V∗

h(K), where the elements aℓm are replaced by
the elements bℓ (ℓ,m = 1, 2) and the three elements cn are replaced by the single
element d (n = 1, 2, 3).

With abuse of notation, we may write

a11, a12 ⇒ b1, a21, a22 ⇒ b2, c1, c2, c3 ⇒ d.

Then the dimension of Vh(K) is 2{(k + 1)2(k + 2) − (k + 1)} + (k + 1)2(k +
2) + 2k − (2k + 2) = 3k3 + 12k2 + 13k + 2. We give an example for k = 1:
u = (u1, u2, u3) ∈ Vh(K), where

u1 = P1(x, y, z) + a1xy + a2zx+ a3x
2 + a4x

2y + a5y
2 + αx2z + γx2yz,

u2 = P1(x, y, z) + b1xy + b2yz + b3y
2 + b4xy

2 + b5x
2 + βy2z + γxy2z,

u3 = Q1(x, y, z) + c1z
2 − αxz2 − βyz2 − 2γxyz2,

where Pℓ(K) be the space of polynomials of total degree ℓ.
To define the degrees of freedom, we define ϕℓm, ψℓ, ξn and ζ for ℓ,m =

1, 2, n = 1, 2, 3 similarly to aℓm, bℓ, cn and d except that the highest exponent
k+1 is replaced by k−1, respectively. Also, we need an auxiliary space : Ψh(K)
be the subspace of Q1

k−1,k,k

Q2
k,k−1,k

Qk,k,k−1


where the elements ϕℓm are replaced by the elements ψℓ (ℓ,m = 1, 2) and the
three elements ξn are replaced by the single element ζ (n = 1, 2, 3).
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For any uh = (u1, u2, u3) ∈ Vh(K), we consider the following degrees of fredom:∫
fH

uh · n q dA, ∀q ∈ Qk,k(fH), for each horizontal faces fH , (9)∫
fV

uh · n q dA, ∀q ∈ Q∗
k,k(fV ), for each vertical faces fV , (10)∫

K

uh · q dx, ∀q ∈ (yk+1zi, xk+1zi, 0)T , i = 0, · · · , k − 1, (11)∫
K

uh · q dx, ∀q ∈ Ψh(K), (12)

where n is a unit outward normal vector and we define Q∗
k,k(fV ) = Q∗

k,k(y, z) =

Qk,k(y, z)\{ykzk} for each vertical face fV in yz−plane etc. Then the number

of conditions is 2(k+1)2 +4{(k+1)2 − 1}+2k+2{k(k+1)2 − (k− 1)}+ k(k+
1)2 − (2k + 2), which is also the dimension of Vh(K).

Theorem 4.2. A vector function uh = (u1, u2, u3) ∈ Vh(K) is uniquely deter-
mined by the degrees of freedom (9)-(12).

Proof. Since the number of conditions equals the dimension of Vh(K), it suffices
to show that if all the conditions are zero, then uh = 0. From (11) , we can
rewrite uh as follows:

u1 = r1 + r2x
k + v1x

k+1,

u2 = s1 + s2y
k + v2y

k+1,

u3 = t1 + t2z
k + v3z

k+1,

where ri, si ∈ Q∗
k,k(fV ), ti ∈ Qk,k(fH) for i = 1, 2 and vh = (v1, v2, v3) ∈

Ψh(K). Then, the degrees of freedom (12) implies

u1 = r∗1 + r∗2x
k,

u2 = s∗1 + s∗2y
k,

u3 = t∗1 + t∗2x
k,

where r∗i , s
∗
i ∈ Q∗

k,k(fV ), t∗i ∈ Qk,k(fH) for i = 1, 2 . From (9) and (10), we
prove that uh = 0. □

Remark 4.1. This element has k + 2 fewer degrees of freedom than Jo-Kim
element on parallelepiped[12]. When k = 1, the new element has three normal
component degrees of freedom per vertical face, four normal componet dof per
horizontal face, and ten interior dof. On the other hand, the Jo-Kim element
has four normal component dof per vertical face, three dof per horizontal face,
and eleven interior dof.

Definition 4.3. For the scalar variable, we define

Wh(K) = Qk,k,k(K)\{xkyizk, xiykzk, xkykzk},
for i = 0, · · · , k − 1.
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By simple computation, we know that the dimension of Wh(K) is (k+1)3−2k−
1 = k3 + 3k2 + k. Also, we know that divVh(K) = Wh(K) and Wh ⊂ L2(Ω).

For error estimates, we define an interpolation operator Πh : Hk+1(K) →
Vh(K) by∫

fH

(u−Πhu) · n q dA, ∀q ∈ Qk,k(fH), (13)∫
fV

(u−Πhu) · n q dA, ∀q ∈ Q∗
k,k(fV ), (14)∫

K

(u−Πhu) · q dx, ∀q ∈ (yk+1zi, xk+1zi, 0)T , i = 0, · · · , k − 1, (15)∫
K

(u−Πhu) · q dx, ∀q ∈ Ψh(K). (16)

Then we have the following lemma.

Lemma 4.4. If Πhu is the interpolation of u, then we have∫
K

div (u−Πhu)q dx = 0, ∀u ∈ Vh(K), q ∈ Wh(K).

Proof. Let q ∈ Wh(K). Then, q|fH ∈ Qk,k(fH) for each horizontal faces fH and
q|fV ∈ Q∗

k,k(fV ) for each vertical faces fV . Also, we see that

∂xq ∈ Q1
k−1,k,k\{xk−1yizk}, (17)

∂yq ∈ Q2
k,k−1,k\{xiyk−1zk}, (18)

∂zq ∈ Qk,k,k−1\{xiykzk−1, xkyizk−1}, (19)

for i = 0, · · · , k. Hence ∇q ∈ Ψh(K). From definition of Πh, we have∫
K

(divΠhu)q dx =

∫
∂K

Πhu · nq dA−
∫
K

Πhu · ∇q dx

=

{∫
fH

Πhu · nq dA+

∫
fV

Πhu · nq dA
}
−

∫
K

Πhu · ∇q dx

=

{∫
fH

u · nq dA+

∫
fV

u · nq dA
}
−
∫
K

u · ∇q dx

=

∫
∂K

u · nq dA−
∫
K

u · ∇q dx

=

∫
K

divuq dx.

□

5. Error estimates

To obtain error estimates, we first define B : Xh → W ′ by B(v, q) =
b(v, q), ∀v ∈ Xh, ∀q ∈ W . And also, we define Bh : Vh → W ′

h by Bh(vh, qh) =
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bh(vh, qh), ∀vh ∈ Vh, ∀qh ∈ Wh. To confirm the existence of a unique discrete
solution, the famous Babus̆ka-Brezzi conditions must be checked. For this, we
let

N(B) = {v ∈ Xh | divv|K = 0, ∀K ∈ Th},
N(Bh) = {vh ∈ Vh | bh(vh, qh) = 0, ∀qh ∈ Wh},
N(B∗

h) = {ph ∈ Wh | bh(vh, ph) = 0, ∀vh ∈ Vh}.

Since divVh = Wh and N(Bh) ⊂ N(B), we have the coercivity of ah(·, ·) on
N(Bh)

sup
vh∈ N(Bh)

ah(vh,wh)

∥vh∥Xh

≥ α∥wh∥Xh
, ∀wh ∈ N(Bh), (20)

for some positive constant α independent of h. Also, we have

sup
vh∈ Xh

bh(vh, qh)

∥vh∥Xh

≥ β∥qh∥Wh/N(B∗
h)
, ∀qh ∈ Wh, (21)

by Lemma 4.4. From standard technique, problem (8) has a unique solution [1].

Theorem 5.1. Let (u, p) ∈ V × W be the exact solution of the saddle point
problem (5) and (uh, ph) ∈ Xh × Wh be the discrete solution of (8). If the
inf-sup conditions (20) and (21) are satisfied, then the following a priori error
estimates hold:

∥u− uh∥Xh
+ ∥p− ph∥Wh

≤ C

(
inf

vh∈Vh

∥u− vh∥Vh
+ inf

qh∈Wh

∥p− qh∥Wh
+ sup

vh∈Vh

| ah(u,vh) + bh(vh, p) |
∥vh∥Xh

)
.

Proof. Pick an arbitrary vh ∈ Vh and let wh ∈ Vh be such that

bh(wh, qh) = bh(uh − vh, qh), ∀qh ∈ Wh. (22)

For xh = vh +wh, this implies

bh(xh, qh) = bh(uh, qh) = −(f, qh), ∀qh ∈ Wh,

since uh satisfies the second equation of (8). Then uh − xh ∈ N(Bh). From
(20), we conclude that

α∥uh − xh∥Xh

≤ sup
vh∈N(Bh)

| ah(vh,uh − xh) |
∥vh∥Xh

≤ sup
vh∈N(Bh)

| ah(vh,uh − u) + ah(vh,u− xh) |
∥vh∥Xh

≤ sup
vh∈N(Bh)

| ah(vh,u− xh)− bh(vh, qh − p)− {ah(vh,u) + bh(vh, p)} |
∥vh∥Xh
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for any qh ∈ Wh. Then, we get

α∥uh−xh∥Xh
≤ c1∥u−xh∥Xh

+c2∥p−qh∥Wh
+ sup

vh∈N(Bh)

| ah(u,vh) + bh(vh, p) |
∥vh∥Xh

,

since both bilinear forms are bounded. If the inverse triangle inequality is applied
to the left hand side of the above inequality, then we obtain

α (∥u− uh∥Xh
− ∥u− xh∥Xh

)

≤ c1∥u− xh∥Xh
+ c2∥p− qh∥Wh

+ sup
vh∈N(Bh)

| ah(u,vh) + bh(vh, p) |
∥vh∥Xh

.

Therefore,

∥u− uh∥Xh

≤
(
1 +

c1
α

)
∥u− xh∥Xh

+
c2
α
∥p− qh∥Wh

+
1

α
sup

vh∈N(Bh)

| ah(u,vh) + bh(vh, p) |
∥vh∥Xh

.

Also, from (21) and (22), we have

∥u− xh∥Xh
≤ ∥u− vh∥Xh

+ ∥wh∥Xh
≤

(
1 +

c2
β

)
∥u− vh∥Xh

.

Hence

∥u− uh∥Xh
≤

(
1 +

c1
α

)(
1 +

c2
β

)
∥u− vh∥Xh

+
c2
α
∥p− qh∥Wh

+

1

α
sup

vh∈N(Bh)

| ah(u,vh) + bh(vh, p) |
∥vh∥Xh

. (23)

From the first equation of (8), we know that

ah(u− uh,vh) + bh(vh, p− ph) = ah(u,vh) + bh(vh, p).

Then we have

∥p− ph∥Wh/N(B∗
h)

≤ 1

β
sup

vh∈Vh

| bh(vh, p− ph) |
∥vh∥Xh

≤ 1

β

(
c3∥u− uh∥Xh

+ sup
vh∈Vh

| ah(u,vh) + bh(vh, p) |
∥vh∥Xh

)
, (24)

by (21). Combining the previous inequalities (23) and (24) into a single line, we
can obtain the desired result. □

To show convergence of our method, we have to control the following approx-
imation error and the consistency error:

inf
vh∈Vh

∥u− vh∥Vh
+ inf

qh∈Wh

∥p− qh∥Wh
, (25)

sup
vh∈Vh

| ah(u,vh) + bh(vh, p) |
∥vh∥Xh

. (26)
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For the approximation error, we can easily obtain optimal order k+1, since Vh

and Wh has polynomials of degree k. That is,

inf
vh∈Vh

∥u− vh∥Vh
+ inf

qh∈Wh

∥p− qh∥Wh
≤ Chk+1∥p∥Hk+2(Ω). (27)

Unfortunately, the consistency error is smaller than that of the approximation
error. That is,

sup
vh∈Vh

| ah(u,vh) + bh(vh, p) |
∥vh∥Xh

≤ Chk∥p∥Hk+2(Ω). (28)

Because of this loss, we have only suboptimal convergence. For proof, see [12].

Theorem 5.2. Suppose the following regularity holds for u ∈ Hk+1(Ω), p ∈
Hk+2(Ω) :

∥u∥k+1 + ∥p∥k+2 ≤ C∥f∥Hk(Ω).

Then there exists a constant C independent of h such that

∥u− uh∥Xh
+ ∥p− ph∥Wh

≤ Chk∥p∥Hk+2(Ω) ≤ Chk∥f∥Hk(Ω). (29)

Proof. This follows directly from Theorem 5.1, (27) and (28). □

6. Conclusion

We studied nonconforming approach based mixed finite element methods to
solve second order elliptic problems on parallelepiped grids. For this method,
we suggested modified patch conditions and constructed a new family of non-
conforming mixed finite element space of higher order k ≥ 1 which satisfies
these conditions. This space has smaller number of degrees of freedom than the
existing ones, however, one can still obtain the same convergence order theoret-
ically. In future research, numerical experiments using this element space will
be presented to support the theory.
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