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FINITE ELEMENT METHOD FOR SOLVING BOUNDARY
CONTROL PROBLEM GOVERNED BY PARABOLIC
VARIATIONL INEQUALITIES OF INFINITE ORDER
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ABSTRACT. Finite element method is used here in this article to solve
boundary control problem governed by parabolic variational inequalities,
where the operator is of infinite order. In the handled problem the cost
function is quadratic w. r. to the state of the system.The error estima-
tion between the contionuous problem(P) and the discritisation problem is
obtained.
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1. Introduction

To apply Ritz and Galerkin methods on Hilbert spaces of finite dimension
such as Soboleve spaces we use the finite element method . In F.E.M. we follow
the following steps:

e Discritization of the domain € in a collection of subdomains which are
triangles mostly. This subdomains are called elements.

e A space H of functions defined on  is then approximated by appropri-
ate functions defined on each subdomain with suitable matching conditions at
interface [18].

Distributed control of a system governed by Dirichlet and Neumann problems
for elliptic equations of infinite order have been discussed by I.M.Ghali , H.A.El-
Saify and S.A.ElZahaby in (1983). Optimal control of system governed by elliptic
operator of infinite order is obtained by I.M.Ghali in (1984). Optimal control
of variational inequalities for infinite order are established by El-Zahaby and
Gh.E.Mostafa in (2005).
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In this paper we shall use the theory of Barbu (1981,1982,1984,1993) to
introduce boundary control problem governed by parabolic equation with non-
linear boundary value condition in the case of infinite order and will apply finite

element method.
This paper is organized as follows:
In section 2, some functional spaces of infinite order are introduced. In section

3, we introduce the main results and the error estimation.

2- Preliminaries

A Sobolev space of infinite order of periodic functions is defined as follows:

W™ {aa,p} = qu(z) € C(R") : Y aa||D(w)]}) < oo
|a]=0

We recall that a = (a1, as, ..., a,) is a multi-index for differentiation,

glel
Coxt . oxnm
is a numerical sequence, p > 1 and ||. ||, is the canonical norm in the space
L, (R").
The structure of W~ {a,,p} is based on the fact that for any function
h(z) € W~=*°{aq,p} the equation

o =1+ -+ ap, D¢ ag, >0

L(w) = 3 (~1)1D* (aq |D*(w)"* D () ) = h(x)
|a|]=0
D%ul. =0, |w/=0,1,...

has a unique solution u(z) € W§° {aq, p}.
We have the representation

W= {aa,q} ={h(x) : h(x)

x):
= Y aaD%ha(x);ha(z) € Ly (R") and > aq [hallf, < oo
|a|=0 |a|=0

and ¢ = p’%l.

The imbedding problem for non-trivial Sobolev spaces of infinite order are
investigated in [12,13, 14].
The imbedding W {aq,p} C W {b,,p’} is compact if and only if

3 [e% o
'rr}gnool |Z+1 ba ”D (u>||P/ =0
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uniformly on the unit ball of the space W {a, p} [13].
Now consider the space W {a,,2} of functions u(z) defined on the Euclidean
space R",n > 1,
W {aq,2} = u(z) € C(R") 1 > aq |[DY]5 < o0
|ar]=0

An imbedding criterion established in terms of the characteristic function of
these spaces.

The duality of the spaces W™ {an, 2} and W~ {a,, 2} is given by the rela-
tion

(h,v) = Z Qg / ho(x)D%(x)dx
la|=0 G
so that W {a,, 2} is every where dense in Ly (R™) with topological inclusion,
and W= {a,, 2} denotes the topological dual space with respect to Ly (R™) and
then we have the following chain

W {an,2} C Ly (R") C W™ {a,,2}
similar to the above chain we have

W5© {aqa,2} C Lo (R™) C Wy {aa, 2}

where W§° {aq, 2} is the set of all functions of W {a,, 2} which vanish on
the boundary T" of R".

The space Lz (0, T; Lo (R™)) will be denoted by L2(Q), where @ = R*x]0, T,
and Ly (0, T; Ly (R™)) is the space of all measurable functions t — ¢(t), the
variable ¢ denotes the time ; t €]0,T[,T < oo with the Lebesgue measure dt on
10, T[ such that

1
2

T
|¢||L2(Q)—</O |¢(t)§dt> < oo

is endowed with the scalar product

T
(f:9) 120, TiLa(RD)) :/0 (f(),9(t)) Ly (rm)dt

which is a Hilbert space[15].

Similarly we define the spaces Lz (0, T; W™ {aq,2}), L2 (0, T; WS {aq,2})
and Lo (0, T; W= {aq,2}), Ly (0, T; W5 > {aq,2}) which are its conjugates
respectively.

We have the following chains:
Ly (0, T; W™ {aa,2}) C L2(Q) € Lo (0, T; W™ {aa,2})
Ly (0, T; W§° {aa,2}) C La(Q) C Lo (0, T, Wy {aa,Z})
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Finally we shall denote by W (Q) the space of the functions y € Lo(0, T; W

{aa,2}) such that % € Ly (0, T; W~ {ag,,2}) where % is the derivative of

y in the sense of W~ {a,,2} valued distribution on ]0, T[.W(Q) is a Banach
space endowed with the norm

@ 2

191 = 190, i o + |

L2(0, T;W=>{aq,2})

3-Main results

We introduce a convex control problem governed by boundary-value problem
of the form

w+Ay=0 inQ=0x]0,T[

%—l—ﬁi(y)aui—&-fi in ¥, =Tx|0,T[i=1,2 (3.1)

y(x,0) =yo(x) inQ

Here, © is a bounded and open set in R™ with boundary I' consists of two
parts I'y and T'a, ie., T =T7 UTy and 'y NTe = @, and ¥ =Tx]0,77 is the
lateral boundary of Q.

3% is the outward normal derivative corresponding to A, and §; are maximal

monotone graphs in R x R, which satisfy the conditions

Bi(0)30, i=1,2 (3.2)

the controls u; are taken from the Hilbert spaces Lo (2;),i = 1,2. The
functions yo, f; are fixed in Lo (R™) and Lo (X;),4 = 1, 2 respectively.

A is elliptic, bounded and self-adjoint operator of infinite order with finite
dimension, that maps W§° {aq, 2} onto Wy > {a4, 2} and A(u) is given by:

Afu) = S so(-D)*laa D2 (w) = h(z) a0 >0

DYl =0, |w|=0,1,.... ,|ju|<a (3:3)
The operator % + A is an infinite order parabolic operator which maps
Ly (0, T; W5® {aa,2}) onto Ly (0, T; Wy > {aq,2})
We introduce the following continuous bilinear form on W§*° (R") :
m(t;0,9) = (A, ¥)Lo(rmy Vo, 9 € Wee (RY) (3-4)

Lemma 3.1 Consider (3.4) the continuous bilinear form on W§° {an, 2}, then
7(t; ¢, 1)) is coercive this means m(t; ¢, ) > )\HQSH%,V(?O{% sy A>0,
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Proof
w(t:6,0) = (AW)d, @) r2(rmy = | D, (1)l D**¢(), ¢(x)
lor|=0 L2(R")
- [ 3 (-1)/%la, D () Doz d
Rn |ar]=0
= Z Dllag (DY¢(x), D*4(x)) po gy = D, (—1)*aa [|D*¢(x)I[72( )
|a]=0 |a]=0

> Mllfes fau 23

then W(t o, (b) > )\H(b||12/v(§>°{aa_2,2}

Definition 3.1. A function y € W(Q) is a solution to (3.1) if there exist
functions w; € Lo (X;),i = 1,2, such that w;(o,t) € Bi(y(o,t)) ae. (o0,t) €
Sii=1,2,

and

/Q ykydp(z)dt + /0 (y, k dt+z / ;) kdDdt = /R _yo(@)k(, 0)dp(x)

(3.7)
for all k € W(Q) such that k(x,T) = 0. Here w(y, k) is bilinear functional
has the form (3.4) , condition (3.7) can be equivalently defined as

d
—_ F —
W), )+ +Z/ ) ¢dl =0 ae. t €]0,T]
y(0) = yo, for all ¥ € W™ {aq,2} (3.7)
Let p be a C§°-mollifie function on R, satisfying p(r ) > 0for r €]—-1,1[, p(r) =
0 for [r| > 1,p(r) = p(—r) for all » € R and [ p(r)dr = 1. We deﬁne for
e>0
= / Bic(r —e0)p(0)d0, i=1,2,r€R (3.8)
where
Belr) =" (r=(1+28)7"7) (3.9)

It should be recalled that 3 are monotonically increasing infinitely differen-
tiable functions. Moreover, 3¢ are Lipschitzian with Lipschitz constant £71, and
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in a certain sense which will be explained below they approximate j3;, for e — 0.
For each € > 0, consider the approximating system,

Y+ Ay =0 n Q
W4 Bi(y) =ui+ fi in Sii=1,2 (3.10)
y(z,0) = yo(x) in Q.

According to a standard existence result due to Lions[15] the system (3.10)
has a unique solution y. € W(Q).
Let A. : W {aq,2} - W~ {aq, 2} be the operator defined by

2
A =)+ Y [ Bwvds g0 eW={an2) (1)
i=1 7T

And let f € L?(0,T; W~ {a,,2} be given by:

(000 =3 [ wvde . v eW {a0,2) (312

Then in the sense of definition 3.1, (3.10) can be written as
Wy Ay=f tel0,T]

y(0)=yo

Let j; : R — R,i = 1,2, be tow lower semi continuous convex functions such
that 0j; = B; (it is well known that such functions always exist).

Under the assumptions and the coerciveness condition (3.5), we have

Theorem 3.2. Let yg € Lo (R™) and w; € Ly (3;), fi € L2 (%;),i=1,2. Then
the system (3.1) has a unique solution y € W(Q). Furthermore, for ¢ — 0 we
have

ye — y strongly in C ([0, T]; Lo (R"™))NLo (0, T; W {aq,2}) and weakly in W(Q)
(3.14)
There exists ¢ > 0 independent of u; such that

2 2
lyllw) +D 1B WLy <C (Z lwill sy + 1) (3.15)
=1

i=1
Proof: We take the inner product of (3.13) with y. and integrate over [0, ¢].
By (3.11) and (3.12) it follows that

t
2
(Ol e + / 19 (5)12 o a2y 5
2 2
< C (o) + luallly sy + 1) t€0,T] (3.16)

where ¢ is independent of e.
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Next we take the inner product of (3.13) with 5% (y.). In as much as 7 (¢, 85 (¢)) >
0, for all ¥ € W {a,, 2}, we find, after some calculations,

2
[ ey [ 6w 5 () dodt < [ g )de fori=1,2
R™ = ¥ n
(3.17)

where

Js(r) :/ Bi(s)ds, i=1,2
0
Along with assumption (3.2) , (3.17) yields

S 18 Wl < € (S0 Il + 1)
and by (3.13) , (3.16) we see that

2 2 2 2 2
||96HW(Q) + 2= 187 (yE)”Lz(E,-) <C (Zi:l ||ui||L2(zi) + 1)
Where C is independent of e.

Now, using (3.13), for €, A > 0 we get
2 2
lye(@) = Y@l 2, (rny + 19 (@) = unOI7, 0,701 (o))

’ Cz;/z (85 (ye) = B7 (y2)) (ye — yx) dodt <0

If we take into account (3.8), (3.9) and (3.18) and the monotonicity of 3;, we
find

2
19 = ualleqo,mnw= fan,2p) 19 = UalLyo, 1w fan2py S Cle+A) (3.20)
Hence y exits in the strong topology of

Ly ([0, T[; W™ {aa, 2}) N C ([0, T]; Lz ([0, T); W {aa, 2}))
Which yields

Y. — y strongly in Loy ([O,T]; W%(F)) C Ly(%)
In order to get (3.14) , (3.15) we let € tend to zero in (3.19) and A — 0 in

(3.20) which completes the proof.
We shall study the following control problem (P) Minimize

5 [ Bt utest) = a0 dof)a + 0 (ur) + 0 (u2) + () = T2
Q

(3.21)
on the class of all u; € Lo (X;),i = 1,2, and y € W(Q) subject to the state
system (3.1).
We shall assume that the following conditions are satisfied
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(1) U; = Lo (2;) ,4 = 1,2, are the spaces of controls u;,i = 1,2.

(2) The functions v; : Ly (X;) — R,u;,i = 1,2 are lower semi continuous
convex functions and not identically equal to infinity.

(3) The function ¢ : Ly (R™) — R is convex and continuous on Lo (R™).

(4) h € L*>®(Q) and yq € L2(Q) are given; h > 0 a.e. on Q.

(5) A is the elliptic symmetric operator which is presented by (3.3) and 3;,7 =
1,2, are two maximal monotone graphs in R x R which satisfy condition (3.2).

(6) yo € Lo (R™) and f; € Lo (%;),i = 1,2, satisfy the assumptions of Theo-
rem 3.2.

Under our assumptions, the coerciveness condition (3.5), we may apply the
result of Barbu [3],[6] for every pair (uj,us) € Lo (X1) X Lo (¥2). Problem (P),
has at least optimal (y®,u,u3) where y* € W(Q),u; € Ly (%;),i = 1,2, for
which the infimum of the functional (3.10) is attained for y = y* and u; =
uti=1,2.

The optimality result is given in the case in which (; are single-valued and
satisfy the following condition,

(7) The functions 8; are monotonically increasing and locally Lipschitzian on
the real axis R. Moreover, there exists ¢ > 0, such that

Bi(r) <c(|Bi(r)|+|r|+1) ae reR, i=12 (3.22)

In the following we shall introduce the finite element discretization of the
state equation and optimal control problem([1],[14]):

At first let us consider the finite element approximation of the state equation
(3.1). For the spatial discretization we consider conforming Lagrange triangle
elements. We assume that € is a polygonal domain. Let Y" be a quasi-uniform
partitioning of ) into disjoint regular triangles 7, so that

Q=U,eyn7

Associated with Y a finite dimensional subspace V" of C([0,T];), such
that for y € V" and 7 € T", x|, are piecewise linear polynomials. We set

Vi =V W {aa, 2}

Let T’(} be a partitioning of I into disjoint regular segments s, so that

I'= UseY[’}g

Associated with Y% is another finite dimensional subspace U" of Ly ([0, T]; T),
such that for xy € U" and s € T’[’], X|, are piecewise linear polynomials. Here we
suppose that Y[? is the restriction of T" on the boundary I' and U" = V*(T),
where V(') is the restriction of V" on the boundary T

Lagrange interpolation operator I, : C([0,7];Q) — V", we have the following
error estimate [|w — Ipwl|; o < Ch™ Y v|lm,rn,0<1<1<m< o0
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Qn : Lo(T) = VM) and Qy, : L2 (R") — V' denote the orthogonal pro-
jection operators. Further more, Rj, : W' ([0, T]; R") — V{' denotes the Ritsz
projection operator defined as: 7 (Rpw,vp) = 7 (w,v,) Vo, € V!

It is well known that the Ritz projection satisfies:

|w = Rpw|, gn < Chl=%||w||1.rn,w € W§° {aa,2} N W {aq,1},Y0 < s <
1<I<o0

For the Ls(T") projection operator @, we also have:

lw = Qrwllyp < Ch*~ 2 [wl|s rr, w € W {aq, s},V5 < s < 00

and

(I = Qn) Onwllgp < Ch2 |[wll2,rn, for w € W™ {an,2}

The semi-discrete finite element approximation of (3.1) reads:

find y, € Lo (Vh) such that

— (Yns Orvn) g + 7 (Y, vn) g = (f,vn)g + (v, vn(,0)) Vo, € W™ {aq, 2},

Yn = Qn(u) on X; = I'x]0, T,

with yg an approximation of yg the semi- discrete finite element approximation
of (3.10), (3.1) reads as follows

Minimize J (4, un) over uy € Ul yp € Lo (V) (3.28)
subject to

— (Yn, Oon) g + 7 (Yn,vn) g = (fy0n) g + (465 vn (-, 0)) Vo, € W™ {aa,2}

yn = Qn (up) on X; =T'x]0,T]| (3.29)

where U, is an appropriate approximation to U; = Ly (X;).It follows that
(3.28) ,(3.29) has a unique solution (yp,up)

We next consider the fully discrete approximation for the above semi-discrete
problem by using the dG(0) scheme in time. For simplicity we consider an
equi-distant partition of the time interval.

Let 0 =tg < t1 < -+ < ty_1 <tN:TWithk:%andti:ik‘,i:
1,2,....N. We also let I; = (t;—1,t;], where i = 1,2,....N. We construct
the finite element spaces V" € W {a,,2} with the mesh Y". Similarly we
construct the finite element spaces U" of Ly([0,T];T"), with the mesh Y. then
we denote by V", U" the finite element spaces defined on T, Tg on each time
step .

Let Vi dente the space of piecewise constant functions on the time portion.
we define the Ly projection operator Py : Ly(0,T) — Vi on I; through

(Pe(w)(t) = £ [w(s)ds for t € I,

Then we have the following estimate:

1 = Py wll o reany < CF el 0.z - Yo € WHO,T2H) - (3.30)
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H denotes a separable Hilbert space.
We consider a dG(0) scheme for the time discretization and let

Vie = {0: Q2% [0,T] = R, 0(.,t)|g € V", O(x,.)];, € Po}
We introduce for Y, ® € Vj;,
A (Vi @) = (£, ®)q + (10, 2) VP € Vi
th = A(u) on I’ (331)

Where V,?k denotes the subspace of Vj; with functions vanishing on T', and
A= P.Qy

As a result of the application of finite element method on boundary control
problem governed by parabolic Variationl Inequalities with an infinite number
of variables. we estimate the error introduced by the discretization of the state
equation i.e., The error between the solutions of problem (3.1) and (3.31) by the
following theorem :

Theorem 3.3

Suppose that f € Ly (La (R™)),u € Lo (L2(T")), and yo € Lo (R™). let y €
Ly (Ly (R™)) and Yy € Vi with Yyi|s, = A(u) be the solution of problems (3.1),
(3.31). respectively. then we have

1 1
1y = Yirl Loy < C (2 + 03 (IF D zacraton + Iollo,pe + Iulla(zacany)
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