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A STUDY ON DEGENERATE (p,q, h)-BERNOULLI
POLYNOMIALS AND NUMBERS!

HUI YOUNG LEE

ABSTRACT. This paper introduces a more generalized form of the degener-
ated g-Bernoulli polynomial, termed (p,q)-Bernoulli polynomial, and presents
their properties. Various properties including symmetry were investigated,
yet properties of symmetry were not identified. However, in the process,
another property was discovered, and the purpose is to introduce this newly
found property.
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1. Introduction

The well-known traditional Bernoulli polynomials, which have been known
for a long time, are defined by the following generating function.

t
et —1

et = ZBn(x)%n' (cf. [1-13]). (1.1)
n=0 :

When z = 0, the value of the nth Bernoulli number is denoted by B,,(0) = B,,.

We first introduce the basic concepts and sevaral exponential functions.
Let n,q € R and g # 1. Jackson defined the g-number as below:

nly =~
nl, =
q 1— q
and lim,_,1[n], = n. Also we introduce the (p, ¢) numbers as below:
Let n,p,q € R, p and g are not 1, and p # q,
p"—q"
p—q

[n]p,q =
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and limy,_1 g1 [n]pq = n.

For [n],! = [n]q[n — 1]4 - - - [2]4[1]¢ and [0], = 1, ¢-binomial is defined by

and limg_,q [ﬂ = (f)
q
In this paper, we use the (p, ¢)-binomial to be extended as belows:
For [n]pq! = [nlpq[n — Up,q - [2lp.g[llp.q and [0],4 = 1, (p,¢)-binomial is
defined by

and lim, 1 [ﬂ = (:L)
1.q

Many mathematicians have studied various exponential functions. Let’s ex-
amine how these diverse exponential functions have evolved.

t t

e' is well known classical exponential function. Also, since e is an analytic
function on complex number field, e! is capable of series expansion as belows:

Pt
e = Z E
n=0
eq(t) is a g-exponential function defiened as
tn
eq(t) = Z .

ne0 [n]q!

For real ¢ > 1, the function e4(t) is an entire function of ¢. For 0 < ¢ < 1,
eq(t) is regular in the disk |z| < 1/(1 —¢q). Also, the inverse of e,(t) is ;-1 (—t),
ie., eq(t)eg-1(—t) = 1.

ep.q(t) is a (p, ¢)-exponential function defiened as

yor

n

oo p oo 2
epq(t) = and Ep,(t) = .
e ,;0 [nlp.q! i ,;0 [n]p.q!
Here, [n]p,q = 2=

(14 At)> is a degenerated exponetial function and ;inb (1+ /\t)% =
—

More recently, Burcu Silindir and Ahmet Yantir [14] have generalized expo-
nential function with Definition 1.1 and 1.2 in the following way.
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Definition 1.1. For 0 < ¢ < 1, one define the generalized quantum binomial,
(g, h)-analogue of (z — xo)"™, as the polynomial

—_

if n=0,

(@ = z0)gn = (z = (¢"'wo + [i = 1gh)) if n>0,

==

=1

where 29 € R (see [8],[10]).

When ¢ — 1 and h — 0, the generalized quantum binomial approximates the
ordinary binomial as belows:

a0y & T T Nam = (7 = x0)"
In this paper, (z — 0)f, 1) is denoted as (z)j, for convenience.
That is, (z — 0), ) = (@), = z(@ — [Ugh)(x — [2]¢h) -+ (x — [n — 1]¢h).

Definition 1.2. For 0 < ¢ < 1, one define the degenerated g-exponential func-
tion, denote by

(o]
aj)qhn
eqhx t) Z

"0 [n]q!

where (0)p , =1 and e, 4(0,1) = 1.

Using Definition 1.1 and 1.2, we have already defined the g-Bernoulli polyno-
mials and numbers as follows, and we intend to extend these. (see [8]).

Definition 1.3. For 0 < ¢ < 1 and ¢t € R, we define degenerate g-Bernoulli
polynomials and numbers by the following generating functions

t
6q7h(1 : t)

eqh:ﬂ t

and

eqh(l t -1 Zﬁnq

When ¢ — 1 and h = 0 it is equal to the classmal Bernoulli polynomial.

In this paper, the concept is extended more generally to define (p, ¢)-binomials
and (p, ¢)-exponential function as follows.
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Definition 1.4. For 0 < p < 1 and 0 < ¢ < 1, we define (p, q)- bionomial,
(@)p,q.n as below.

(@) pgn = igl(l’iflx — [t = 1pqh)

= z(pxr — [l]p,qh)(pzx — [2lpqh) - (pn_lx = [n = 1]p,qh).

From Definition 1.3, we get

n

@ g = @)%, Jm(@)=pEe" and  lm(@),, = @)

Definition 1.5. For 0 < p < 1 and 0 < ¢ < 1, one define the degenerated
(p, q, h)-exponential function, denote by

0= Tpse =3 O o
€ h &€ — = pr2 gh R
pe =0 [n]p,q ”7”[ Ip.a

where (0)2,q,h =1and e, 41(0,t) =

Here are some important properties of the (p, ¢, h)-exponential to be used in
this paper.

e
ep.q.n(x 1 abt) = Z(x)p7q7h7[ '
0 np,q!
Z z(px — — 2lpgh) - (P te—li— 1p.qh)
n=0
a™b"t"
(e = = k)
P ]!
= Z az(pax — ah)(p®azx — [2], 4ah) - (p" tax — [i — 1], 4ah)
n=0
bnt7l
- (p"tax — [n — 1], 4ah)

(n]p.q!
=ep q.ah (0T 1 bT).

Theorem 1.6. Let n be a positive integers, 0 < p < 1,0 < g <1 and k € Z.
We have

ep.qg.h (T abt) = ey g an(az : bt) = ep g.abn(abz : t).
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2. A degenerate (p, ¢, h)-Bernoulli polynomial and it’s properties

Definition 2.1. For 0 < p < 1,0 < g < 1 and t € R, we define a degen-
erate (p,q, h)-Bernoulli polynomials and numbers by the following generating
functions

t & tn
_ i) = " :h
epan(l:t)— 1€p,q,h(33 ) ngoﬁ pa(® )[n]p’q!

and
n

m Z Brpa () T

pvfI'

When p, ¢ — 1 and h =0 it is equal to the classical Bernoulli polynomial.

By the Definition 2.1,

t = "
- t . n
epqn(l:t) — 1P e Z Prpal ]p qa : nz::o(x)p,q,h nlpat (2.1)
= Br—kpa(M)(@)p g nt7—
ngo |:k:| p,q P Pl [n]p’q!

By the Definition 2.1, equation (2.1) and comparing their coefficients, we can
derive the following theorem.

Theorem 2.2. Let n be a positive integer, 0 < p <1, 0< q <1 and k € Z.
We have

n

Bupale ) =Y m k)

k=0 ,

By the Definition 2.1

t2 -
T
tn+1
:Z@nmx hH (2.2)
n—0 P!
oo tn
= ngl[ }Pﬁqﬁnflwﬂl(m : h) [n]p,q .

Furthermore, by slightly modifying the generating function introduced above,
the following result is obtained.
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t2
epqn(l:t) =1
t t t
————————epgn(@t) | ——————epqgn(l:t —)
ep’q,h(l Zt)—]. pa ( ) <ep’q,h(1 Zt)—]. pa ( ) ep,q_,h(l It)—l
t
————————epgn(@ ) ——————epqn(l:t
epgn(l:t) =1 pa( )ep,qﬁ(l:t)_l pah( )
t ( t) t
e — 2 z:t)—m———
epqn(l:t)—1 7" epqn(l:t) —1

—Zﬂn,pqx h Zﬁn,pqx h

np.q! n—=0 [ ]p,q

725n,pq X h Zﬂn,pq

]p7q n—0 ]p,q~

_ i <}:0 {Z} N Br—tkpa(T: h)Brpq(z: h)) [L

ep,g,n(T 1)

n]nq!

> (Z mﬂ(x : h)ﬂk,p,qw)) -

—o , []p.q!

-y (Z ] Brkiate s Dkt )

k=0 ,

-] it h)ﬂk,p,q(h)> T
p,q

[]p,q!

D,q n]p,q!

Z( ; 5n—kzp,q($ih)(ﬂk,p,q(xih)ﬂk,p,q(h))) e e3)
k=0

Equation (2.2) and equation (2.3) are expressions obtained using the same

generating function. Comparing their coeflicients, we can derive the following
theorem.

Theorem 2.3. Let n be a positive integer, 0 < p <1, 0< qg <1 and k € Z.
We have

Brn-1pq(x:h) = [n]l Z |:Z]p , Br—kpq(T + h) (Br,p,q(@ 2 h) — Brp,q(h)) .

P9 p—q s
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By Definition 2.1,

oo t”
Br.p.q(x: h) =
; P [lp.q!
1 t
S l—tepgn(lit)—1
1 t

= epqn(x:t)—

1—tepqn(l:t)—1

oo

[]p,q!
0 [n— klp,q!

epgn(l:t) —1

ep.qn(x:t)(1—1)

1

ep,g,n(T 1 t)

t2

= Zt" . Z Brpa(: h)i' _
"0 []p.q!

| 5nfk,p,q(37 2 h)

tn

[n]

g

P

" [l |
(k:—o rzl;iwlﬁnfk’p’q(f +h)

n

k

= Z (};} [Tz[—]lwﬁn_k’p’Q(x ch) — Z

o0

-2

n=

—1

=0

l—tepqn(l:t)—1

Z gl Z Brpg(T: h)W

n=0

)

n=0

)

t’rLJrl

[n]pﬂ!)

[7]p.q"

[n—1—k]pq!

ep.q.n(T 1)

tn

p.q*

n ( ) t’n+1
ﬁn—k, g\ : h)———
0 \k—o P [n = klp.q!

| ﬁn—l—kmﬂ(x : h))

From the given equation, we can derive the following theorem.

1151

"]p,q!.

Theorem 2.4. Let n be a positive integer, 0 < p<1,0<qg<1andk € Z. We

have

Brp.q(T h)

n |
=S o) -
k=0

(n— klp,q!

k=

n —1
DM HIICHTRSETE o
0 p,q k=0

[]p,q!

[n—1-— k]pyq!ﬁn_

1-k,p,q(2 2 h)

o)
p:q

The following property to be discussed is one discovered by the author while
investigating symmetry. Although previously sought-after symmetric properties
couldn’t be found, a similar result resembling symmetry was obtained, hence it

is introduced.



1152 H.Y. Lee

) abt%p’q,%(x : at)ep,q’%(x : bt)
(pqn(1:at) —1)(e, , n(1:b) — 1)
¢ bt
= = n (2 at) X (x : bt)

epyq’%(l s at) — 1°Pad

_gﬂn,p,q (x : Z) (at)" i B (z : Z) (bt)"

[lp.q =0 [l

N (N kg [ h h tn
S (St B, (228 e (=) ) iy

)

_w
epgn (L1 bE) — 1 Ptk

abtgep,qvﬁ(x : at)epyqy%(x : bt)

(ep’q’%(l s at) — 1)(%,,;,%(1 2bt) — 1)

(2)

b e (x:at) x at e (x : bt)
= 1 6pg, 2T e iz
ep7q7%(1 (bt) —1 P%a ep7q,%(1 cat) — 1 POE
bt a at
= 9 (2 b)) X — (2w
euq,%(l 1 bt) — 16p,q7%(bm ) ep,q,%(l sat) — 1€pvq’}3(ax at)
= ﬁn, s (:,C : ) X Bn’ ’ (.’L‘ . >
r;) P\a" " a) [l nz_o PEXDT b ) [nlpg!

[ b h a_ h tn
= akpr—F {n] B (m : ) I} (a; : > .
'r;() (Zo k b k,p,q a a k.p,q b b [n]p,q!

k=
Comparing the coefficient on both sides, we get following:

t e h h
Za kyk {k} y Brn—k.p.q (x : a) Bk.p.q <x : b>

k=0

_N" gk by b a,.h
_kzzoa b [quﬁn_k%q (a:c. a)ﬂkm (bx. b).

B

From this, we can obtain the following theorem.

Theorem 2.5. Let n be a nonnegative integer, a,b,h € R and 0 < p < 1,
0<qg<1. We have

- n—kpk | h D

2 i, v (5 2) pna(55)
_Zn kpn—k [T 9 ﬁ 4 E
_kzoa ’ |:k:|pq6n—k,p,q (a:v. a) Prpa (bx. b) .

3
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When we substitute abz for z in the above theorem, we obtain the following

result.

a _ h h
> [Z] a" Y B pg(abe s ) By pg(abe: 7)
k=0 p.q

" [n . h h

:Z L{] a kbkﬁn,k,p,q(bzx : f)ﬁk,p,q(azx D).
k=0 p,q a b
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