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HADAMARD-TYPE INEQUALITIES ON THE COORDINATES FOR
(hi, ha, h3)-PREINVEX FUNCTIONS

DANISH MALIK* AND ZAMROODA JABEEN

ABSTRACT. In the present paper, we define the class of (hy, ha, h3)-preinvex func-
tions on co-ordinates and prove certain new Hermite-Hadamard and Fejér type in-
equalities for such mappings. As a consequence, we derive analogous Hadamard-type
results on convex and s-convex functions in three co-ordinates. We also discuss some
intriguing aspects of the associated H function.

1. Introduction

We define a function y : J — R, where J C R is an interval in R, to be a convex
function on J if

(1) X(o¢+ (1 —=o)u) < ox(¢) + (1-0)x(n)

is true for every ¢, € J and o € [0, 1]. x is concave if the reverse inequality holds.
The Hermite-Hadamard inequality is one of the most significant inequalities for the
class of convex functions. This twofold inequality is expressed as follows

G+6 1 @ X(G) + x(¢2)
) (958) = gt [ o < M)

where x : [(1,(] — R is a convex function. If x is concave, the inequalities are in
reverse order.

An s-convex function is a generalization of a convex function which was first intro-
duced by Breckner [3]. A function y : [0,00) — R is s-convex in the second sense if
X(o¢ + (1=0)u) < ox(¢) + (1-0)*x (1) holds for all ¢, € [0,00),0 € [0,1] and for
some fixed s € [0, 1]. Obviously, s-convexity reduces to convexity when s = 1.

Dragomir and Fitzpatrick [4] established the following Hermite-Hadamard type
inequality, true for s-convex functions in the second sense.

G2
(3) 271X (gl N 42) < /< x(@)dz < W
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Later Varosanec [13] introduced the class of h-convex functions. Some familiar types
of functions in this class are non-negative convex functions and s-convex in the second
sense functions. A non-negative function y : J — R, J C R in an interval, is called
h-convex if x(o¢ + (1-0)p) < h(o)x(¢) + h(1-0)x () holds for all ¢, u € J, 0 € (0,1),
where h : J — R is a non-negative function, h # 0 and J is an interval, (0,1) C J.
However, the methods and text that follows examines functions h and y without
making any nonnegativity-related assumptions. Sarikaya et al. [12] demonstrated that
the following variation of the Hadamard inequality holds for an h-convex function.

(4) th(%)x (CI;@) < i ; /:2 X(Q)dx < {X(Cl) +X(C2)} /01 h(o)do.

Also Bombardelli and Varosanec [2] showed that for an h-convex function the fol-
lowing Hermite-Hadamard-Fejer type inequality holds:

Jet wlOds <g1 4 @)

20(3) 2

G2
< / (Ow(C)dz

¢

(5) ,
< (G — 1) (X(Cl) + X(C2)> /0 h(o)w(oC + (1 — 0)C)do

where w : [(1,(] — R. Here w > 0 is the weight function and is symmetric with
respect to C1+<2

Dragomir [5] also suggested a variation for convex functions called co-ordinated
convex functions, which is as follows. Consider a bidimensional rectangle Q = [y, (5] X
(11, o] in R? with ¢; < ¢ and py < po. A mapping x : © — R is said to be convex
on the co-ordinates on Q if the partial mappings x, : [¢1, &) = R, xu(uw) = x(u, 1)
and x¢ : [p1, po] = R, x¢(v) = x((, v) are convex for all ¢ € [¢1, ] and p € [, pia].

Subsequently, Dragomir [5] established the following Hadamard-type inequality for
convex functions on the co-ordinates.

G+ G+ o G
(6) X( 2 7 2 >S(C2 Cl M2 — // X(G p)ddp

X (G, 1) + x(Ga, m)) + X(C1, p2) + X(G2, p12)
< 1 .
Alomari and Darus [1] proposed a natural extension of convex functions on the
co-ordinates to the concept of s-convex functions on the co-ordinates.
The mapping x : € — R is s-convex in the second sense if the partial mappings
fu G, G = Rand fe: [, o] — R are s-convex in the second sense.
They also demonstrated that the following inequality holds for an s-convex function:

_ G+ Co 1+ 2 1 e
48 1 d d
x( 5D ) < G =0 =) /a / X(C, p)d¢dp

X(G ) + x(G 1)) + X(Grs ) + x(Gos pi2)
- (s+1)2
For other approaches and analogous results on convex and s-convex functions on
the co-ordinates, see [6-10].
The primary goal of this work is to present the class of (hy, hy, h3)-preinvex functions
on co-ordinates and to establish new inequalities similar to those given by Dragomir
in [5] and Matloka in [8]. Also, we present some interesting properties of the related

(7)
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H function. We will assume that the considered integrals exist throughout the paper.
Let us first recall some key concepts.

2. Preliminaries

Let x : S > Rand o : S xS — R", where S is a nonempty closed set in R", be
continuous functions. First, we recall the following well-known results and concepts;
see [7-11] and the references therein.

DEFINITION 2.1. [6] A set S is said to be invex at u with respect to a if u +
oa(v,u) € S for all u,v € S and o € [0,1]. S is an invex set with respect to « if S is
invex at each u € S.

DEFINITION 2.2. [6] A function x on the invex set S is preinvex with respect to «
if x(u+oca(v,u)) < (1 —0)x(u)+ ox(v) for all u,v € S and o € [0, 1].

We also need the following assumption on the function «, which is owed to Mohan
and Neogy [9].

CoONDITION A. Let S C R be an open invex subset with respect to a. For any
¢, € S and any o € [0, 1],

Oé(,u, M+ Ua(<7 M)) = —O'OC(C, M)v
Oé(C, [y O-O‘(Ca :U’)) - (1 - O')Oé(C, IU’)

DEFINITION 2.3. [8] Let h : [0,1] — R be a non-negative function, h # 0. A
non-negative function y on the invex set S is h-preinvex with respect to « if x(u +
oa(v,u)) < h(l —o)x(u) + h(o)x(v) for each u,v € S and o € [0, 1].

Matloka [8] introduced the following concept of (hy, he)-preinvex functions on the
co-ordinates:

DEFINITION 2.4. [8] Let h; and he be non-negative functions on [0, 1],hy #
0,ho # 0. The nonnegative function y on the invex set S; x Sy is said to be
co-ordinated (hi, he)-preinvex with respect to «; and «s if the partial mappings

WS o RGO = X(Cop) and xe : Sy — Roxe(u) = (o) are hy-preinvex
with respect to a; and ho-preinvex with respect to as, respectively, for all € S, and

Si.
‘ eAslau result of the above definition, if f is a co-ordinated (hy, hy)-preinvex function,
then
X (¢4 0101(C2, €), pt + o005 (pan, 1))
< h(1—=01)x(¢ e+ o20a(d, 1)) + ha(o1)x (G, 1+ o202 (p2, 1))
< hi(1 = 01)ha(1 = 02)X(C, ) + ha(1 = 01)ha(02)X(C, p12)
+hi(o1)ha(1 — o2)x(Cos 1) + ha(o1)ha(c2) X (Ca, p2)-

Now let S7, S5 and S3 be nonempty subsets of R” and ay : S;xS7 — R™, a1 Sy xSy —
R"™ andas SgXSg—)Rn

3. Main Results

Definition 3.1. Let (u, v, w) € Sy X Sy x S3. We say S x Sy x Ss is invex at (u, v, w)
with respect to ay, ay and ag if for each (¢, pu,n) € Sy x Sy x S3 and 0y, 09,03 € [0, 1],
(u+ o101(C,u), v + o20a(p, w), w + o303(n, w)) € Si X S X S3.
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S1 X Sy x S5 is said to be an invex set with respect to oy, as and ag if it is invex at
each (u,v,w) € S; X Sy X Sj.

DEFINITION 3.2. Let hq, hy and hs be non-negative functions on [0, 1], hy Z 0, hy #
0, h3 # 0. The non-negative function f on the invex set S; x Sy x S5 is said to be co-
ordinated (hq, hs, h)-preinvex with respect to ay, s and agz, if the partial mappings

Xe 2 X S5 = Roxe(i,m) = X(C s m)s X 0 51 X 83 = Roxu(Cm) = x(C1,m)5 X
S1 xSy = R, x,,(¢, 1) = x(C, i, m) are (he, hs)-preinvex with respect to oy, (hy, hs)-
preinvex with respect to ap and (hy, ho)-preinvex with respect to as, respectively, for
all ¢ € S1,pu € Sy,m € Ss.

If a(C,u) = (—u,a(pu,v) = p—v and a(n,w) = n — w then the function x is called
(h1, ha, hg)-convex on the co-ordinates.

REMARK 1. From the above definition it follows that if x is co-ordinated (hy, ho, h3)-
preinvex, then

X<C1 + o100 (C2, C1), p + o20(pa2, p1), m + o33(np, 771)>
< hi(1- Ul)X(Cb fi1 + o20(pia, p1), 1+ 03043(772’771)>
+ h1((f1)><<§2, fi1 + o20a(pi, g ), 1+ o3003(72, 771))
< hi(1-01) [h2(1—01)X(C1>M1>?71+03043(772,771))+h2(02)X<C1,ﬂ27771)+<73043(772>771)>]

+ hi(o1) [hz(l - Ul)X(Cz; pa, M+ ozag(ns, Th)) + h2(02)X(C27 p2, 1+ o3as(n2, 771))}

< hi(1—o1)ha(1 —02)hs(1 —03)x(Cr, 1, m) + ha (1 — 1) ha(o2)ha(1 — 03)Xx(C1, pi2, 1)
+ hi(01)he(1 — 02)hs(1 — 03)X(Cos 1, m) + ha(o1)ha(02)ha(1 — 03) X (Ca, p12, 1)
+ hi(1 = 01)ha(1 — 09)hs(03) X (C1, p1,m2) + Pa(1 — o1)ha(02)hs(o3)x(C1, p2, 2)
+ hi(01)ha(1 — 02)hs(03) X (Cos 1, m2) + ha(01)ha(o2)ha(03) X (Ca, 12, M2)-
As a consequence of the preceding remark, we arrive at the following result.

THEOREM 1. Let x : [gl,gl + ozl((g,cl)] X [ul,,ul + ozg(m,,ul)} X [7]1,771 +
043(7727771)} — Rwith ¢ < G +a1(Ce, G), 1 < pa+aa(pie, ) and m < i+ a(n2, m),
be (hy, ha, h3)-preinvex on the co-ordinates with respect to oy, ag and ag; w : [Cl, G+
aq (Ca, Cl)] X [,ul,,ul + (g, ul)] X [771,771 + ag(ng,m)] — R, w > 0, symmetric with

respect to <§1 + 2a1(C, C1), 1 + 3a(pto, 1), m + %&3(772,771)). Then if Condition A
for a1, an, and agz is fulfilled, we have

1 1 1
X(Cl + 5041(@, C1)s 1 + 5@2(/@, p1),m + 5043(7727771)>

Gtai(2,61)  ppataz(pz,ui)  pmtas(nz,n)
/ / / w(C, 1y m)dCdpdn

¢1 1 m

o ()

C1+a1(¢2,¢1) p1+oa(p2,p1) m-+asz(n2,m)
/ / / X(C, s m) - w(C, py n)dCdpdn.

G H1 m
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Proof. Using the definition of an (hy, he, hs)-preinvex function on the co-ordinartes
and Condition A for aq, as and as, we have

X(Cl + 50(Co, Q1)+ zale, d),m + 5, 771)> <
hy (l)h2<1>h3(1) {X<§1 + o101 (G, C1)y p1 + oova(pig, 1), m + 03043(7]2,771)> +
(C + o101(C2, C1) i + (1 — o2)aa(pz, 1), m + 03043(772,771)> +
(C (1= o1)on (G, G), pa + o2aa(p2, 1), m + 03043(772>771)) +
(a+ (1 =00 (G Q) et (1 = o2)aa(p ). e+ o303l m) ) +
( + o101(G2; G1), i + 02002 (pi2, 1), + (1 — 03)a3(7727771)>
( + o100 (G, G1), i+ (1 = o2)an(piz, p1), m + (1 = o3)as(ne ))
(C (1= o1)an (G, ), 1 + o200(p2, 1), m + (1 — 03)as(ne, 771))
6+

(1= 01)a1(Go: ), i + (1 = o)z, ) + (1 = o) () ) .
Now, multiplying the above inequality by

G+ orai(G, ), g + o (pio, 1), m +U3043(772,771)> =

S

G+ o1oa(Ca, Gr), a4+ (1 — o2)aa(pe, 1), m + osas(n2, T

S

G+ (1= o01)aq(Cay G1), p + oaca(pia, 1), m + ozas(n, m

g £
I
=3

25 1))
+o101(Co, G1)s pin + (1 — o) aa(pig, ), m + (1 — o3)as(n2,m)) =
w( G+ (1= o) (G C), pn + o200(pz, ), m + (1 — 03)as 772,771)) =

(1 —o1)ai(Ce, Cr)y pa + (1 — oa)aa(pag, pia ), m + (1 — 03)043(7727771)>,
and integrating over [0, 1] x [0, 1] x [0, 1], we obtain

S

N——

S

)

o (

o (
G+ o101(C, C1), i1 + o20a(pin, 1), 1+ (1 — 03)az(m2, m
G )

(

(

( )
(G + )
<C (1 =o1)an (e, G), pr + (1 = o2)an(pa, 1), M + o0is(
( )
( (
( (
w(oi

1 1 1
x(G + 5@1(@7 Ci), 1 + 5042(,“2,#1),771 + 5043(7727 m))

1 1 1
/ / / w(Cr + o1a1(Ca, Gr), pr + o2aa(pia, 1), 1 + o3as(n2, m1))dordoados
0 0

0
1 1 1 1
=X C +-a C >C ) +-« ) ) +-a )
( ! 2 1( 2 1) = 2 Q(M Nl) " 2 3(772 771))041(@,(1) 'Oéz(ﬂzalﬁl)'oé3(772,7h)

CGta1(Ces¢1)  ppataz(pz,p)  pmAas(nz,m)
/ / / w(C, p1,m)dCdpdn
G M1 m

1 1 1 1
<8hi|=)ho| =) hsl =
- (2) i (2) ’ (2) 01 (G, G1) + otz 1) - s (172, m1)
Gtai1(€2,61)  ppataz(pe,u)  pmtas(nz,m)
G H1 m
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which is the required inequality. O]

REMARK 2. If a1((2, i) = G—Ci, aa(pia, 1) = pra—pia, (2, m) = n2—m, ha(o1) =
ho(og) = hs(o3) = o, then we get the following inequality for functions convex on the
co-ordinates.

(2 1% 2
y (G2 it p mt / / / W(C, 1, m)dCdpdn
2 2 2 1 I m

S/j /:2 /njzx(é“,u,n)-w(C,u,n)dCdﬂdn

(9)

Further if w((, u,n) = 1, then

G +C prtpe m+mn
N7 e T

1 C )
- (G2 = C)(p2 — pa)(m2 — ) /Cl /m /m X(C, uy mdCdpdn,

which is analogous to the inequality (6) on convex functions on co-ordinates in two
dimensions by Dragomir [5].

REMARK 3. If a1(C2, C1) = (o—C1, aa(pa, fi1) = pra—pir, a3(m2, M) = m2—m1, ha(01) =
ha(02) = hs(o3) = o®, then we get the following inequality for functions s-convex on
the co-ordinates.

G+ ¢ + 4 G pH2 2
x(Bgl i man (1 )
G Jpr Jm

. G2 pp2 rn2
<38 ‘S/ / / X(C, psm) - w(C, p, m)dCdpdn.
¢1 Jpr JIm

(10)

Further if w(x,y, z) = 1, then

so1. (GG p1+p M+
87 x
2 7 2 ’ 2

1 G2 pu2 2
d¢dpd
= (G2 = G)(p2 = pa)(n2 — m) /C /M /n X (€ py m)dCdpudn,

which is analogous to the inequality (3) on s-convex functions by Dragomir and Fitz-
patrick [4] and inequality (7) on s-convex functions on co-ordinates in two dimensions
by Alomari and Darus [1].

(12)

THEOREM 2. Let x : [ClaCl + a1(Ce, (1)v] % [Ml»ﬂl + a?(ﬂ?aﬂl)] X [771,771 +
043(7127771)} — R with ¢ < (1 +a1(C2, (1), p < pn+ (g, 1) and g1 < my+aa(n2, ),

be (hy, ha, h3)-preinvex on the co-ordinates with respect to oy, ag and asz; w : [Cl, G+

ai(Co, C1)] X [,Ulnul + a2(ﬂ27ﬂ1>:| X [7}17771 + 043(772,771)] — R,w > 0, symmetric with
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respect to (Cl + 201(G, 1), 1 + ao(pa, pu), m + 3os(mp, 771))- Then,

1 /Cl-&-al(@,ﬁ) /M'*‘Oél(uz,m) /771+0<1(7727771)
xX(C, 1, m)-
061(<2;C1)Oé2(/i27/h)043(7727771) G B m

w(C7N7 77)Cdﬂd77 < {X(Claﬂlﬂh) + X(Ch:u’?’,r]l) + X(@aﬂlﬂ]l) + X(C%N%TII)

+X(Cla M1, 772) + X(Cl,ﬂ2»772) + X(C27M1,772) + X(C27M27772)}

/01 /01 /01 hi(o)ha(o)hs(0) -w((’l + or0n(Cay C1), 1 + Toua(pin, 1),

m + osas(ne, 771)>d01d02d03'

Proof. From the definition of (hy, hs, h3)-preinvex function on the co-ordinates with
respect to aq, as and ag, we have the following inequalities,

(a)

X(Cl + o112, C1), p1 + oa0a(pi2, 1), M1 + o3a3(n2, 771)) <h(l—oy

ha(1 — 02)hs(1 — 03)x(Cr, 1, ) + ha(1 — o1)ha(02)hs(1 — 03)x(Cr, p2, M
+hi(o1)ha(1 = 02)hs(1 — 03)x(Cos 1, M) + ha(o1)ha(02)ha(1 — 03)x(C2s fr2, T
+h1(1 = 01)ha(1 — 02)hs(03) X (C1 p1,m2) + ha(1 — o1)ha(02)hs(o3)x (G, p2, 2
+hi(o1)ha(1 — 02)hs(03)x(Cos 11, m2) + hi(o1)ha(o2)ha(s) x (G2, t2, M2),

)
)
)
)

(b)
X<C1 +o1a1(Ce; C1), pa + (1 = o2) (i, 1), i + o3003(n2, m)) hi(1—o01)
ha(o2)hs(1 — o3)x(C1, pa;m) + ha(1 — o1)ha(1 — 02)ha(1 — 03) X (C1, 12, 1)
+hi(o1)ha(o2)hs(1 — 03)x(Cos 1, M) + ha(01)ha(1 — 02)h3(1 — 03)x(C2, 12, 1)
+h1(1 = 01)ha(02)hs(03) X (Crs 11, m2) + ha(1 — 01)ha(1 — 02)ha(03)x(C1, pi2, 12)

+hi(o1)ha(02)hs(03)x (Cos 11, m2) + hi(o1)ha(1 — 09)hs(03) X (C2, p2, M2),
(c)

X(Cl + (1 = o1)a1(Ca, C1)s o1 + o2 (pig, p1), 1 + 03063(772,771)) < hi(o1)ha(1 — 03)
ha(1 = 03)x(Crs 1, m) + ha(on)ha(o2)hs(1 — 03)Xx(C1, p2, ) + ha(1 — 01)ha(1 — 02)
ha(1 — 03)x(Cas i1, 1) + ha(1 — 1) ha(o2)ha(1 — 03)x(Ca, pt2, M) + hi(o1)ha(1 — 02)
hs(o3)x(C1, g, m2) + ha(o1)ha(o2) ha(03) X (Crs pi2; m2) + ha(1 — o1)ha(1l — 02)hs(03)
X(C2s p1,m2) + ha(1 = 01)ha(02)hs(03) X (G2, 2, 72).
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(d)
X<C1 + (1 —o1)ai(Ce, ), 1+ (1 — o2)a(p, pa), m + o3003(n2, 771)) < hi(01)ha(02)
hs(1 = 03)x(Crs pasm) + ha(on)ha(l — 02)hs(1 — o3)x (G, p2, ) + ha(1 — 01)ha(02)
ha(1 = o3)x (2, pa,m) + ha(1 = 01)ho(1 — 02)hs(1 — 03) X (Ca, 2, M) + ha(o1)ha(02)
hs(03)X (Crs 1, m2) + ha(o1)ha(1 — 02)h3(03) X (C1, p2, m2) + ha(1l — 01)ha(02)
ha(03)x(Cas 1, 12) + P (1 — 01)ha(1 — 02)hs(03) X (G2, 112, 112),

(e)
X(Cl + o100 (C2, C1)s o1 + o2z (a2, 1), + (1 — 03)043(772,?71)) < hi(1—o1)ho(1l — o2
ha(o3)X(Cry 1, m) + hu(1 = o1)ha(02)hs(03) X (Cu, pi2, M) 4 ha(on)he(1 — 02)hs(os
X(Coy 1, m) + ha(o1)ha(o2) ha(03) X (Cos fr2, M) + ha(1 — 01)ha(1 — 02)hs(1 — o3
X(Cy g, m2) + ha(1 = o1)ha(02)ha(1 — 03)X(C1s pi2, m2) + ha(01)ha(1 — 02)hs(1 — 03
X(C2s p1,m2) + ha(01)ha(02)hs(1 — 03)X (G2, 2, 12),

)
)
)
)

(f)
X(Q + o100 (C, Gr)s o + (1 = o) (g, p1), m + (1 — o3) s (2, 771)) < hi(1 = o1)he(o2
hs(o3)X(Cis prsm) + ha(1 = o1)ha(1 — 02)hs(03) X (Cis 2, m) + ha(o1)ha(09)hs (03
X(C2, p1sm) + ha(o1)ha(1 — 02)hs(03) X (Cas pi2; m) + ha(1 — o1)ha(02)hs(1 — o3
X(Cy g, m2) + ha(1 = 01)ha(1 — 02)ha(1 — 03)Xx(Ci, p2, m2) + ha(o1)ha(02)hs(1 — o3
X (G2 f1,m2) + ha(o1)ha(1 — 02)hs(1 — 03)X(Co, p2, 12),

(8)
X(Cl + (1 —o)ar(Ce G1)s pn + 020 (pig, pi1), M + (1 — o3)as (e, 771)) < hi(01)ha(1 — 03
hs(o3)X(Cis prs m) + ha(o1)ha(o2)ha(03) X (G, pi2, M) + P (1 — 01)ha(1 — 09)hs(03
X(C2, p1sm) + P (1 — 01)ha(o2)hs(03) X (Cas pi2, m) + ha(01)he(1 — 02)hs(1 — o3
X(C1, g, m2) + ha(o1)ha(o2) ha(1 — 03)x(Cry p2, m2) + ha(1 — 01)he(1 — 02)h3(1 — 03
X (G2 f1,m2) + ha (1 — 1) ha(02)hs(1 — 03)X(Co, p2, 12),

(h)

X(Q + (1 = o1)ai(C, C1)s pir + (1 — o2)aa(peg, prr), m + (1 — 03)043(772,771)> < hy(oy
ha(02)ha(03) X (Cis 1, 1) + ha(o1)ha(1 — 02)hs(03) X (1, p2s M) + ha(1 — 01)ha(02
hs(o3)Xx(Co, p1,m) + hi(1 = 01)ha(1 — 02)hs(03)x (Cas p2, M) + hi(o1)ha(o2)hs(1 — o3
X(Cr, pa,m2) + ha(o1)ha(l — 02)hs(1 — 03) X (Crs pi2, m2) + ha(1 — 01)ha(02)hs(1 — o3
X (G251, m2) + ha(1 — 1) ho(1 — 02)ha(1 — o3) X (C2s 2, M2).-

)
)
)
)

Multiplying both sides of the preceding inequalities by
w(ﬁ + o101 (Ca, C1), pa + G20z (pa, fi1), M1 + T303(n2, 771)>,

w<C1 + o101(C2, Gr), 1 + (1 — o2)aa(pa, f11), 1 + o303(12, 771)>’
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w

w( or)an(Ces C1), i + o202 (2, p), i+ 03043(7727771)>7

w(C (1 —o1)ai(Ce, G1), 1 + (1 — o2)aa(pa, pu), m + 03@3(7727771)>

w(( + o1a1(C2, C1)s pa + 0202 (2, 1), M + (1 — o3)as (e, 1))7

w(( + o1 (G2, G1), m + (1 = 02)aa(pz, ), m + (1 = o3)as(nz, n ))
GE (

(1 —o1)a1(Cas C1)s 1 + o20a(pto, pt1),m + (1 — 03) s 772#71))
<C1 (1 —o1)ai(Ce, C1)s 1 + (1 — o9)aa(pa, 1), m + (1 — 03)@3(772,771)>

respectively, adding and integrating over [0, 1] x [0, 1] x [0, 1], we obtain the required
inequality. [

THEOREM 3. Let x,7 : [(1,(1 + a1(Co, C)] X [p1, pa + ca(po, p1)] X [n1,m +
ay(n2,m)] = R with (1 < G +ai1(C2, 1), p1 < pr1 +a(po, p1) and my < m1+ a2, m1).
If x is (hi, ha, h3)-preinvex on the co-ordinates and w is (ky, ko, k3)-preinvex on the
co-ordinates with respect aq, s and ag, then

1
a1(Co, C1)aa( 2, 1) as(n2, m))

Ctai(CeC1)  pptaz(pz,pi)  potamz,m)
/ / / NG ) - 7(C 1, m)dCdudy
¢ M Ui

<M /O 1 /0 1 /0 s (01 haon s (03 ks (01 Y (0 (0 )dorsdoradors

M, /0 1 /0 1 /0 (1) ha(02) a3k (0 ks(1 — 02k () dordersdy

My /0 /0 /0 () ha() s () s (1 — 0 o (02) ey (03)dory oo

M / 1 /0 1 /0 (1) ha(o)hs(os) s (1 — 00 )ka(1 — 02k (o) dordordors
M / 1 / 1 / (1) ha(02) a3k (02 s (0 (1 — 03)dordersdy

M / /0 /0 (o) ha(0) s () s (0 ka1 — )y (1 — 03)dory oo
+M7/1/01/01 (01 ha(02)ha(03)kr (1 — 00 ka(om)ks(1 — 1 — o) dor dodors
+J\48/1/01/01 (01 ha(02)ha(03)kr (1 — 00 k(1 — 02)ks(1 — 0)dordosdors

where,

My = x(Cry i, )7 (Coy g, ) + x(Cas oz )7 (Cos oy ) + X (Cos pens )7 (Cas ins 1)
+x (G2, pr2y M) T (Coy 2, M1) + X(Cay a5 M2) 7 (Cas i, M2) + X (1, pi2s m2) 7 (Ca s ph2, M2)
+X(<27 M1, 772)7T<C27 M1, 772) + X<€27 M2, ?72)7T<C27 H2, 772)7
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My = x(Cuy o, ) (s o, ) + X (o, i, )T (Cay pia, m) + X (Coy pers )7 (Co, i, 1)
+x(Ca, pa, )T (Coy pia, M) + X(Cay 1, m2) T (Cs 2, M2) + X (Cay 2y m2) 7 (Ca s i1, 12)
+x (G i, m2) (G2, 2, m2) + X(C2s 2, M2)T(Ca, 1, M2),

Mz = x(Ct, 1, )7 (Cas pas 1) + X(Cuy s )7 (Cos btz ) + X(Cos s 1) (G i, )
+X(<27 M2, 7)1)77@17 K2, 7]1) + X(Cla M1, 772)7T(<27 K1, 772) + X(Clu M2, 772)7T(<27 M2, TIQ)
+X(C27 M1, 772)7T(C17 K1, 772) + X(CZv 2, 772)7T(C17 2, 772)a

My = X(Ch M, 771)7T(C2, K2, 771) + X(Cb K2, 771)7T(C2, M, 771) + X(C% M, 771)7T(C1, K2, 771)
+x(Cay pray )T (Cry i, M) + X(Cay 1, m2) (o o, M2) + X (Cay oy m2) T (Coy pia, 12)
+x (G2, 1, m2) 7 (Cry i, M2) 4 X (C2s 2, M2) T (Cry 1, M2),

Ms = x(Cu, por, )T (Cas a1, m2) 4 X (G ooy 1) (Cy 2y m2) + X (Coy ptn, )7 (Cos pi1, M2)
+x (G2, pray M) T (Coy 2, M2) + X(C1y 15 M2) 7 (Cay i, M) + X (Cay pi2y m2) 7 (Cas ph2, 1)
+x(C2y 1, 2) 7 (Coy 1, M) + X (G2, 25 m2)7 (G2, 2, M1),

M = x(Ci, por, )7 (Cas a2, m2) 4 X (s proy 1) (Cry pens m2) + X (Coy i1, )7 (Cas ph2, M2)
+X(g2a Ha2, 771)7-‘-(<2a M1, 772) + X(Cla Hi, 772)7T(<1a Ha, 771) + X(Cla Ha, 772)7T(C1a H1, 771)
(G2, i1, 72) (G, 2, 1) + X (G2, 2, m2) 7 (G2, 11, 71),

Mz = X (Crs pr, m)m(Cos pa, m2) + X(Cuy pi2, M) (C2y 2, M2) + X (G2, i1, m) (G i1, 72)
+X (G5 p2, )T (Cs pi2,m2) + X (G pa, M) (G2, 1) + X(Crs pr2s 1) (G a2 1)
+X (G2, i1, m2) 7 (s pins m) + X(Cay pi2, m2) 7 (Crs 125 M1)

and
Mg = x(Cu, pa, m)m (G a2y m2) + X(Cs pr2, M) (Coy 115 m2) + X (G pirs )T (Cry 2, 12)
+x(Cas 2, M) (Cry 1, m2) + X (Coy ptn, m2) 7 (Cos ph2, M) + X(Cry 2y m2) 7 (Cos 1, M1)
+X (G251, m2) 7 (Crs 2, M) + X (Coy p2, M) (Cry i1, 1)

Proof. Since x is (hy, ho, h3)-preinvex on the co-ordinates and 7 is (ki, ks, k3)-
preinvex on the co-ordinates with respect to aq, as and «agz, it follows that

X(C + o101 (G, Gr), g + ooa(po, pn), m + o3as(n2,m)) < ha(1 — o1)ho(o2)hs(1 — o3

X(C1s p2,m) + ha(o1)ha(1 — 02)hs(1 — 03)X(C2s i1, M) + ha(o1)ha(02)hs(1 — o3

X (G2, pt2, M) + ha(1 — 01)he(1 — 02)hs(03)x(C1, p1,M2) + hi(1 — o1)he(02)hs(o3

X(Cr, p2,m2) + ha(o1)ha(1 — 02)hs(03)X(C2, pi1,m2) + ha(o1)ha(o2)hs(o3)x(Ca, p2, 2
and

(¢ + oran(Ce, G)s i + o2a(pig, pa), m+ o3az(n2,m)) < k(1 — o1)ka(02)ks(1 — 03)

m(C1, p2, M) + kr(o1)ka(1 — 02)ks(1 — 03)7(C2, p1, M) + ki(01)ka(02)ks(1 — 03)

T(Coy 2, m) + ki(1 — 01)ka(1 — 02)k3(03)m (1, pa, m2) + ki (1 — 01)ka2(02)ks3(03)

T(Cry pr2s M) + ki (01)ka(1 — 02)k3(03)7(Cas pi1,m2) + ki (01)k2(02) k3 (03) 7 (Cas 12, 12)-

~— — — —
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Multiplying the preceding inequalities and integrating over [0, 1] x [0, 1] x [0, 1] and
using the equality

1,1 pl
/ / / X(Q + o101 (G, C1)y p1 + o2a (i, 1), m + osaz(n, 771>>'
o Jo Jo

W(C1 + o101 (G, C1)s p1 + ooa (g, 1), m + 03043(77277]1))d01d02d03 =

p1taz(p2,p1) /771 +az(n2,m)

1 C1+a(¢2,¢1)
a1 (Ca, Gu)aa(pa, pa) s (2, 1) /41 /m "
X(Cs 5 €) - (€, C)dCdpud,

we obtain our required inequality. ]

4. H function and its properties

In this section we discuss a closely related function to convex and preinvex functions
on the co-ordinates, namely the H function and derive some key connecting results.
Now for a function x : [(1,Ca] X [p1, po] X [m1,m2] — R, let us define a mapping
H :[0,1] x [0,1] x [0,1] — R in the following way:

B 1 C2 2 rn2 B C1+C2
Htrm) = o a3 0a = ) =) /< / / w(era-nag

+ -
rp 4 (1 — 7’)”1 5 'uQ,mn + (1 - m)%)d(dudn

Note that,

H(0,0,0) =x<<1;@,”1;“2,m;"2>

and

1 G2 2 n2
O = et /< / | / \(C, o, )Gy,

In [1], [5] and [8], some features of an analogous mapping are provided for a convex
on the co-ordinates function, s-convex on the co-ordinates function and (hy, hs)-convex
on the co-ordinates functions respectively. Here we explore which of these qualities
can be generalised for (hy, hy, h3)-convex on the co-ordinates functions.

THEOREM 4. Suppose that x : [(1, Ca] X [p1, po] X [m1,m2] — R is (hq, he, hs)-convex
on the co-ordinates. Then,
(a). The mapping H is (hy, he, h3)-convex on the co-ordinates on [0, 1] x [0, 1] x [0, 1].
(b). H(0,0,0) < 8hy(3)ha(3)hs(2)H(t,7,m) for any (t,r,m) € [0,1] x [0,1] x [0, 1].

Proof. (a). The (hq, hg, h3)-convexity on the co-ordinates of the mapping H is a
result of the (hy, he, h3)-convexity on the co-ordinates of the f. In other words, for
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r,m € [0,1] and for all a, 8 > 0 with o + 8 =1 and ¢y, t; € [0, 1], we have

1 G2 2 2
Hat =+ Bte.rm) = e ey i — ) — ) /c / /

x(aty + )¢+ (1 (0t 4 12) 2 (1)
m) Ui + 772)

M1+ plo

mn + (1 —

2
— 1 C2 M2 72 - §1+C2
G G)pe — ) (2 = m) /< /u / x(ofn¢+ 1 —n) }+

Bt + (1 - 1) C2} e (1= mn+<1—m>”—)d¢d i

hl “ RS +Cz
= (CQ_Clx,UQ ,u1 772 771 /Cl / / t1C+ 1 tl)

rp (1 —r)“l ;’”‘2 mi + (1 —m)w)dgd dn

(s . G + Cz
" (CZ _Cl)(,UQ ,u1 772 171 /C1 / / t2<+ 1 t2)

+ +
i 5 'u2,m77 +(1-— m)%)dﬁdudn
= hl(a)H(th T, m) + hQ(B)H(t%TJ m)

Similarly, for ¢, m € [0,1] and for all o, 5 > 0 with o + 8 =1 and 7,79 € [0, 1],
H(t,ary + pra,m) = ho(a)H(t,r1,m) + ho(B)H(t, re, m)

and for ¢,r € [0,1] and for all o, 3 > 0 with o+ =1 and my, ms € [0, 1],
H(t,r,amq + fmg) = hy(a)H(t,r,mq) + hs(8)H(t,r,ms).

d¢dpdn

rp+(1=r)

(b). In the definition of H(t,r,m), we make the following change of variables:

- + -
xzt(—ir(l—t)Cl 2@,3/:7‘/14—(1—7“)”1 2,u2 &z:mn—l—(l—m)m 2772.

Also setting,

+ +

T :zfglJr(l—zf)C1 ; Cz,@ :t§2+(1—t)C1 . @,
+ +

i =1+ (1— )2 5 2 oy = vy + (1 — )2 5 =y
+ +

21 :mn1+<1_m)7]1 5 n2,22:mn2+(1—m)¥’

we have

H(t,r,m) = (n = u1)(1}2 B Y r—— / / / (u, v, w)dudvdw

X<C1+C2 p1 + o 771+772>
- 8h1(%)h2(%)h3(%) 2 72 72 ‘
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REMARK 4. If x is convex on the co-ordinates, then h(t) = ¢ and we have the
inequality H (t,7,m) > H(0,0,0), which leads us back to the inequality (10) of Remark

2.

REMARK 5. If x is s-convex on the co-ordinates in the second sense, then h(t) = ¢*
and we have the inequality H(t,r,m) > 8 1H(0,0,0), which leads us back to the
inequality (12) of Remark 3.
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