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History of Studies on the Envelope Curves and
Various Definitions of the Envelope
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CHANG Jeongwook A78<

Research on the caustic, the envelope of light rays, began with the geometric op-
tics studies of Huygens and others in the 17th century. One of the most important
problems in optics in the 17th century was focusing the sun’s rays. This was a
problem that had to be solved in order to manufacture various practical optical in-
struments at the time. Beginning with research on the caustic during this period,
the concept of envelope became generalized and expanded to various fields until
the 19th century. This paper examines the mathematical history involved in the
study of envelope curves. We compare several methods of defining the envelope
and provide an example of calculating the envelope accordingly.

Keywords: envelope curves, envelope surfaces, caustic, the Envelope Theorem, evo-
lute, involute; T ZHA (E#&HR), ESHH (Asm), 2H(EEM), T4 A, 94 GEHEE
#0), ALZRA (FHBEKR).
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Figure 1. Simple examples of envelope curves and envelope surfaces; A3} ZHo] 7+
o5t o

07 1894 A =24 & (Ernst Zermelo, 1871-1953) [30]2} tt2 X (Jean Darboux, 1842—
1917) [10], 1898 YAHAdoIf Kneser, 1862-1930) [15]9] ©J3ta] 274=]ict. AA|sto|
Aol A Aee @7|8E JAT F7|8]E FA] et 19314 Hie]H (Jacob Viner,
1892-1970)9] 128421 =1 [28]0flA AIZE et ZFASto A 2&AE o] &5h= §F I
2 39 2049} ol A7 w18 4 (LRAC, long—run average cost)©] T8 H]-&
T4 (SRAC, short-run average cost)E2] Z&H0Z Yett= A& & 4 Ao [9, 19].
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Figure 2. Example of an envelope diagram in economics; ZA|&o| A9 A TA =4]9
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2o} goko] 35 o] oA 19 )49} o] AEFHE A5 W50 THEL A
She REele T4 Eehiloleky Stk ol sk FAoleks 4ol o] mepilaHe
o2 Aol

=587t Sk 14 BulRgg Aol et SRR o 24T 9% HEolgs
2}

S ol&sh7] = et 14 Hul2 Aol Higt 57 ¥&(Monge cone)
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& 2 Ak Agelch rtrlstolA ofd utthiA|e] 3 F P& Alus SAA
(geodesic) &2 Hdo] 2 7MW & P72t SA] o] et wAkste HollA

2914 (conjugate poind & 7Hiths Aido] el Sirk. o] AL o YskHoz W
B H (calculus of variation)of|A] SEof tslo] ALHrl o]QoE dFHo|E(matrix

theory), #2715} hyperbolic geometry) 52| 48} Hofo A= EEXAo] o]-&Fh

EeH AP vlE/15te] 271 Ajeka & 4 9k 174719 et =7 el 9a
o ofste] A5 W (caustic, fif), = FHO| EepAlo] thek ATolA AR, o]
H:l

T 2 FARNE ol 1hE2 R e ol oA tFA HAt 2o %—9-6}
&g sh= 7| Bofz2 32T (hydroacoustics) ¥} 5335} (aeroacoustics)=

o Atk oSt Fofol A W WHE ANE H[HEE Ee= HAY midofA —l—ﬂ«] %
uhel Adstel A3t [6, 21]. ERE FlolA 24 FES F7HE AT FolA 7= 18],
A5 ALS olFw= FHRES 58 1o AES A= FAF 4l Bloxe 44
Aoz ARgHETh 18al 39 ofF W S Mt HESolA e Sl oA
HEE 4 #ST o E3 #EA Afolo] Qe AWt EA9] Sl Qg B A
(deflection)] 2Jste] Z®o] gFEoIA=H], 074 FHFL A= AEZ 5HH A7
TEcls Ee ojm A= AM FY A2 @AY A0E PAHE 2 dHo|, o]E

2 meAd A7 A

I At mlE7IsHe] 271 Al & 4= Qs 17417100 BA9] bl =¥
(caustic, fEif)of Hiet Ao A AIZE L, o]F 194]7]7H4] ‘envelope’ o]2h= &7}

AAAHA g ARGH Ao R HAlth gof @] caustic] o9 Blth= 9H|9] 11
g|l20] kavoréoltt. 17A417]°] Fetoll M 713 S8k 2419 shurt B e 24
of 2o+= A0l ol= FAI9 o A8l Fo7|F A2 95kl sjdsor st=
AR 471o1A 29 FAL wEEls S vhabe 3Ad o] Z2h4d (catacaustic) E
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+ Foi2 Hol ofsto] =4 H FA 9| 2 (diacaustic) 0= YETE FA 9] ARl
zHo] gigt o] 2L 17A4]7]0] To]AA [14](Christiaan Huygens, 1629-1695), B 2-9-
(Isacc Barrow, 1630-1677), ¥l (Isaac Newton, 1643-1727) 5-9] w2 = o 43542}
Soll 9sto] 71sH4 getat Aksto] AFEHQIT of2fet =W FAE0] 4+8H9] AALo]A
zedo] g2 A& AAIRIL, Hofl WA FAESY] W 49 HolE k= ghelxy

2 (Leiniz, 1646-1716) 59 A7 o|oj At

EJH

gho]Zyx Ald] o]Hoj= BZA# o7 njEy|slsk(differential geometry)olatal g &
Ue A= R ol-o = Z|steto] FetaE AEet At BokARE 34,
Alofl Higt dol, Wol, FF Foh= wAle 8% FA0] tig A5 sollen ni7]

sieto| A= A FA7F ok e} Fdet oA Jr=nt AgE= ol AEE (Kepler),
H)7}2 E (Descasrtes), B 20} (Fermat), 7F&a]o)lg](Cavalieri) 52 =43} F3kA0] st
T2 AZL A7 R WS S5stAY mlS ARkl 442 Aolqltt

]2 Z&sto] 7]slet] 2xe E-8H 7/'4\%
At 18 AEAR Ao
HoFS 2= EA(anticaustic) =
A= 16739 HZHE To]AlAo] A A|A o et A4 Horologium oscillatorium
oM Hert HHOo R ATtE SHoks wAo0 Hi't M= 45H4] o2 AAIF o
Mol A 2 b= HHoA &5 A(evolute, #iPAfR) 2 A7)A (involute, ffBH%R) o Tk
AR o] B2 AAISEAL ek SFH|Alof| dHis) E o] A4S AVfAol=kAL Sttt SH A
2] FARNA) Y HALGRHRED) S 2t doltt. SHAdS 29 SAoE 7t
ANAE 289 FAGFGH A Hohe o IS FAS w2t S o 24 919 o
dHo] 1ee Aol "y TojAlAas JAe] AeF7]7F fko] weEh EEtAA] g
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Wo| AR 79917 Bhe
Hol 2 ZART. ZoldllAE %
Wol k540 27sto] Yol o]

2 2] (Huygens' principle)2 &8
FHnE HPAHA];’]L AZYo] H31, F
OFS ThES YRS ol

A 1747] S5t o] & Wiy 5ot BskatEo] =42
A (o] st E=11) (Traité de la Lumiére, 1690)°]A]
Aupsto] Urhe Alof tigt ¥ E 7leth 2ol

+ T (wave front)9] 2t FE0] M=
01 A7) o] FHTRO] upZE xehdo] T

rr
4‘> |
52 E"

ZoJZlAE o] o]Eof 7|Z5to] WO vhatel ZA o] WAZ T|steHor AT 4= 9l
At 87 299 M2 (Snell's law)olatal 2= A¥t &4 (ordinary refraction) 2]

HEE TolAATE 23}t 22 =4 [Figure 4] 2 & o|s{5t3ith.
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Figure 4. Huygens' principle for the propagation of light in a plane; JH|A ] dlo] M}
of tiet TojAA L] e

Figure 5. Refraction of light by Huygens' principle; So]ZA9] Yzlof 9Jst Wo] 27

71014 U TEol A ST 6w AN AF ST O e Az AFe
uigko 2 e o, AR o2 UElH o)L 1l (wave front)o] WA 2] AAHE <A
% 22 olZHA SaIT ofn) AARC] ELe &H0 Hek 2 AHAANA B
o] mebilo] o] Yel X oA Ao] AHSH Y Aol UERIE 2L B

ot
55
9r
)

= AA (F3h) (Opticks, 1704)0f14 H2

o YA AY 7e®= vpgo] mle F2 9] uad 4Eg ST 4 Q%ML B W
g9] dfE QAs AA o] o] FAISHHH. o]F 1821

1788-1827)0] Zo|7A9] 1tF o|Z& wropso] Hlo] 2| Hu}(rectilinear propagation)
ot 31" @4 (diffraction effects)& 43 5HA Aste] e5d So|7AA HE To|AA-
)l U2 (Huygens—Fresnel principle)gtile H-E2o}. A3tz o g Ho] fj2 &= 150
2 g2 JA 2 ZAL5= o]2AHL AYstuAF AE oflfrEll(Albert Einstein, 1879-
1955), E%3(Max Planck, 1858-1947), & H Z0o](Louis de Broglie, 1892-1987), k0]
(Neils Bohr, 1885-1962), #7297 (Erwin Schrodinger, 1887-1961)& ®|&3st o & 3t
shako] QiTolA] Fardsto] STt

I (Augustin-Jean Fresnel,
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o] (Jakob Bernoulli, 1654-1705)¢} & H|Z%0](Johann Bernoulli, 1667-1748)7} %
H Ao tigt A3E HA AT F 29 ulEsH(Differential Calculus) WA 1696
2 g (L' Hopital, 1661-1704) 2] XA Analyse des infiniment petits pour [I'intelligence
des lignes courbes®] EAF5 B 174|719 oln] 2H [ $2 FAUZES & & A
(11]. ol2fgt =7] 7|5k4 Fst A4t= 174171 & 79 v|27]stete] 7|22 427 =
A, FElEEeolete MER ok Edi7E HUu [24]. 1947]0f] o]=7 Fot dAF2
3] FA AA”, 249 ghso] Hieh dFE olojHth. 1808 HF X (Etienne
Malus, 1775-1812)7} oj© ZHof £=Z9] TAES 1oL U= 437 3= (hormal
congruence)©|2k= 78-S =JFAct Malus-Dupin®] g 3+ o] tist 437 g5
AAES 2 99 HhAtet 242 AAE A ¢4 FEde B (111

71514 Fato] it A= [12], [13]o4 2ol tigt A+E &S 4= 1L, FAo] gt
AE [16], [17191- = AF= A}t AL (Arthur Cayley, 1821-1895)7} 1857 0f & =

& [8]o1A] REARRRE ofy et Zdo] disiA® st on, €9 F-¢ol AARt ALtE
sttt 32k FoA ZEwel 29 59 54 =Wl diek A= Alel2(P. L. von
Seidel, 1821-1896)°] 2]5lo] HH= 2t [25].

Fol o] ZAL L thebe Wbl tiet THE Uehgon, 58 Sof
Mol mEA0] Ueh}ES Sh= W¥e & Leld 9tk Row7} 19171d0] 271 2 2
2312 o] WS WEste] 715k Fol@lo] Bt WL FulEe WG HFt
Yates9] 19521 2 [29]0]4 o] WS A5t glom, ool = g
3% RS 91 Yk Pohlo] 19864 270 2E9 TAele] Tt A [22]o= o]
spgo] Tt & ohE el 271w o] gtk

FehAo] Bt 5H4] o]29] 1A A AIE Arnold [1]19] 983 [27]914 ZolE 4
it £3] Arnold 59 Z([2], [3], 4])ollA =HH(wave fronts)¥ 2HO] Eo]¥S AT
5lo] Lagrangian mapping¥ Legendrian mapping©l| #3t 0|28 At}

3 A mEslakstolA ZEe Aelsks olE 71X Wy

27] A7RE Aol o|277HA mepAle] e Aol Foldl ofe TAw} A2
o0 s Fol B AN, T2 oIS YOI Bolefe A A 7

o 289l g
Ais] o1 Aolot el 5io] ek, A S| Adtel welE sioke i
o} 1 |ulEe EasHe AYTHAL sk 959 Yo FosHe Wajo] U
gtk 29E o] olg 2w AuAQl Fojo] G2t EeAl 0|99 the HAol
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Ueh= 397 A7171% @t o] oA x=hdde] F 714 g ojef o whE xhi o
ar

o JENA A y =13y = —1°] 2 9 (z —1)* +y? = 1°] T HolA s},

I G-l 77k 28l I 93 7ol Qe 99 wol w/ltt olHet A y =13

= —1& Fol 959 B Ft,z,y) = (2 — 1) +y> — 1 = 00 Ozt ZHo=
Q

Bolshe o] AxtHel Agoltt.

y=1

y=-1
Figure 6. The concept of envelope; Z&419] 7i'd

7oA WSz tof tiste] FE8L T<4(smooth function)Ql THH434 F(t, x,y)
2 g7tela, FHEC) B F(t,r,y) = 0] $3Re 2 THES YT T(1) 2 Yephar. 3,
F(t) = {(x,y) | F(t7$7y) = O}'

OIAl F(t,x,y) = 002 Fol ZAEC] B thet 2] O] Al 7HAE AHEE

B9 1: chgut 2ol HYHE HE] AW Fy e B 8 F(t,x,y) = 09] Zepiole}
gt

By = {(x,y) | ol® tof] thste] F(t,z,y) = %f(t,x,y) :O}.

o 1. A tupth Fold FA B F(t,z,y) = (x —t)* +y* — 1 = 0°] tsto]
OF
E(t,a@y) =2(t—z)=0

I Agsto] EW v =t, y? = 1% Aot ek F9) 10 wheh FA y =13y = ~19]
FZetdolt ¢

o) 2: 240} Y F(t,a,y) =00 $3ts 2 3H () 2 0, 2o Fsto 43
A t, #t) ol thste] & FA9 WA (z,, yn) € T(t,) NT(t,) o] S-Eshe=
A (z,y)9 AT Ey g 49 2 F(t,2,y) =09 =2Hdola} sirt



100 History of Studies on the Envelope Curves and Various Definitions of the Envelope

o2 2% 6ol Ay =13y = 1 9o U= A (2,9) = A F A4S G 7ol
o . mekA 4] 2]

o Yy =
WA T (20, y0) & AE W (20, y,) 9 FHHOE B 5 9]
y o] 2=t
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39 3: 349 WY F(t,7,y) = 00] &3}
A Egol EAsto] 2t to] chstel 24 I(t) 9] o A

= (
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£ (X(1),Y (1) = (t,—1)°14 3} whebd Qo) 30 wet A4 y =13 y = —10]
zetAolct. ¢

oleiat Al 744 Holo] mehilo] Y4 AAst Ao ot of 5 A9 0] 4Hel
T AUtk GRHHO R Ey C By, By C B Q1 BATE ™5,
Ey = Ey, B3 C By, B3 C Ex7F 242 45k 543 270] &4A At [7]. 53]

e 1 2E (v,y) € ExNT()oll tiste] W(t,ﬂf,y) # 00] sk, F(t,z,y) =0
0

F oF
Sohe BE (ha,y)ol Histel G- #0 EE T £ 0 F St JYsHe B = By

z 0

o
rEl

19 242 WE5R| od Fyo| B9 YAA gk 497t 9Lee thedt

o 1-1. Figure 794 ¥ (z —13)? +¢? = 159 22 JA y =13} y = —10]t}.
o] Figure 6942} Zro] upk7}x]o|t}.

=Y

Figure 7. The envelope of the family of circles (z —t*)? +¢y*> = 1; (z —#*)* + 3> = 19
Z2HA
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a9 47114 9] 12 A8t F(t,z,y) = (x —¢°)* +y° -1 =03}

8—F(ﬁ,ﬂz:,y) = —6t%(x —t3) =0

t
2 A WEAE A (r.) S BF Fot Y £,& ToE y = 10y = 18
ofel 1 =0Q W] AT(0): 2?44 = 1% EFE T2t Ao +y2 =12 R
2} A9 30 o3t E2Hdo] P 4 gick. o]

2
88151; (t,x,y) = —12t(x — t3) + 18t*
2t =02 9, = (2,y) € E1NT(0)°]A W(t,:v,y) = 00°] =o] A9 19 24
TrEokA] gkt ¢

S F(t,2,y) = 082 FOAA] QAL o, y7F Z442F of | w7 s9f o2 Foix]

] o -
THE, % 5 A AR 19 5] Ao Foldl THEY B halA EeAlel
Hol% ket 2ol Al & 9tk

B9 4: 2t ¢ ofth 24 T(1)7h 2, y7t OPREA s 2 BHEE SHOR Folxl: A4S,

L(t): z==(ts), y=yt,s)

A

o A92 A7kstaL. ol T(¢)o] Alat g A

ox Ox

ot Os —0

dy 0Oy

ot Os
2 wEsE A0 A% Ei2 3H0 RAT(D): o =alts), y=y(t,s) o Eilolat
gt

9] 4. Figure 69] ¥E0] A= tupch I'(¢) : z(t,s) = t+coss, y =sins (0 < s < 2m) 2
2 Fojzg 1, 4

Oox Ox

ot Os _ 1 —sins _ coss = 0
dy Oy 0 coss

ot ds

7 AYSIE 2 = 1, y — +18 DLrh. metd Ao 4o] oJste] F A4 y — +10] xet
¢

ofxjero 2 Ho| 13} Jo| 42 AjGate] Eehie] 4L Fi o] A S o ANnEe
3.
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o) 5. /A z(0) = cosf + Osinf, y(0) = sinf — Hcosh (0 < 6 < 00) Q] ZHA
(evolute)& Z=H4A 0] 9] 1& o]gato] FrotHAL. 4 919 A (x(6),y(0)) oA HA

o] 7187

dy
dy g9 _ cos —cost+0sinf  Osind _ tand
de dr  —sinf+sinf+60cosf Hcosf
dé
olEz A (x(0),y(0)) ol AL WA=
1 .
y——tane(x (cosf + 0sinB)) + sind — 6 cos O

o|t}. o] A& A5 ysinh —sin? 0+ O sinf cosf = —x cos § + cos? H + O sinh cos b,

ysinf + xcosf =1

| ZA9 2] F(6,x,y) = ysind + xcosf = 1°f Hj5}]

OF

o6

7} AYSIH 2 = cosf, y = sinfolc}. wehA Ho] 10 oJsto] ¢ 2* +y* = 10] ZFA

olct.

fto
ne
rlr
i)

o]
p

—(0,z,y) =ycosf —xsinf =0

Fo12l A9l AE] tigt 224, & Fol7l UHA9] SH4o] A 22 +

y? = 198 & $ Ak FE o] T4 Folx YA mefo] of 27w e A YA

(Archimedean Spiral)¥} #]S:3] 2o] gt H8ts] 22 A2 ofrt.

o, o] EA9 Jo & 9 22 +y? = 1] tfsto] Hoof wet ANAE FlEH ufh

A 2 =cosf + 0sinf, y =sinf —fcosh (0 < < 00) O & oA = AL QIS 5=
¢

o]

5
o

A

Figure 8. The evolute of the parametric curve z = cosf + 0sinf), y =sinf —0cosb (0 <
0 < oo); WIZ/HTA o =cosf + 0sinf, y =sinf —Hcosd (0 < 0 < c0) Q] ZH|Al

2 2
d 6. E}%%QE?J%+ Y —1(0<t<1)o] 3t 2Zae 3

(1-1)?
2o}z,

lo
=
i

QEE
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ZF eF4S JFA T(t) : 2(t,0) =tcos, y=(1—t)sinf (0 <0 <2m2 YeER|I, 4]

ot 09 cos 0 —tsinf , » )
@ dy —sinf (1 —t)cosf ( ) cos sin cos
ot 00

7 AL 2 = cos® 0, y = (1—cos? ) sin b = sin® 02 Pt} wWaba] 2F +yF =19
kA o] Aol

Figure 994 F=0]7 eFAE9] m Qo] tisto] 2 2k (astroid)?] ZHAL 2 5
ULt .

.0

(1.0y x

2 2
Figure 9. The envelope of the family of ellipses % + (1117@2 —1(0<t<1); gUS9]
.1‘2 y2
o] ¥ _ o N
=% 12 +(1—t)2 1 0<t< )9 ZZFA
Y2
o 7. BEE9 2Y —+1 5 =10 <t< Do o5t et g 39} 45 0|83l
Fropr 7},
7+ B S A T(t) : x(t,0) =tcosh, y=+/1—12sinfh (0 <6 < 2m)=E Jerfja, 4
Ox Ox ; e
It 90 cos —tsin 9n 42
g;/ gz:* L sino WCOSQZ%:
5% 29 Nip=
ot 06
1

o] e 9] Ao|t}.
I3 1094 FojA egE0] o tsle] HA4E nfE R Hofo] gL B 4
¢
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©.1)

(L) x

2 2
Figure 10. The envelope of the family of ellipses % + ﬁ =1(0<t<1l),ggs9
.TQ y2
2 t—2+ T =10<t<1)9 Z&A
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