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SEMI-SLANT LIGHTLIKE SUBMERSIONS WITH TOTALLY
UMBILICAL FIBRES

(GAURAV SHARMA, SANGEET KUMAR*, AND DINESH KUMAR SHARMA
b b)

Abstract. We introduce the study of a semi-slant lightlike submersion
from an indefinite Kaehler manifold onto an r-lightlike manifold. After
giving the definition of a semi-slant lightlike submersion, we establish
the existence Theorems for this class of lightlike submersions. Then, we
derive the integrability conditions for the distributions D, D2 and A
associated with a semi-slant lightlike submersion. Consequently, we find
some necessary and sufficient conditions for the foliations determined by
the distributions D1, D2 and A. Subsequently, we examine the geometry
of totally umbilical fibres of a semi-slant lightlike submersion.

1. Introduction

The concept of a lightlike submersion is one of the most fruitful area of
research in semi-Riemannian geometry. Theoretically, a lightlike submersion is
a smooth map that preserves the causal structure of the manifolds. In other
words, a lightlike submersion is a map that preserves the light cones in two
manifolds so that any two points in the domain, which are connected by a
lightlike curve are mapped to two points in the co-domain, which are also con-
nected by a lightlike curve. The theory of lightlike submersions is known to
have extensive uses in mathematical physics, particularly, in the general the-
ory of relativity. For instance, in physics, a lightlike submersion is used to
describe the propagation of gravitational waves through spacetime, as these
waves travel along null geodesics (paths that are tangent to the light cone) [2]-
[1]. In addition, a lightlike submersion can also be used to construct non-locality
conditions in quantum field theory, which are important for understanding the
nature of entanglement and other quantum phenomena [4]. In string theory,
lightlike submersions are used to describe the dynamics of strings moving in
curved spacetimes. Moreover, a lightlike submersion has been used to map
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the worldsheet of the string onto the target spacetime [5]. Furthermore, light-
like submersions have been employed to describe the dynamics of particles and
fields near the event horizon of a black hole, where the effect of gravity becomes
extreme [10]. Comprehensively, a lightlike submersion is a valuable geometric
tool for understanding various aspects of physics.

Initially, the concept of a Riemannian submersion was developed by Her-

mann [11] and O’Neill [15]. In [11], Hermann proved a sufficient condition for
a mapping of a Riemannian manifold to be a fibre bundle. This motivated
O’Neill to introduce the general notion of a Riemannian submersion [15]. Af-
terwards, various new generalizations of Riemannian submersions namely, in-
variant submersions, anti-invariant submersions, CR-submersions, generic sub-
mersions, semislant submersions, complex-contact and contact-complex sub-
mersions came into sight (for details, see [8]-[26], [18]). Further, with the
development of semi-Riemannian geometry, O’Neill [17], introduced the notion
of a semi-Riemannian submersion. It may be noted that for a Reimannian
submersion ¢ : M — B, where M and B are Riemannian manifolds, the fi-
bres of the Riemannian submersion ¢ are always Riemannian. However, when
M and B are semi-Riemannian manifolds, the fibres of ¢ may not be semi-
Riemannian. In this context, Sahin [22] studied the existence of a lightlike
submersion defined from a semi-Riemannian manifold onto a lightlike manifold
and illustrated how this idea differs from Riemannian and semi-Riemannian
submersions. Further, in [21], Sahin used a semi-Riemannian manifold as the
base and a Kaehler manifold as the total manifold to define a new type of light-
like submersion. Park and Prasad [18], introduced the notion of a semi-slant
submersion from an almost indefinite Hermitian manifold onto a Riemannian
manifold. Literature suggests that till date very few studies are available on
the geometry of lightlike submersions. In view of wide variety of applications of
a lightlike submersion, we define a new class of lightlike submersions, namely,
semi-slant lightlike submersions following the similar approach as developed
and used by Sahin in [22].
The paper is structured as follows: At first we give the general definition for a
semi-slant lightlike submersion ¢ from an indefinite Kaehler manifold M; onto
an r-lightlike manifold M, and present some Theorems for the existence of
this class of lightlike submersions. Then we establish some conditions for the
integrability of the distributions A, Dy and D arising in case of a semi-slant
lightlike submersion. Further, we obtain some necessary and sufficient condi-
tions for the leaves determined by the distributions on a semi-slant lightlike
submersion to be totally geodesic foliations. We also discuss the requisite for
a semi-slant lightlike submersion ¢ to be a totally geodesic map. Finally, we
investigate the geometry of totally umbilical fibres of semi-slant submersion
and give some geometric characterisation results.
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2. Preliminaries

In this section, we refer to [22] for the basic notations and fundamental
equations related to a lightlike submersion.
Assume that (Mj,g1,J) be an indefinite almost Hermitian manifold. This
indicates that a tensor field J of type (1,1) on M; is admissible, such that

(1) J? =1, gi(JX,JY) = i (X,Y),

for X,Y € T'(T'M1). An indefinite almost Hermitian manifold M; is said to be
an indefinite Kaehler manifold if

(2) (VxJ)Y =0,

for any X,Y € I(T'M,).

On the other hand, the radical space Rad T, M, of T}, M, is defined as
RadT,My ={{ € T,My : 1(§, X) =0,VX € T,M:}.

Let (M, g1,J) be a semi-Riemannian manifold and (Ma, g2) be an r-lightlike
manifold. Consider a smooth submersion ¢ : M; — Mo, then for p € Mo,
¢~ 1(p) is a submanifold of M; of dimension dim M - dim M, . For any point
p € My, the kernel of ¢,, denoted as ker ¢, and is given by

ker ¢. ={Z € T, M : ¢.(Z) = 0}.
Now we define (ker ¢.)* as
(ker p.)F ={Y € T,M, : g:(X,Y) = 0,YX € ker ¢.}.

ker ¢, )+ may not be complementary to ker ¢, as T,,M; is a semi-Riemannian
P
vector space. Hence

A = ker ¢, N (ker ¢.)*= # {0}.

For a lightlike submersion, there are four possible cases, which are discussed
below:

Case (i). 0 < dim A < min{dim(ker ¢.), dim(ker ¢.)1}: In this case A is the
radical subspace of T, M;. Therefore we can find a quasi-orthonormal
basis of M; along ker ¢.. Assume that S(ker ¢.) is a complementary
non-degenerate subspace to A in ker ¢.. Then we have

ker ¢. = A L S(ker ¢.).
In a similar way, we have
(ker ¢.)* = A L S(ker ¢.)*,

where S(ker ¢.)* is a complementary subspace of A in (ker ¢,)*. More-
over, S(ker ¢.) being non-degenerate in T),M; gives

T,M; = S(ker ¢.) L (S(ker (/)*))L,
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where (S(ker ¢.))* is the complementary subspace of S(ker ¢..) in T, Mj.
As S(ker ¢.) and (S(ker ¢.))* are non-degenerate in T, My, therefore
we get

(S(ker ¢.))*t = S(ker ¢,)* L (S(ker ¢.))*.

Now from ([6]), in view of proposition 2.4, we conclude that there exist
a quasi-orthonormal basis of T),M; along ker ¢., then we have

91(&, &) = 1(Ni, N;) =0, g1(&, Nj) = i,

gl(Wong) = gl(WmNj) =0, 91(Wa, Wﬂ) = 60&50&&
for any i, € {1,....r} and o, 8 € {1,...t}, where {NV;} are smooth null
vector fields of (S(ker ¢.)*)*, {W,} is a basis of S(ker ¢,)* and {&} is

a basis of A. Let the set of vector fields {N;} be denoted by ltr(ker ¢.),
then consider the subspace as follows.

tr(ker ¢.) = ltr(ker ¢,) L S(ker ¢,)*.

Since ltr(ker ¢.) and ker ¢, are not orthogonal to each other, so we
denote the vertical space of T,M; as V = ker ¢, and the horizontal
space as H = tr(ker ¢.). Thus we have

T,M, =V, & H,.

It is pertinent to highlight again that V and H are not orthogonal to
each other. We are now equipped to define a lightlike submersion.

Definition 2.1. [22] Consider a submersion ¢ : My — My defined
from semi-Riemannian manifold (M, g1) onto an r-lightlike manifold
(M3, g2) such that
(1) for0 < r < min{dim(ker ¢.), dim(ker ¢,)*}, dim A = dim{(ker ¢.)N
(ker 6.} =1,

(2) the length of horizontal vectors is preserved under ¢, i.e., g1(Z, W) =
42(6(2), 6.(W)) for Z,W € T(H).

Then ¢ is called an r-lightlike submersion.

dim A = dim(ker ¢.) < dim(ker ¢.)t. In this case V = A and
H = S(ker ¢, L ltr(ker ¢.) and ¢ is said to be an isotropic lightlike
submersion.

dim A = dim(ker ¢.)* < dim(ker ¢.). Here V = S(ker ¢.) L A and
H = ltr(ker ¢.) and ¢ is said to be a co-isotropic lightlike submersion.
dim A = dim(ker ¢.)* = dim(ker ¢.). In this case V = A and H =
ltr(ker ¢.) and ¢ is said to be a totally lightlike submersion.

Before proceeding further, at first we prove an essential lemma required to de-
fine the concept of a semi-slant lightlike submersion from an indefinite Kaehler
manifold onto a lightlike manifold.

Lemma 2.2. Consider a r-lightlike submersion ¢ : My — My from an
indefinite Kaehler manifold (M, g1, J) (where g; is a semi-Riemannian metric
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of index 2r) onto an r-lightlike manifold (Maz, g2). If JA is a distribution on
M such that AN JA = 0, then any distribution complementary to JA @
Jitr(ker ¢.) in S(ker ¢.) is Riemannian.

Proof. If possible,assume that J(ltr(ker ¢,) is invariant with respect to J,
then for Z € T'(A), N € T'(itr(ker ¢.)), we have g1(Z,N) = 1, which gives
g1(JZ,JN) = 1, this further gives 0 = 1, which is a contradiction. Hence
J(ltr(ker ¢,) is not invariant with respect to J. Furthermore, on contrary
suppose that J(ltr(ker ¢.)) is contained in S(ker ¢.), then we have 0 =
91(JZ,JN) = ¢1(Z,N) = 1, which is also a contradiction. Thus, J(ltr(ker ¢.))
is a distribution on M;. Moreover, J(Itr(ker ¢.) is not contained in A. Be-
cause if so, then for JN € T'(A), we have J2N = —N € T'(JA), which is
again a contradiction. In a similar way, we can prove that J(ltr(ker ¢.) is
not contained in JA. Hence, J(ltr(ker ¢.) C S(ker ¢.) such that JA N
J(ltr(ker ¢.) = 0. Let D denotes a distribution which is complementary to
JA® J(ltr(ker ¢.) in S(ker ¢.). Then, for the local quasi-orthonormal frames
on My, &, &ry JE1, oo, JEr, Ny ooy Niy JN7 ..., JN,. forms an orthonormal ba-
sis of A®@ JA@ltr(ker ¢.) @ Jitr(ker ¢.). Next we define Uy, ..., Uay, V1, ..., Var
as

U, = 7(§1+N1) U2=%(§1—N1),U3=%(§2+N2),
Uy = 7(52 F D), Uy = %(sr +N,), Usy = %(@ +N),
Vi = (J& b TN Ve = ——(J€ — TN, Vs = —=(JEs + TNa),

%\

V2
(J§2 —JN1),. . Vor1 =

V2

1
—=(J& + IN;), Vay

o
e V2

%\

L g6 — IN,).

I
Sl

Hence, Span {&;, N;, J&;, JN;} is a non-degenerate space of constant index
2r, that is A @ JA @ ltr(ker ¢.) @ Jitr(ker ¢.) is non-degenerate and has
a constant index 2r on M;. Since index(TM;) = index(A & ltr(ker ¢.)) +
index(JA @ Jitr(ker ¢.) + index(D L S(ker ¢.)%), we obtain, 2r = 2r +
index(JA @ Jltr(ker ¢.) + index(D L S(ker ¢,)*%). This implies that (D L
S(ker ¢,)*')) is Reimannian and, therefore, D is Riemannian. O

3. Semi-Slant Lightlike Submersions

In this section, at first, we define the concept of a semi-slant lightlike sub-
mersion from an indefinite Kaehler manifold onto an r-lightlike manifold.
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Definition 3.1. Consider an r-lightlike submersion ¢ : My — M, defined
from an indefinite Kaehler manifold (M, ¢1,J), where g1 is a semi-Riemannian
metric of index 2r, where 2r < dim(M;), onto an r-lightlike manifold (Ma, g2).

Then ¢ is said to be a semi-slant lightlike submersion if the following conditions
hold:
(1) JA is a distribution on ker ¢, such that AN JA = 0.

(2) There exist two non-degenerate distributions Dy and Dy on My, such
that

ker ¢ = A L{JA & Jltr(ker ¢.)} Sortho D1 Portho D2,

where JD1 = Dl.

(3) For any non-zero vector field X tangent to Ds, the angle 6,(X) be-
tween JX and the vector space (D3), is constant for any given point
p € U C M;, where Dy is the complementary distribution to JA @
Jltr(ker ¢.) ®ortn, D1 in S(ker ¢.). This implies that angle 0,(X) does
not depend on the choice of X.

Here the angle # on M, is known as a semi-slant angle. If ¢ : My — M is a
semi-slant lightlike submersion, then the decomposition of ker ¢, is as follows:

(3) ker ¢ = A L {JA & Jltr(ker ¢.)} Sortho D1 Bortho Da.
Hence we get
Tle = Vp EB Hp

= {A 1 {JA 5> Jltr(ker ¢*)} Dortho D1 Portho DQ} 2] {¢(D2) 1
(1) 0 Litr(ker 6.)},
where 7 is the orthogonal subbundle complimentary to ¢(Ds) in (ker ¢.)*.

Example 3.2. Let (R'®, gy,J) and (R8, g2) be an indefinite Kaehler man-
ifold and a lightlike manifold, endowed with semi-reimannian metric g, with
signature (—, +, —, +, +, +, +, +, +, +, +, +) and degenerate metric go with sig-
nature (+,+,+,+,+,+,+,+).

Define a map ¢ from R'® — R® as

A(x1y e ,x8) = (T1, —T2, T3, T2 + T4, T1 + T4, T2 + X3, Ts, T6, T6, T5T6,
x5)2 xg)2 2 g2
% ( g) 7x7a$7;x83x87x77x8,$7x87?7+?8)~
Then we can easily see that ¢ is a 2-lightlike submersion with
0 0 0 0
A:k *mk *J_:S Z:—i 772 = — — — 1,
erg, N (kerg.) pan{Z, 9o. T e 22 905 a%}
0 0 0 0
JA =S o =———+4+—,24=—F7+ —
pan{ 2 6{[}2 + 8{1}6’ 4 61‘4 + 8.’1/‘5 },
Jitr(kerd.) = Span{Zy = _9 + i}
o= L 81'4 8395 ’
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0 7]

Dy = Iy = —, 03 = —
1 Span{ 5 81)5’ 8 8.178}’
1 0 0 0
Dy = Tr = —(— 4+ Te — )
2 = Span{Z \/5(3569 59612)7 * 7 g

Since JZ1 = Zy, JZ3 = Z4, therefore ANJA = 0. By easy calculation, we can
see that D, is invariant w.r.t. J and D is a slant distribution with the slant
angle 0 = 7. Thus, ¢ is a proper semi-slant lightlike submersion.

For any vector field X € V,, we may write
(5) X =X + QX +Q3X +QuX +Qs5X,
where @1, Q2, @3, Q4 and Q5 denote the projections of X onto the distributions
A, JA, J(itr(ker ¢.), D1, and Dj respectively. Applying J to Eq. (5), we get
(6) JX = fX +wX,

where fX and wX are the tangential and transversal components of JX, re-
spectively. This further gives

JX = JX+JQX +JQ3X +JQuX + JQsX
(7) = [ X + fQ2X +wQs3X + fQuX + fQsX +wQsX,
then clearly, we have fQ1X € I'(JA), fQ2X € T'(A), wQsX € T'(ltr(ker ¢.)),

fQuX € I'(Dy), fQsX € T'(D2), wQsX € T'(¢(D2)). Further for X €
T'(ker ¢.), Therefore in view of Egs. (6) and (7), we have

X = fQi X+ fQoX + fQuX + fQsX, wX =w@3X +wQsX.

In a similar way, we call P; and P, as the projections of ltr(ker ¢.) and
S(ker ¢.)* respectively. Therefore for Z € I'((ker ¢.)*), we have

(8) Z =P Z+ PZ,

then on applying J, the above equation reduces to

(9) JZ =JPiZ+ JP,Z =JPZ + BP,Z + CPyZ,

where BP,Z and C'P>Z represent the tangential and transversal components

of JP,Z. Thus we get, JP1Z € T'(Jltr(ker ¢.)), BP2Z € I'(D3) and CPZ €
I'(n). Now we define O’Neill [15] tensors T and A as

(10) TeF = HVyeVF + VVyegHEF,
(11) AgF = HV ygVF + VVyeHE,

where E and F' are the vector fields on M; and V is the Levi-Civita connec-
tion of g1. It may be observed that 7 and A are skew symmetric tensors in
Riemannian submersions, but this is not true for a lightlike submersion since
the horizontal and vertical subspaces are not orthogonal to each other. The
horizontal and vertical subspaces are reversed by both the tensors 7 and A
and moreover, 7 is symmetric, that is, for each U,V € I'(ker ¢.), we have
ToV =TyU.
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Lemma 3.3. Let ¢ be a semi-slant lightlike submersion from an indefinite
Kaehler manifold (M, g1,J) onto an r-lightlike manifold (Ma, g2), then for
XY € I'(ker ¢.) and U,V € I'(ker ¢.)*, we have

(12) VxY =TxY + VxY,

(13) VxV =HVxV + TxV,
(14) VuX = ApX + Vi X,
(15) VoV =HVyV + AyV,

where ?XY =VYVyxY.
Then we have the following lemma:

Lemma 3.4. Suppose that ¢ : (My,91,J) — (Ma,g2) be a semi-slant
lightlike submersion from an indefinite Kaehler manifold My onto an r-lightlike
manifold My, then

QLVxfQ1Y + VxfQaY + TxwQsY + VFQ.Y + VfQsY +
(16) TxwQsY) = fQa(Vx Q1Y 4+ Vx QoY + VxQuY + VxQsY),

Q2(VxfQ1Y + Vx fQaY + TxwQsY + VFQ.Y + VfQsY +
(17) TxwQsY) = fQ1(VxQ1Y + VxQ2Y + VxQ4Y + VxQ5Y),

Qs(VxfQ1Y + VxfQaY + TxwQsY + VFQ.Y + VfQsY +
waQ5Y) = JPl (Tley + TXQQY + TXQgY +
(18) TxQuy + TxQ5Y),

Qu(VxfQiY + VxfQaY + TxwQsY + VfQiY + VfQsY +
(19) TxwQsY) = fQi(VxQ1Y + VxQ2Y + VxQiY + VxQ5Y),

Qs(Vx fQY + Vx QoY + TxwQsY + VfQsY + VQsY +
TxwQsY) = fQ5(VxQ1Y + VxQ2Y + VxQ4Y + VxQ5Y) +
(20) +BPy(Tx@Q1Y + TxQ2Y + TxQ3Y + TxQuy + TxQsY),
Pi(TxfQ1Y + TXfQY + HVxwQ3Y + Tx fQuy + Tx fQsY +
(21)  HVxwQs5Y) =wQs5(VxQ1Y + VxQ2Y + VxQuY + VxQs5Y),
Po(Tx Q1Y +TxQ2Y + TxQ3Y + TxQuy + TxQ5Y)
= OP(TxQ1Y + TxQ2Y + TxQ3Y + TxQuy + TxQ5Y)
(22) +wQs(VxQ1Y + Vx@Qa2Y + Vx QY + VxQsY),
where X,Y € T'(ker ¢.) and U,V € T'(ker ¢.)= .
Proof. In view of Eqs. (2), (5), (7) and Lemma (3.3), the result follows. O
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Theorem 3.5. (Existence Theorem) The necessary and sufficient condition
for a lightlike submersion ¢ : My — M from an indefinite Kaehler manifold
M onto an r-lightlike manifold My to be a semi-slant lightlike submersion is
as follows:

(i) JA is a distribution on M, such that AN JA = {0},
(ii) the screen distribution S(ker ¢.) can be decomposed as a direct sum as

S(ker ¢*) = (JA ® Jlt’l"(k@’l“ ¢*)) Dortho D1 ortho D2,

(iii) there exists a constant \ € [0,1) such that f2(Z) = —\Z, for all Z €
['(Dy). Here \ = cos?f), where 6 is known as a semi-slant angle of Ds.

Proof. Let ¢ be a semi-slant lightlike submersion from an indefinite Kaehler
manifold (M, ¢1,J) onto an r-lightlike manifold (M, g2). Then by virtue of
Definition (2.1) and Lemma (2.2), the distribution D, is invariant with respect
to J and JA is a distribution on M; such that A N JA = {0}. This proves (i)
and (ii).

Now for any Z € I'(D3), we have

(23) cost) = —

which gives
_ 2P _9(f2,12) _ 9(Z,f*Z)

CJZ12 ¢w(JZ,JZ) g (Z,J2Z)

cos0

this further implies
(24) 91(Z, f*Z) = cos*0g:(Z,J*Z).
Since ¢ is a semi-slant lightlike submersion, therefore cos? = A(constant)
€ [0,1) and then from Eq. (24), we get
91(27 f2Z) = )\91(Z, J2Z) = gl(ZvAJ2Z)a
for all Z € T'(D2) which further yields that
(25) G1(Z,(f* = \I)Z) =0,
Since (f?2—\J?)Z € T'(D5) and Dy is a non-degenerate distribution of S(ker ¢.),
therefore from Eq. (25), we have (f?2 —\J?)Z =0, that is f2Z = \J?Z = -\Z
for all Z € T'(D3), which proves (iii).
Conversely, let ¢ be a lightlike submersion satisfying the conditions (i), (ii) and
(iii). Then from (iii) we obtain
2z =\J*2Z,
for all Z € I'(D3), where A € [0,1). Now
0(IZ,12) _ -q(Z,f°2) _—2(Z,0°2) _ a1(JZ,IZ)
12|11 Z] |JZ||fZ] 12|12 12|\ fZ|
4
A—.
/2]

cost

(26)
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Thus using Eq. (23) in Eq. (26), we get cos?0 = A (constant).
O

Theorem 3.6. (Existence Theorem) The necessary and sufficient condition
for a lightlike submersion ¢ : My, — Ms from an indefinite Kaehler manifold
M onto an r-lightlike manifold My to be a semi-slant lightlike submersion is
as follows:

(i) JA is a distribution on My such that AN JA = {0},

(ii) the screen distribution S(ker ¢.) can be decomposed as a direct sum
S(ker ¢.) = (JA & Jitr(ker ¢.)) Dortho D1 Bortho D2,

(iii) there exists a constant v € (0,1] such that BwZ = —~Z, for all Z €
['(Dy). In this case, v = sin?0, where 0 is the semi-slant angle of Ds.

Proof. Assume that ¢ be a semi-slant lightlike submersion, therefore by
virtue of its Definition (2.1) and Lemma (2.2), the distribution D, is invariant
with respect to J and JA is a distribution on M; such that ANJA = {0}. As
for any vector Z € I'(D3), we have

(27) JZ = f7 +wZ,

where fZ and wZ are tangential and transversal components of JZ respectively.
Applying J to Eq. (27) and comparing the tangential components, we get

(28) ~7Z = f*Z + BuwZ,

for all Z € T'(D3). As ¢ is a semi-slant submersion, so using Theorem (3.5),
we have

f?Z =-\Z,
for all Z € T'(D3), where A € [0,1) and therefore from Eq. (28), we obtain
BwZ = —~Z,

for all Z € T'(D3), where v =1 — X € (0,1]. This proves (iii).
Conversely, let ¢ be a lightlike submersion such that the three conditions (i),
(ii) and (iii) hold. Then from Eq. (28), we acquire

7= 2742,
for all Z € T'(D3), which further implies
f?Z=-)2z,

for all Z € T'(D3). Further the proof follows directly from Theorem (3.5). O
Corollary 3.7. Suppose that ¢ : My — My be a semi-slant lightlike sub-

mersion with a semi-slant angle 0, then for any X,Y € I'(ker ¢.), we have

(29) g1(fX, fY) = cos?0g1(X,Y),
(30) g1 (WX, wY) = sin?0g; (X,Y).
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Lemma 3.8. Consider a semi-slant lightlike submersion ¢ : My, — My with
a semi-slant angle 0 from an indefinite Kaehler manifold My onto an r-lightlike
manifold Ms. Then for any unit tangent vector Z € I'(Ds), we have

(31) fZ = cos0.Z*,
where Z* is a unit tangent vector orthogonal to Z such that Z* € T'(Da).

Proof. For a unit tangent vector Z € I'(D3), we have
|fZ| = cosb(Z)|Z|.

Consider another unit tangent vector Z* = I}%I in the direction of fZ, then
we have

fZ=2Z"|fZ| = Z".cos0(Z).
Also ¢1(JZ,Z) = 0, then ¢1(fZ,Z) = 0 and this further gives ¢1(Z*,2) =
|f—1zl.gl(fZ,Z)=O. O

Now, we will investigate some conditions for the integrability of distributions
of ker(¢.).

Theorem 3.9. Let ¢ : M7 — My be a semi-slant lightlike submersion from
an indefinite Kaehler manifold M7 onto an r-lightlike manifold My. Then A is
integrable if and only if

() Qu(VzfW) = Q:1(Vw fZ),
(il) Qa(VzfW) = Qu(Vwf2),
(i) @s(VzfW)=Qs5(Vw [fZ),

for any Z,W € T'(A)

Proof. Let Z,W € T'(A), then from Eq. (16), we get

(32) QIVZIW = [QaVzW.

On interchanging Z and W in the preceding equation, we obtain

(33) I VwfZ = fQVwZ.

Subtracting Eq. (33) from Eq. (32), we get

(34) QIV2fW = QiVw fZ = fQ2V[Z,W].

Also for Z,W € T'(A), Eq. (19) gives

(35) QiVwfZ = fQiVwZ.

On reversing the role of Z and W in the above equation, then we have
(36) QuVwfZ = fQiVwZ.

Subtracting Eq. (36) from Eq. (35), we acquire
(37) QuV2fW = QaVw fZ = fQiV[Z,W].
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From Eq. (20), we have
(38) Qs(VzfW) = Qs(Vw fZ) + BPy(TzW).

If Z and W are interchanged in the above equation, then we get

(39) Qs(Vw f2) = Qs(VzfW) + BP:(Tw 2).
Then from Egs. (38) and (39), we further obtain

Qs(V2fW) = Qs(Vw fZ) = fQs(V[Z,W]) + BP(TzW — Tw Z).

Since the tensor 7T is symmetric, therefore T;W = Ty, Z, hence we get

(40) Qs(VzfW) = Qs(Vw/Z) = fQs(VIZ,W)).
Thus the proof follows from Eqs. (34), (37) and (40).
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O

Theorem 3.10. Consider a semi-slant lightlike submersion ¢ : My — My
from an indefinite Kaehler manifold My onto an r-lightlike manifold Ms. Then

D, is integrable if and only if
) QuVzfW) =Qi(Vwf2),
(i) Qu(V2fW) = Qx(Viw [2),
(ili) @s5(VzfW) =Qs5(VwfZ),
for any Z,W € T'(D»)

Proof. Let ¢ be a semi-slant submersion, then for Z,W € I'(D;), Eq. (16)

gives

(41) A1 V2 fW = fQaV W,

then reversing the role of Z and W, we get

(42) QVwfZ = fQVwZ.
Further subtracting Egs. (41) and (42), we obtain

(43) QVZfW — QVw fZ = fQuV[Z,W].

Again for Z,W € I'(D;) and from Eq. (17), we have
Q2(VzfW) = fQ1(VzW) + BPy(TzW).
Similarly, we acquire
Q(VwfZ) = fQi(VwZ) + BPy(TwZ).

Then subtracting last two Eqgs., we obtain

Q2(VzfW) = Qo(Vw fZ) = fQ1(V[Z, W] — BPsy(TzW — Tiw Z),

then using the symmetry of T, the above equation reduces to
(44) Q2(VzfW) = Q2(Vw [Z) = fFQi(V[Z,W].
Next from Eq. (20), we obtain

Qs(V2fW) = fQs5(VZW).
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If we interchange the role of Z and W in last equation, then we get
Qs(VwfZ) = fQs(VwZ),

this further gives

(45) Qs(VzfW) = Qs(Vw fZ) = fQs(V[Z, W].

Thus the proof follows from the Eqgs. (43), (44) and (45). O

Theorem 3.11. If ¢ : M7 — M> is a semi-slant lightlike submersion from
an indefinite Kaehler manifold M7 onto an r-lightlike manifold Mo, then Dy is
integrable if and only if

(1) Qu(VzfW =VwfZ) = Qi(TwwZ — TzwW),
(il) Q2(VzfW = VwfZ) = Q2(TwwZ — TzwW),
(il)) Qu(VzfW —Vw[fZ) = Qu(TwwZ — TzwW),
(iv) Po(TzfW —TwfZ) = PL(HVwwZ — HV zwW),
for any Z,W € T'(D3).

Proof. Let ¢ be a semi-slant submersion and Z, W € T'(Ds), then from Eq.
(16), we obtain

QuVZIW) + Qu(TzwW) = fQ2(VZW).
If we interchange Z and W in the above equation, then we get
A (VwfZ) + Qi (TwwZ) = fQ2(Vw Z),
this further gives
(46)  QuVzfW = Vw[Z) + Qu(TzwW — TwwZ) = fQ2(VIZ, W]).
For Z,W € T'(D2), Eq. (17) reduces to
Q2(V2fW) + Qa2(TzwW) = fQ1(VZW).
If we interchange Z and W in the above equation, then we get
QVw/Z) + Qa(TwwZ) = [Q:1(Vw 2),
which yields that
@) QaVzfW = Vw[Z) + Qa(TzwW — TwwZ) = fQ1(VIZ, W]).
For Z,W € I'(D2), Eq. (19) gives
Qu(VZfW) + Qu(TzeW) = fQu(VZW).
On reversing the role of Z and W in the above equation, we get
Qu(VwfZ) + Qu(TwwZ) = fQu(Vw 2),

above equation further becomes

(48) Qu(NzfW =V fZ) + Qu(TzwW — TwwZ) = fQs(V[Z, W)).
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For Z,W € I'(D2) and from Eq. (21), we obtain
Pi(TzfW) + Py (HV zoW) = wQ3(VzW).
On interchanging the role of Z and W in the above equation, we obtain
Pi(TwfZ)+ PL(HVwwZ) = wQs(Vw Z),
above equation further implies that
(49)  P(TzfW —TwfZ)+ Pi(HV z2oW — HVwwZ) = wQs(V[Z, W]).
Thus the result follows from Eqs. (46), (47), (48) and (49). O

4. Foliations Determined By Distributions

In this section, we will establish some necessary and sufficient conditions
for the totally geodesic foliations determined by distributions on a semi-slant
lightlike submersions.

Theorem 4.1. Let ¢ : My — M, be a semi-slant lightlike submersion
from an indefinite Kaehler manifold (M, qg1,J) onto an r-lightlike manifold
My. Then A defines a totally geodesic foliation if and only if

0 (VwJQoZ +VwJQuZ +VwIQsZ,JY) = —g1(TwwQsZ + TwwQs Z, JY),
for all W, Y € T(A) and Z € T(S(ker ¢.)).

Proof. Let ¢ : My — My be a semi-slant lightlike submersion from an
indefinite Kaehler manifold (Mj,¢g1,J) onto an r-lightlike manifold M. To
prove that A defines a totally geodesic foliation, it is sufficient to prove that
VwY € T'(A), for all W, Y € T'(A). Since V is a metric connection on M,
therefore for any W)Y € I'(A) and Z € T'(S(ker ¢.)), we have

n(VwY,Z) = g(VwY —TwY,2) =g (VwY,Z) = —q1(Y,Vw 2)
—1(JY, IVwZ)=—-g1(VwJZ,JY)
= —(Vw(JQ2Z +wQ3Z + JQuZ + fQsZ +wQsZ),JY)
= —q1(VwJQ2Z +VwJQsZ +Vw fQsZ,JY)
fgl(VWngZ + Viww@Qs2Z, JY),
further using Eq. (12), we get

7 (VwY.Z) = g1 (VwJQ2Z + Vi JQuZ + Vi fQ5Z, JY)
— 01 (Tww@QsZ + TwwQsZ, JY).
Then from Eq. (50), we conclude t}}at the distribution A determines a totally
geodesic foliation if and only if g1 (VwY, Z) = 0, that is, if and only if
9 (VwJQ2Z + VwJQuZ +VwJQs2Z,JY)
= -1 (Tww@3Z + TwwQsZ, JY),

(50)

(51)
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which completes the proof. O

Theorem 4.2. Consider a semi-slant lightlike submersion ¢ : My — My
from an indefinite Kaehler manifold (M, g1, J) onto an r-lightlike manifold Ms.
Then D defines a totally geodesic foliation if and only if

) 1(VwfZ,JY) = —1(TwwZ, JY),
(i) VwJN and Tw JX have no components in D1,

for all W)Y € T'(Dy), Z € T'(D3), X € T'(Jltr(ker ¢.)), N € T'(ltr(ker ¢.)).

Proof. Since V is a metric connection on M, therefore for any WY €
I'(D;) and Z € T'(D2), we have

a(VwY,Z2) = qa(VwY —TwY,2) = 1(VwY, Z) = =1 (Y, Vw Z)
—1(JY, IVwZ) = —g1(VwJZ,JY)

= —g(VwfZ,JY) - g (VwwZ,JY)
(52) = —q(VwfZ,JY) — g (TwwZ,JY).

Now for W, Y € I'(D;) and N € I'(ltr(ker ¢.)), we have

a(VwY.N) = g(VwY.N)=—g(Y,VwN) = —g(JY,JVyY)
= —q(JY,VwJN) = —g(JY,VwJN + Ty JN)
(53) = —q1(JY,VwJN).

For W, Y € I'(D1) and X € I'(Jitr(ker ¢.), we have

n(VwY, X) = g(VwY —TwY,X) =g (VwY,X) = —g1(Y, Vi X)
= —q(JY,JVwX) =-g:1(JY, Vi JX)
(54) = —gl(JY, TWJX)

Thus the proof follows from Egs. (52), (53) and (54). O

Theorem 4.3. If ¢ : My, — M, is a semi-slant lightlike submersion from an
indefinite Kaehler manifold (M, ¢1,J) onto an r-lightlike manifold Ms, then
D, defines a totally geodesic foliation if and only if

() 1(VxJZ, fY) = —q1(PTx JZ,wY),

(i) g1(fY,VxJK) = —g1(wY, Tx JN),
(i) g1(fY, TxJW) = —g1 (WY, H(VxJW)),

for all X,Y € I'(Ds), Z € T'(D;), N € T'(itr(ker ¢.)) and

W e T'(Jitr(ker ¢.)).
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Proof. As V is a metric connection on M, therefore for any X, Y € T'(D3)
and Z € I'(Dy), we have

a(VxY,Z2) = q(VxY —=TxY,2Z2) =g (VxY,Z) = —q1(Y,Vx Z)
= —q(JY,JVxZ)=—-q(VxJZ,JY)
— 1 (VxJZ +TxJZ, fY +wY)

(
(

VxJZ, fY)—q(TxJZ,wY)

—91
— 1 (VXJZ, fY) — g1 (PyTx JZ,wY).

(55) = g1

For XY € I'(Ds) and N € T'(ltr(ker ¢.), we have

g1(VxY,N) = —g(Y,VxN)=—g(JY,JVxY)
= —g1(JY,VxJN) = —g1(fY +wY,VxJN + TxJN)
= —g1(fY,VxJN) — g1 (wY, TxJN)
(56) = —i(fY,VxJN) = g1(wY, PyTxJN)

Also for any X, Y € T'(D3) and W € T'(Jltr(ker ¢.), we have

a(VxY, W) = g(VxY —TxY,W) =g (VxY,W) = —g1(Y,Vx W)
—1(JY, JVxW) = —g1(JY,Vx JW)

—g1(fY + wX, HV x JW + Tx JW)

(57) = —qa(fY, TxJW) — g1(wY, H(Vx JW)).

Hence the proof follows from Eqs. (55), (56) and (57). O

Theorem 4.4. Let ¢ : My — Ms be a semi-slant lightlike submersion
from an indefinite Kaehler manifold (M, ¢1,J) onto an r-lightlike manifold
Ms;. Then ¢ is a totally geodesic map if and only if

(i) w(Vw fy + TwwY) + C(PoTw Y + PyH(VwwY) =0,
+PyH(Viw CRU)) = 0,

for each W,Y € T'(ker ¢.) and U € T'(ker ¢.)*.

Proof. Since ¢ is a semi-slant lightlike submersion, we have
(58) (V6.)(U1,U2) = Vi, 6 (U) = ¢4(Vu, Uz) = 0

for all Uy, Uy € T'(ker ¢.)*. Now for W,Y € I'(ker ¢.), we have
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(Vo )W, Y) = —¢.(VwY) = ¢.(VwJ?Y) = ¢.(JVwJY)
= % (JVw(fY +wY)) = (JVw fY + JVwwY)
= 0 (J(TwfY +VwfY) + J(H(VwwY) + TwwY))
= G (J(PTwfY + PoTw fY) + fVw Y +wVy fY
+JPH(VwwY) + JPH(VwwY) + fTwwY + wlywY)
= ¢(JPITwfY + BB Tw fY + CPTw fY + W@ny
+fVw Y + JPH(VwwY) + BPyH(ViywY)
(59) +CPH(VwwY) + fTwwY + wTwwY)).

Now for W € TI'(ker ¢,) and U € T'((ker ¢.)*), since (V. )(W,U) = (V) (U, W),
therefore we have

(Vo )W, U) = —¢.(VwU) = ¢.(JVwJU)
= ¢.(JVw(JPU + BP,U + CPU))
= ¢ (J(TwJPU + VwJPU + Ty BPyU + Vi BP,U
+H(Vw CPU) + Tiw CPU))
= ¢.(JP\TwJPU + BP, Ty JP,U + CPy Ty JP,U
+fVw JPU +wVwJPU + JP, Ty BPU
+BPyTyw BP,U + CPy Ty BPU + fNw BPU
+wVwBPU + JPH(VwCOPRU)
+BPyH(VywCPU) 4+ CPyH(Vyw CPU)
(60) +fTwCPU + wTw CPRU).

Thus the proof follows from Egs. (58), (59) and (60). O

5. Semi-Slant Lightlike Submersions with Totally Umbilical Fi-
bres

Let ¢ be a Riemannian submersion from a Riemannian manifold (M, ¢1)
onto a Riemannian manifold (M, g2). Then ¢ is said to be a Riemannian
submersion with totally umbilical fibres if there exists a mean curvature vector
field H of the fibres such that TxY = ¢1(X,Y)H, for all X,Y € I'(ker ¢.).
Since, we know that P; and P, respectively, denote the projections of tr(ker ¢.)
on ltr(ker ¢,) and S(ker ¢,)*, then taking into account the decomposition of
tr(ker ¢.) as tr(ker ¢.) = ltr(ker ¢.) L S(ker ¢.)*, we have

(61) TxY = PTxY + PTxY,
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where PiTxY € T(ltr(ker ¢.)) and PyTxY € T(S(ker ¢.)t). Let ¢ be a
lightlike submersion defined from an indefinite Kaehler manifold (M, g1, J) on
to an r-lightlike manifold (Ms, g2). Then ¢ is said to be lightlike submersion
with totally umbilical fibres if and only if on each coordinate neighbourhood U
there exist smooth vector field H* € T'(Iitr(ker ¢.)) and H2 € T(S(ker ¢.)%),
such that

(62) PiTxY = g1 (X, Y)HD' Py TxY = g1 (X,Y)H2,
for all X,Y € I'(ker ¢.).

Theorem 5.1. Consider a semi-slant lightlike submersion ¢ : My — M,
with totally umbilical fibres from an indefinite Kaehler manifold (M, g1, J)
onto an r-lightlike manifold (M, go). Then we have H? € T'(¢(D3)).

Proof. For X,Y € I'(Dy1) and W € I'(n), from Egs. (2), (7), (6), (9) and
(12)-(15), we obtain

TxJY +VxY = JPTxY + BRTxY + CPTxY
(63) +fVxY +wVyY,
On comparing the horizontal and transversal components in Eq. (63), we get
(64) TxJY = CPTxY +wVxY
and
(65) VxY = JPTxY + BP,TxY + fVxY.
Now for X,Y € I'(D1), W € I'(n) and using Eq. (64), we have
(66) g(TxJY, W) = g1 (CRTxY, W) = —g1 (R TxY, JW).

Also from Eq. (61), we have
(67) G (TxJY,W) = g1 (PiTx JY + P Tx JY,W) = g1 (P Tx JY, W).
Now from Eqs. (66) and (67), we get

(68) —g1(P2TX}/, JW) =01 (PQTXJY, W)
Next using Eq. (62) in Eq. (68), we obtain
(69) _gl(Xv JY)'gl(HP2v W) = gl(Xa Y)'gl(HP2a JW)

On interchanging the role of X and Y in the above equation, we get
~g1(Y, JX).g (H™ W) = g1 (Y, X).g1 (H™, JW),
which further gives
(70) g1(X,JY).gi(H™ W) = 1(X,Y).q1(H", JW).
Now adding Egs. (68) and (70), we get
(X, Y).qi(H”, JW) =0,
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this further gives
g (HP2 JW) = 0.
As Jn = n, thus we conclude that H2 € T'(¢(D>)). O
Corollary 5.2. Let ¢ be a semi-slant lightlike submersion with totally um-

bilical fibres from an indefinite Kaehler manifold (M, g1, J) onto an r-lightlike
manifold (Ma, g2). If H?> € T'(n). Then H? = 0.

Theorem 5.3. Suppose that ¢ : My — Ms is a proper semi-slant lightlike
submersion with totally umbilical fibres from an indefinite Kaehler manifold
(My, g1,J) onto an r-lightlike manifold (Ma, g2). Then H* = 0.

Proof. For Z € T'(D3) and using Egs. (2), (7), (6), (12)-(15) and Lemma
(3.8), we get

cosd(Z)(TzZ* + @ZZ*) +HV zwZ + TzwZ
(71) =CPy T2 +wN 3 Z + JP\TzZ + BPyTzZ + fN 7 Z.
On comparing the transversal components on both sides of Eq. (71), we get
cos0(Z)\N 2 2* + TgwZ = JP\TzZ + BPy Tz Z + fV 7 2.

Further taking an inner product of the above equation with J¢ € T'(JA), we
get

(72) cos0(2)g1 (N 227, JE) + g1 (TowZ, JE) = g1 (J P T2 Z, JE),
using Eq. (12-(15) and (2), we have
901(VzZ2°J8) = q(VzZ°,JE) = —q1(IV32".€) = —(Vz ] Z27,€)
= q(JZ",Vz8) = q(wZ",TzE),
since fibres are totally umbilical, therefore the above equation reduces to
(73) 91(V227,J€) = gi(wZ", H)1(Z,€) = 0.

Also using Eqs. (12-(15) together with the totally umbilical property of fibres,
we have

G (TwZ,J§) = qi(VzwZ,JE) = —g1(wZ,V zJE)
~1(wZ, T.JE) = g1(Z, &) g1 (wZ, H'*)
(74) = 0.
From Eqgs. (73) and (74) in (72), we obtain

a(JPTzZ,JE) =0,

which further yields
g1(PiTzZ,§) = 0.
In view of Eq. (62), the above equation reduces to

91(Z, 2)q1(H™, Z) = 0.
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By non-degeneracy of Do, we conclude that H™ = 0. This completes the
proof. O

Theorem 5.4. Assume that
¢ : M1 — MQ

is a proper semi-slant lightlike submersion with totally umbilical fibres from
an indefinite Kaehler manifold (M, g1, J) onto an r-lightlike manifold (Ma, g2)
such that

H™ € T'(n).

Then the fibres are always totally geodesics.

Proof. On using the Corollary (5.2) and Theorem (5.3), the result follows.
O
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