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HORADAM 3-PARAMETER GENERALIZED QUATERNIONS

ZEHRA ISBILIR AND NURTEN GURSES*

Abstract. The purpose of this article is to bring together the Horadam
numbers and 3-parameter generalized quaternions, which are a general
form of the quaternion algebra according to 3-parameters. With this
purpose, we introduce and examine a new type of quite big special num-
bers system, which is called Horadam 3-parameter generalized quater-
nions (shortly, Horadam 3PGQs), and special cases of them. Besides,
we compute both some new equations and classical well-known equations
such as; Binet formulas, generating function, exponential generating func-
tion, Poisson generating function, sum formulas, Cassini identity, polar
representation, and matrix equation. Furthermore, this article concludes
by presenting the determinant, characteristic polynomial, characteristic
equation, eigenvalues, and eigenvectors in relation to the matrix repre-
sentation of Horadam 3PGQ.

1. Introduction

Throughout history, number systems have been an attractive concept for
lots of researchers in several disciplines because they have been used in lots
of areas and there are several applications. One of the most popular number
systems is the quaternions, which were investigated by William Rowan Hamil-
ton in order to extend the complex numbers in 1843 [17-19]. The quaternion
algebra is a non-commutative, associative, and 4-dimensional Clifford algebra.
Several applications and usage areas can be listed in many disciplines, such as;
mathematics (especially in graph theory, computer sciences, and differential
geometry), physics, and others. The set of the quaternions (real or Hamilton’s
quaternions) is represented by

H := {qlg = qo + q1e1 + g2€2 + g3€3, qo0, 41, 42,93 € R},

where e, ez, e3 are quaternionic units, which satisfy the following rules,

6% = 6% = 6% = —1, €1y = —€g€1 = €3, €263 = —€3€ = €1,
ese; = —ejez = e [17-19]. After investigating the real quaternions, the split

quaternions were studied by James Cockle [11]. The split quaternions hold the
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following rules e% = -1, e% = e% =1,e1e0 = —egeq = €3, €363 = —€3€y = —e€7,
ereges = 1 [11]. Further away, the generalized quaternions (or 2-parameter
generalized quaternions, shortly 2PGQs) have been examined in lots of studies
(see [12,14,31-33,38,43-45,58]). The set of 2PGQs is denoted as Hy,», and
identified as

Hx, x, := {qlg = qo + q1e1 + q2€2 + g3€3, q0,q1,G2,G3, A1, A2 € R},

where the quaternionic units ey, es, e3 satisfy the following rules:

2 2 2
61 = _>\1, 62 = _)\27 63 = _)\1)\2,
e1ey = —ege] = €3, €203 = — €362 = A2€1, €3] = —e1e3 = A1€s.
For Ay = Ay = 1, ¢ is a real quaternion; for A\y = 1,Ao = —1, ¢ is a
split quaternion; for Ay = 1,2 = 0, ¢ is a semi-quaternion; for \; = —1,

A2 = 0, ¢ is a split semi-quaternion, and for A\; = Ay = 0, ¢ is a 1/4-
quaternion [11,12,14,19,31-33,38,39,43-45,48, 49, 58].

On the other hand, T. D. Sentiirk and Z. Unal have introduced a new type
of quaternion family, which is called the 3-parameter generalized quaternion
(shortly, 3PGQ) in [48,49]. In order to achieve a generalization of real, split,
and 2PGQ), the authors derive a comprehensive understanding of the quaternion
algebra based on the 3-parameters. The set of 3PGQs is denoted by K and
defined as

K:={¢=qo+ qie1 + qe2 + qzes, qo,q1,92,q3, A1, A2, A3 € R},

where the quaternionic units ey, e, e3 satisfy the rules given in Table 1.

TABLE 1. Multiplication rules of quaternionic units for 3PGQ

[48,49)].
el ez es
1 1 el eo es
e1 | e1 | =M1 Ares —X2e2
ez | ea | —Aes | —A1)3 Asel
ez | e3 Aoes —A3ze1 —A2)3

According to the values \;cy1,23), we get some special cases. The following
Table 2 includes some special cases of 3PGQs. Also, the other types of special
cases can be studied for \jery 2,3y [48,49].

TABLE 2. Classification of 3PGQs [48,49].
For Some Types of 3PGQs
M =1 2 €ER 2PGQs [12,14, 31-33, 38, 43-45, 58]
A1 =1,A2 =1,A3 = —1 | Split quaternion [11]
AM=1Ld=1A=1 Hamilton quaternions [17-19]
AM=1LX=1XA3=0 Semi-quaternions [39, 44]
A1 = 1,22 = —1,A3 = 0 | Split semi-quaternions [44]
A =1,2=0,23=0 1/4-quaternions (19, 44]
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In addition, special sequences (or numbers) are interesting and quite popular
work-frames for several researchers. Accordingly, a great number of studies
have been done and are ongoing, and they are linked to them in different
ways when the existing literature is examined. In this paper, we deal with
the generalization of the second-order recurrence sequences, called Horadam
sequence (or numbers) [29]. Some of the most popular special cases of Horadam
numbers are the Fibonacci and Lucas numbers (see [36,50]). For all n > 2,
the Horadam numbers ({Q,(Qo, Q1;7, $) }n>0 or {@n}n>0) satisfy the following
recurrence relation

(1) Qn =1Qn-1 + sQn_2,

where the initial values Qg = a, Q1 = b are arbitrary integers and r, s are real
numbers [51]. For more detailed information about Horadam numbers and
special cases of them, the studies [20,22-24,26-29,37,51-53] can be examined.

One can observe that bringing together the various types of quaternions
and special recurrence sequence components is quite an attractive concept for
several researchers in the literature. Horadam [21,25] and Iyer [30] studied the
Fibonacci quaternions and quaternion recurrence, and Swamy obtained the
generalized Fibonacci quaternions in [54]. Polath et al. introduced the split k-
Fibonacci and k-Lucas quaternions in [40]. Additionally, Halic1 investigated the
Fibonacci quaternions and a new generalization of them in [15,16], respectively.
Tan gave a new generalization of Fibonacci quaternions in [56]. Also, in [55] Ja-
cobsthal quaternions, in [10] Pell and Pell-Lucas quaternions were examined.
Catarino introduced the h(x)-Fibonacci quaternions in [7] and modified Pell
and modified k-Pell quaternions in [8]. Tokeser et al. studied the split Pell and
Pell-Lucas quaternions in [57]. Then, Flaut and Savin determined the general-
ized Fibonacci-Lucas quaternions [13], as well. The generalization of Fibonac-
ci/Lucas quaternions was studied in [41,42]. Akyigit et al. examined the split
Fibonacci/Lucas quaternions [1] and generalized (2-parameter) Fibonacci/Lu-
cas quaternions [2]. In [46], Sentiirk et al. scrutinized the unrestricted Horadam
generalized quaternions and Horadam hybrid numbers [47]. k-Fibonacci and
k-Lucas generalized quaternions were obtained by Bilgici et al. [4]. Yiice and
Torunbalc1 Aydin examined the dual Fibonacci quaternions [61] and general-
izations of them [60]. Moreover, Bréd introduced the split Horadam quater-
nions in [6]. Then, Bilgici investigated the Fibonacci and Lucas 3PGQs [3],
and Jacobsthal and Jacobsthal-Lucas 3PGQ in [5]. Also, [59] determined the
dual Fibonacci and Lucas 3PGQs. Recently, Chaker and Boua examined the
generalized quaternions algebra with generalized Fibonacci quaternions in [9].
Also, Kizilateg and Kibar determined the 3PGQs with higher order generalized
Fibonacci numbers components in [35].

In this study, we intend to combine the Horadam numbers and 3PGQ);
namely, we investigate 3PGQ with Horadam numbers components. Also, we ex-
amine the recurrence relation, Binet formula, generating function, exponential
generating function, Poisson generating function, summing formulas, matrix
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formulas, Cassini identity, and some special equations as well. The subsequent
analysis involves the examination of the determinant, characteristic polyno-
mial, characteristic equation, eigenvalues, and eigenvectors in relation to the
matrix representation of Horadam 3PGQ.

2. Preliminaries

In this section, we recall some terminology that is used throughout this
paper with respect to both 3PGQs and Horadam numbers.

For ¢ = qo + qie1 + gae2 + qzes, p = po + pre1 + pae2 + pses € K, taking
into account the rules in Table 1, some basic algebraic properties are listed
below [48,49]:

* EBquality: q=p < qo=po, @1 =p1, q2=Dp2, ¢3=Dps.

% Addition and subtraction:

qEp=qoExpo+ (g1 £pi)er + (g2 £ p2)ea + (g3 £ p3)es.

* Multiplication by a scalar: cq = cqo + cqie1 + cqzes + cqgses, ¢ € R.

* Scalar and vector part: q occurs from scalar and vector part such as;
g =S¢+ Vg, where S; = q is scalar part and V; = g1e1 + gz2e2 + gzes is
vector part.

* Multiplication: qp = SqSp — fF(Vg, V) + SqVag + SpVp + Vg AV,
where

F(Ve, Vo) = Midaqipr + A1 A3qap2 + A2 A3qgsps
and
)\361 )\262 )\163
VenNVo=| @ Q2 43
b1 b2 p3

Here V, AV, = A3(qaps — gsp2)e1 + Aa(gsp1 — q1ps)ez + A1 (qip2 — gap1 )es.

Conjugation: § = qo — q1€1 — g2€2 — g3es.
q qo — q1€1 — g2€2 — q3e3
Inverse: ¢ = — = » where N, # 0.
Ny @@+ MAaqi + MAsq3 + XoAsd? s
Inner product: (q,p) = qopo + MA2q1p1 + A1 A3¢2p2 + A2 A3qsps.

% Norm: Ny = qq =qq = g} + MAag? + MA3¢3 + AaAsqs.

* k¥

They can be seen easily that Sy+p, = qo £ po = Sq £ Sp, Vgxp = Vg £V, and
qg=S,—V, If N;j =1, then ¢ is a 3-parameter generalized unit quaternion.
For more detailed terminology for 3PGQs, we refer to the studies [48,49].

Also, for N, > 0 and MA2g? + Mi3qs + Ag)\3q§ # 0, ¢ can be written in a
polar form as follows:

q=+/Ny(cosf+ Gsinb),
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where
1
qg= (lIhQQ,(Js) :

VA A2q? + M As@Z + A daq?
Here

qo . MA2g? + AA3q3 + Aadsq3

cosf = » sinf = )
A/ Nq Nq

and ¢ is called 3-parameter generalized unit vector. Moreover for ¢, the follow-
ing fundamental matrix M, is constructed:

g —MA2q1 —AiA3q2  —A2A3qs3

M| @ o —A3q3 A3q2
4 G2 A2q3 qo —A2q1
g3 —Aige A1q1 qo

According to the values of \je(1 2 3}, we can classify the matrix M. For \; = 1,
A2, A3 € R, the fundamental matrix for 2PGQ is constructed. For A\ = 1,
Ao = 1, 3 = —1, then the fundamental matrix for split quaternions is given.
Also, for Ay = Ay = A3 = 1, then the fundamental matrix for Hamilton quater-
nions is written.

Additionally, one can give some algebraic calculations for M;: the determi-
nant of M, is det (M;) = N2. The characteristic polynomial of M, is:

2
PMq (t) = (t2 — 2tqo + qg + /\1)\2(]% + /\1)\3(]5 + /\2)\3(]%) .

Hence, the characteristic equation of M, is:
det (M, — t1s) = 0 & Par, () = (£ = 2tqo + g5 + Mideq} + MiAad3 + Aadsgd)” = 0.

It enables to compute the eigenvalues as follows:
ti2=qo+ \/—A1>\2Qf — M A3¢3 — AaAs3,

i34 =qo — \/—)\1)\2‘]% — M A3¢3 — AaX3di.
This gives the relation:
tiotsa =g + MA2ai + MAsqs + Aadsq3 = Ny

The eigenvectors corresponding to the eigenvalue t; o are computed as:

T
< >\1q2\/*>\1/\2qf*)\1>\3q§*>\2)\3q§*>\1>\2q1q3 qS\/*Mqu%*)\1>\3q§*>\2>\3q§+)\1q1q2 1 0 )

A1a3+X2q3 A1q2+X243
and
T
>\2q3\/*>\1/\2q%*>\1>\3q§*>\2>\3q§+>\1>\2q1q2 _42\/*>\1/\2q%*>\1>\3q§*>\2>\3q§*>\241q3 0 1 .
A1q3+X2q2 A1q3+X2q2

The eigenvectors corresponding to the eigenvalue 3 4 are

T
Aazy/=A1x2a?—Air3a3 A Asd3+Aideqias a3/~ MAeai—MAszai—rodzai—Miqias 10
A1q3+X2q2 A1q2+X2q2
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and

T
<_/\2113\/—/\1>\2qf—%1A3q§—A2/\3q§—>\1)\2q1q2 Q2\/_A1>\2Q%_>\1A3Q§_>\2>\3(I§+>\2‘I1Q3 0 1> .

A1q2+Xr2q3 1432243

On the other hand, the characteristic equation of Horadam numbers (see equa-
tion (1)) is 22 — rx — s = 0, and its roots are as follows:

r+Vr? +4s r—Vr2+4s

T = 5 and 1z, = —
where z1 + z9 = r and 2129 = —s [24,51]. The Binet formula for Horadam
numbers is [24,51]:
Az — Bxl
(2) Qn - 71 2 9
Xr1 — T2
where
(3) A=0Q1—Qozz and B = Q1 — Qor1.

The Horadam sequence can be classified with respect to the initial conditions
and r, s values. In the following Table 3, some of its members are given [24,51]:

TABLE 3. Some special cases of Horadam numbers.

Name {Qn} = {Qn(Qo,Q1;7,5)} | Recurrence Relation
Fibonacci {Fn} = {Qn(o,l;l,l)} Fpn=Fy 1+ Fp_2
Lucas {Ln} = {Qn(27 1;1, 1)} Lp=Ln 2+ Ln—3
Pell {Pn} ={Qn(0,1;2,1)} Pn=2Py_1+ Pn2
Pell-Lucas {Bn} — {Qn(27 2; 2= 1)} Bp =2Bn_1+ Bp_2
Jacobsthal {J’Vl} = {Qn(07 1; 172)} Jn = Jn—l + 2Jn—2
Jacobsthal-Lucas | {Cr} ={Qn(2,1;1,2)} Cn =Cho1+2Ch_2

Moreover, the following matrix equation for Horadam numbers can be writ-
ten depending on the r and s values such that ( [34,51]):

(% )=(15) (&)

3. Horadam 3-Parameter Generalized Quaternions

This section presents Horadam 3PGQs as a novel family of special number
systems. Also, we examine some algebraic properties and obtain the Binet for-
mula, generating function, exponential generating function, Poisson generating
function, some summation formulas, matrix equations, Cassini identity, polar
representation, and some new interesting equations. Also, via the matrix rep-
resentation of Horadam 3PGQ, we get some properties such as; determinant,
characteristic polynomial and equation, eigenvalues, and eigenvectors.
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Definition 3.1. Let Q,, be nth Horadam 3PGQ. Then, it is defined as

(4) Qn=Qn+ Qn+1

e1 + Qni2e2 + Qnises

for every n >0,

where @QQ,, is the nth Horadam number and ey, es and eg satisfy the rules given
in Table 1. Also, initial values are written as

o
Q1

a+ bey + (sa+ rb)

es + [rsa+ (r* + s)b] es,

In the following Table 4, we classify Horadam 3PGQs.

b+ (sa+rb)er + [rsa+ (r* +s)b] e + [(r®s + s?) a + (r* + 2rs) b] e3.

TABLE 4. Classification of Horadam 3PGQs.
For Types
A1=1, X, A3€R Horadam 2PGQ [2]
A =1, X2=1, X3 = -1 | Horadam split quaternions [6]
A =1, =1 A3=1 Horadam Hamilton quaternions [15,54]
A=1, Xo=1, X3=0 Horadam semi-quaternions
A1 =1, Xa=-1, A3 =0 | Horadam split semi-quaternions
A1=1, X=0, X3=0 Horadam i—quaternions

Also, one can see Table 5 for some special cases of Horadam 3PGQs.

TABLE 5. Some special cases of Horadam 3PGQs.

Name

Definition

Recurrence

Fibonacci 3PGQ [3,35]

]:n:Fn+Fn+181+Fn+2€2+Fn+363

Fn = n—1 +]:n72

Lucas 3PGQ [3]

Ly =Ln+ Lptie1 + Lpg2es + Lpy3es

Ln=Lr 1+ Ln_2

Pell 3PGQ

Pn =Pn + P’n+161 + Pn+262 + Pn+3e3

Prn =2Ppn—1+ Pn—2

Pell-Lucas 3PGQ

Bn = Bn + Bpt1e1 + Bp42e2 + Bp43es

Bn =2Bn—1+ Bn_2

Jacobsthal 3PGQ [5]

TIn = Jn + Jnt1e1 + Jnt2e2 + Jny3es

In = jn—l + 2jn—2

Jacobsthal-Lucas 3PGQ [5]

Cn =Cp + Cptie1 + Cryoex + Cpyzes

Cn=Cpn_1+2Ch_2

*Chaker and Boua ( [9]) examined some results on generalized quaternions
algebra with generalized Fibonacci quaternions.

Now, let us examine some algebraic properties such as equality, addition/
subtraction, multiplication by scalar, scalar and vector parts, multiplication,
conjugation, norm, inverse, and inner product of Horadam 3PGQs.

For every n,m > 0, let Q, = @, + Qnt1e1 + Qnizes + Qpizes and
Om = Qm + Qmyie1r + Qmi2ez + Qmises be the nth and mth Horadam
3PGQ, respectively. The following properties can be obtained:

* Equality:
Qn = Qm Aad Qn = va

Qn+1 = Q7n,+1 )

Qn+2 = Qm+2 )

% Addition/Subtraction:
Qn + Qm :Qn + Qm + (Qn+1 + Qm—i—l) er+ (Qn+2 + Qm+2) €2
+ (Qn+3 + Q7n+3) €3.

Qnsz = Qmys.
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* Multiplication by a scalar:

cQ, = CQn + CQn—i—lel + CQ7L+262 + CQ7L+3637 ce R
* Scalar and Vector Parts: The scalar part of Q, is denoted by Sg,
and Sg, = @n. Also, the vector part of 9, is denoted by Vg, and
Vo, Qniier + Qnices + Qpyses. This implies that
50,+Q,, = Qn + Qm = So, £ S¢,, and Vg, 10, = Vg, + Vo,
* Multiplication:

Q,.Qm = 89,50, — f(Va,,Va,,) +50,Vo, + So, Vo, + Vo, AVg,,,
where

f(Va,,Va,) = MAQui1Qmi1 + AMiA3Qni2Qni2 + AoA3Qrny3Qn3
and

)\361 AQ@Q )\163
Vo, AVg,, =| Qnt1 Qniz  Qnys
Qm+1 Qmi2 Qmts

A3(Qni2Qm+3 — Qni3Qmiz)er

+ A2(Qn13Qm+1 — Qni1Qm3)ea

+ M (Qnt1Q@mt2 — Qni2Qm1)es.

We can also give the following form of multiplication as

QnQm =QnQm — MA2Qn+1Qm+1 — MAsQn+2@Qm+2 — A2A3Qn13CQm+3
+ (QnQmt1 + QumQni1 + A3 (Qni2@m+3 — Qni3Qm+2)) €1
+ (@n@m+2 + QmQni2 + A2 (Qnt3Qm+1 — Qnt1Q@m+3)) €2
+ (QnQm+3 + QmQn+s + M (Qn1Qm+2 — Qni2Qm+1)) €3

* Conjugation: Q, = Qn — Qni1€1 — Qni2es — Qnyses.
* Inverse:

o1 - 9, _ Qn — Qny1e1 — Qni2ez — Qnizes N, #0.
" Ng, 2+ MAQ2 L+ MAsQ2 L, + A A3Q2 g "
* Inner product:
(Qn, Qm) =QnQm + M A2Qn11Qm11 + M A3Qn12Qm 42

+ A2 A3Qn43Qmy3-

(5)

* Norm:
No, = QuQ, =Q,Q, = Q2 + >\1>\2Q72¢+1 + )\1)\3Qi+2 + >\2)\3Qi+3~

Theorem 3.2 (Recurrence Relation). Let Q,, be the nth Horadam 3PGQ.
Then the following recurrence relation holds:

(6) Q,=79Qn-1+5Qn_2, Vn>2.
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Proof. By using equations (1) and (4), we obtain:
7Qn—1+85Qn—2 =1 (Qn-1+ Qne1 + Qni1e2 + Qnizes)

+5(Qn-2+ Qn-161+ Qnea + Qny1e€3)

=rQn-1+ $Qn—2+ (rQn + sQn-1) €1
+ (rQnt1 + sQn) €2 + (rQns2 + sQny1) €3

=Qn + Qni1€1 + Qni2e2 + Qnizes

=Q9,.

This finishes the proof. O

Theorem 3.3 (Binet Formula). Let Q,, be the nth Horadam 3PGQ. For
every n > 0, the following Binet formula is satisfied:

(7) n

where A and B are given in equation (3) and

A.T? 531 — B.ﬁg 52
= )

T — T2

~ 2 3 ~ 2 3
Ty =1+z1e1 +xes + xje3, T2 =1+ x2e1 + 560 + T5€3.

Proof. Via equations (2) and (4), the proof can be completed as follows:
On =Qn + Qnt1e1 + Qny2ez + Qnises

_ Az} — Bah Az;H'l — Bx;H'l A$?+2 — Bac;+2 Aac’f""s — Bacg+3
= + el + es + es
Tl — X2 Tl — T2 Tl — X2 1 — T2

Aw? T, — Bzxy To
=_t= —""e4,
Tl — X2

where 71 = 1 + z1e; + 2%ey + x5e3 and Ty = 1 + z9e; + 23es + 23e3. O

In following Table 6, Binet formulas of some special cases of Horadam 3PGQ
are given. In this table, (also in following Table 8 and Table 9), we use:

> w; = (14++/5)/2, wa = (1—+/5)/2 are the roots of equation 22 —z—1 = 0
and W1 = 1 +wie; +w?ey + wies, Wy = 1+ woey + wies + wies,

>y =1+ ﬂ, vy = 1 — /2 are the roots of equation 22 —2x—1=0and
U1 =1+uvie; +viey + vies, o = 1 + vgeg + vaes + Vies,

> 1y =2, ug = —1 are the roots of equation 22 —x — 2 = 0 (see [51]) and
fin =14 per + pies + pies, fiz = 1+ paer + pzes + pies.

TABLE 6. Binet formulas for special cases of Horadam 3PGQs.

Name Binet Formula
Fibonacci 3PGQ [3,35] Fn = (W1 — wf 2)/V5
Lucas 3PGQ [3] Ln =w] 01 + wh W2

Pell 3PGQ P = (W1 —vain)/2V/2
Pell-Lucas 3PGQ Bn =vv1 + vy o
Jacobsthal 3PGQ [5] TIn = (U} 11 — ph i2)/3
Jacobsthal-Lucas 3PGQ [5] Cn = puf 1 + p3 i
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Theorem 3.4 (Generating Function). Let Q,, be the nth Horadam 3PGQ.
Then the following generating function is written:

i 0,a" — Qo+ (Q1 — TQO)HJ.
n=0

1—rx — sx?

Proof. Suppose that Y Q2" = Qo + Qix + Qoz® + ... + Qua” + ...

n=0
be generating function of Horadam 3PGQ. Let us multiply both sides of the
equation by rz and sz?:

re Z O,z =1rQur +rQ122 +1rQoa® + ... +1rQua"tt + . ..

n=0

sx2 Z 0,2" = s09z2 + 5Q12° + 509zt + ... + 50, 2" 2 4 ...

n=0

Then, by adding these two equations and considering equation (6), we get:
(1 —rz — sz?) Z Qnx"™ = Qo+ (Q1 —rQp)z.
n=0

Hence, the proof is completed. O

Also, the following Table 7 includes the generating functions of special cases of
Horadam 3PGQ:

TABLE 7. Generating functions for special cases of Horadam 3PGQs.

Name Generating Function
e e1 + ea + 2e l4+eg+e3)x
Fibonacci 3PGQ [3,35] S Fpz® = 1 2 3+ ( 2 3)
n=0 1—x— a2
S 2+e1 +3e2 +4ez + (—1+ 2e1 +e2 + 3e3)z
Lucas 3PGQ [3] S Lpah = 1 2 3+ ( 1 2 3)
n=0 1—x— 22
< e1 + 2e2 + 5es + (1 +e2 + 2e
Pell 3PGQ S pgn = S22 oes (14 e2 + 2e3)
n=0 1—922 — z2
S 2 4 2e1 + 6ea + 1de3 + (—2 4 2e1 + 2e2 + 6e3)
Pell-Lucas 3PGQ S Buan — 1+ 6e2 3+ ( 1 + 2e2 + 6e3)
n=0 1—2x — x2
X e1 +e2 + 3e3 + (1 + 2e2 + 2e3)
Jacobsthal 3PGQ [5] X g = LT e2t des ( 2 + 2e3)
n=0 1— o — 222
S 2+ e1 + Bea + Tez + (—1 + 4ey + 262 + 10e3) z
Jacobsthal-Lucas 3PGQ [5] | 3 Cpa™ = 1t oe2 31 ( - 1+ 2e2 3)
n=0 —x —2x

Theorem 3.5 (Exponential Generating Function). Let Q,, be the nth Ho-
radam 3PGQ. Then the exponential generating function is written as:

™ Ae™Y T, — Be*?Y T

— 4 Y
(8) ZQ”J_ 1 — T2

n=0
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Proof. By using equation (7), we have:

>0 0 y" At r Yyt O~ Bri oy

E - E it Bet AN E 22 g
n! 1 — a2 ! T1 — a2 !

n—0 n=0 "1 2 n=0 "1 2

A7, i iy B7Zs i xhy"

Ty —xy i n! Ty — I2 = n!
Ae™Y 11 — Be™2Y 24
- Tr1 — T2 .
Therefore, we get the desired result. O

In addition to these, exponential functions for special cases of Horadam 3PGQs
are written in Table 8:

TABLE 8. Exponential functions for special cases of Horadam 3PGQs.

Name Exponential Generating Function
aQ o y" w1e¥ty — Hoew2¥
Fibonacci 3P Fn—=—
0O y”
Lucas 3PGQ Lo, —= w1e¥1Y + wye¥1Yy
n=0 n!
0o y" gleVly — §2el’2y
Pell 3PG Pn—=———
Q nZ::O n W
=] yn
Pell-Lucas 3PGQ > Bn—' =111V + Dgev2¥
n=0 n:
oo n T eP1Y — oel2y
Jacobsthal 3PGQ DA i
n=0 n! 3
0o yn
Jacobsthal-Lucas 3PGQ | > Cn oy = p1etV 4 poet2y
n=0 .

Theorem 3.6 (Poisson Generating Function). Let Q,, be the nth Horadam
3PGQ. The Poisson generating function is written as:
n AeY 51 — Be*2Y 52

o0
_ Y
e Y — =
; n n! eY (r1 — x2)

Proof. With the help of equation (8), we get the desired result since the
Poisson generating function is given as multiplying the exponential generating
function by e~ (see also [47]). O
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In the following Table 9, we get the Poisson generating function for special
cases of Horadam 3PGQs:

TABLE 9. Poisson generating function for special cases of Ho-
radam 3PGQs.

Name Poisson Generating Function
=) y" w1e¥ly — ogew2y
Fibonacci 3PG e Y Fpn—=—"
Q nX::O " nl ev/5
=) yn
Lucas 3PGQ e Y > Enfl =e Y (01e¥1Y + Woe¥1Y)
n=0 .
o y" D1e"1Y — pgev2y
Pell 3PG e Y Pn—=—"-—F7+—""
Q nz::o " nl 2/2e¥
x L,y - _
Pell-Lucas 3PGQ e v 3 Bn—' = e Y (11e¥1Y + DpeV2Y)
n=0 n:
) n T eM1Y — Tioeh2y
Jacobsthal 3PGQ D DI A i
n=0 n! 3eY
=) yn
Jacobsthal-Lucas 3PGQ | e™¥ > Cn—' =e Y (et + fget2Y)
n=0 n:

Thanks to the study [52,53], we can obtain the following sum formulas for
Horadam 3PGQ without proofs for the sake of brevity.

Theorem 3.7. Let Q, be the nth Horadam 3PGQ. For every n,m € N,
the following summation formulas are satisfied:

= . Omiz+(1—=7)Qmy1— Q1+ (r—1)Qp
@)E%Qn— i ,

m _ (1—5)Qamya +75Qam 1 + (s — 1)Qa — rsQ1 + (r2 — 5% + 25 — 1)Qp
(b) nz::o Qan = 2(7“ +s—1)(r—s+1) i s

m _ 7’Q2m+2+(8—8 )Q2m+1_r92+(_1+8+7' )Ql
) g, Gt = (r=s+1)(r+s—-1) ’

wherer +s—1#0and (r—s+1)(r+s—1) #0.

Now, we shall give some special equations for Horadam 3PGQ in the fol-
lowing Theorem 3.8 and Theorem 3.9:

Theorem 3.8. Let Q,, be the nth Horadam 3PGQ. For all n > 0, the
following properties hold:

(a) Qn — Qnt1e1 — Qnioez — Qpises
= Qn + M A2Qni2 + M A3Qn14 + A2 A3Qn 16,
(b) Qn+ Qniie1 + Qnyoes + Qnises
=209, — (Qn + MA2Qni2 + MA3Qnta + A2A3Qn+6),
C) Qn +gn = 2Qn7
(e) Q2 =20Q,9Q, — (Q2 + MA2Q2 11 + MA3Q2 5 + XAaA3Q2 1 5),
) Q

(
2
() On" = —2Q,9n — (—3Q2 — MA2Q2 1 — MAsQ2 5 — AoA3Q25).
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Proof.  (a) By using Table 1 and equation (4), we get:
Qn — Qnyre1 — Qnizea — Quizes =Qn + Qni1€1 + Qni2ez + Qnizes
— (Qnt1+ Qni2er + Qnyzea + Qniaes)er
— (Qn2 + Qnizer + Qnyaez + Qnyses)es
— (Qnt3 + Qniae1 + Qnisez + Qniees)es
=Qn + MA2Qni2 + MA3Qn1a + A2 A3Qn 6.
(b) With the help of Table 1 and equation (4), we achieve:
Qn + Qnyre1r + Qnizea + Quizes =Qn + Qni1€1 + Qni2e2 + Qnizes
+ (Qnt1 + Qniz2er + Qnizea + Qnises)er
+ (Qnt2 + Qniszer + Qniaea + Qnyses)es
+ (Qnt3s + Qnrae1 + Qnisea + Qnyses)es
=20 — (Qn + MA2Qn+2 + MA3Qnia + A2A3Qn+6)-
(c¢) By means of equation (4) and conjugation of Q,,, we get:
Qn + Qn =(Qn + Quire1 + Quyzea + Qnyzes) + (Qn — Quirer — Quyzea — Qnyzes)
—20,,.
(d) With the help of equation (4) and conjugation of Q,,, we have:
Qn — Qn =(Qn + Qnir€1 + Quizes + Qnises) — (Qn — Quirer — Qnyzes — Qnyses)
=20, — 2Q,.
(e) By using equations (4) and (5), we have:
Qh =Qp — MA@ i1 — MAsQin — A3 Q) 45
+ (2QnQn+1 + A3 (Qn12Qn+3 — Qni3Qny2)) €1
+ (2QnQn+2 + A2 (Qn13Qn+1 — Qni1Qn3)) €2
+ (2QnQn+3 + M (Qnt1Qn+2 — Qni2@n1)) €3
Then, we obtain
Q% =2QnQn — (Q2 + MA2Q7 1 + MA3Q) o + X X3Qh 1 3).
(f) By using equations (4), (5) and conjugate of Q,, we attain:
@i =Q2 — MA2Q2  — MA@ 0 — AaA3Q2 5
—2(Qn@nt1e1 + QnQnizes + Qnlnises) .
Then, we obtain
0, = ~2Q,Qn — (—3Q2 + M A2Q% 1 + MMQ2 4o + AXsQ2 ).
We finished the proof. O
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Theorem 3.9. Let Q,, and Q.,, be the nth and mth Horadam 3PGQ. For
all n,m > 0, the following properties can be written:

(a> Qan_Qan = 2[(@71 Qerl + QnJrl Qm) el+<Qan+2 + Qn+2 Qm) €2
L + (@nQm+3 + Qni39m) €3],
(b) @1 Qm+9n9m = 2[QnQm—A122Qn+1Qm+1—A1A3Qn1+2Qm 12— Ao A3Q 0 +3Qm 43
+ A3(Qn+2Qm+3 — Qni3Qmo2)er
+ X2 (Qn3Qmi1 — Qny1Qma3)e2
L + A (Qnt1Qmr2 — Qni2@m+1)es],
(C) Qan - Qan = 2[(Qn+1@m - Qan+1)€1 + (Qn+2Qm - Qan+2)e2
o o + (Qn—l—BQm - Qan+3)63]7
(d) Qan+Qn Qm = 2[Qan+>\1>\2Qn+1Qm+1+>\1>\3Qn+2Qm+2+/\2/\3Qn+3Qm+3
+ A3(Qn3Qmy2 — Qni2@Qma3)er
+ X2 (Qni1Qmy3 — Qni3Qmy1)e2
+ M (Qni2Qmi1 — Quy1Qmo2)es].

Proof.  (a) ViaTable 1, equation (4), conjugation and multiplication prop-
erties, we get:
21 Qm — 01 Qm
= (Qn + Qny1e1 + Qni2e2 + Qni3e3)(Qm + Qmirer + Qmizez + Qmyzes)
—(Qn — Qni1e1 — Qnizea — Qnyzes)(Qm — Qmirer — Qmizea — Qmyzes)
=2 [(Qn Qm+1 =+ Qn+1 Qm)el + (Qn Qm—&-Q + Qn+2 Qm)e2 + (Qn Qm+3 + Qn+3 Qm)e?)]

(b) With the help of Table 1, equation (4), conjugation and multiplication
properties, we obtain:

01 Qm + 9nQm
= (Qn + Qni1€1 + Qni2ea + Qni3€3)(Qm + Qmir€1 + Qmizes + Qmses)
+(Qn — Qnirer — Qnyzea — Qni3e3)(Qm — Qmyre1 — Qumi2e2 — Qmyses)
= 2[QnQm — MA2Qn11Qmr1 — MA3Qn12Qmy2 — A2 A3Qn13Qm43
+ A3(Qnt2Q@m+3 — Qni3Qm2)er + A2(Qni3Qm+1 — Qny1Qm3)e2
+ A (Qni1Qmi2 — Qni2Qmo1)es).
(¢) By means of Table 1, equation (4), conjugation and multiplication prop-
erties, we get:
0 Qm — 0 Qm
= (Qn + Qnyre1 + Qni2e2 + Qnises)(Qm — Qmirer — Qmizes — Qmyzes)
—(Qn — Qni1e1 — Quizes — Qnizes)(@m + Qmyrer + Qm2e2 + Qmses)
=2[(Qn+1Qm — @nQm+1)er + (Qni2Qm — QnQmy2)e2
H(Qnt+3Qm — @nQm+3)es] .
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(d) By utilizing Table 1, equation (4), conjugation and multiplication prop-
erties, we have:

0,.9m + 9,9m

= (Qn + Qnyr€e1 + Qni2e2 + Qnises)(Qm — Qmirer — Qmizes — Qmyzes)
+(Qn — Qnirer — Qnyzea — Qnizes)(Qm + Qmyrer + Qumizea + Qmyses)
=2[QnQm + MA2Qn11Qmi1 + M A3Qn2Qm2 + A2 A3Qn13Qm 3
+ A3(Qni3Qmy2 — Qni2Q@maz)er + A2(Qni1Qmis — QnisQmy1)e2
M (Qnt2@mt1 — Qni1@m2)es] .

Hence, we get what is desired.

O

Theorem 3.10. Let Q,, be the nth Horadam 3PGQ. For every n > 0, the
following matrix properties are expressed:

Qni1 Y _ (7 s " .
Qn 10 QO
Proof. By utilizing mathematical induction, we show the proof easily, so we

omit it.

O

Theorem 3.11 (Cassini Identity). Let Q,, be the nth Horadam 3PGQ.
The following Cassini identity is satisfied:

ABI”_l.CCn_l (932 51 EQ — X %2 51)
Q- 1Qn11— Q% = ( LS )

Tl — T2

Proof. By using equation (4) and (7), we can complete the proof easily. [

Definition 3.12. Let Q,, be the nth Horadam 3PGQ. For Ng, > 0 and
A1 )\gQiH + A1 )\3Q3L+2+)\2)\3Q,2L+3 # 0, polar representation of Q,, is as follows:

(9) 9, =+/No, (cos& + O, sin 9) ,

. 1
Qn =
\/)‘1)‘2Q3L+1 T AMAQn 0 + A2 A3Q7 5

(Qnt1, Qny2, Qnys)

and

cosf = Qn ; sinf = \/Al)\QQ%H AN+ AoAaCny .

w/NQn NQ

Here Qn is called Horadam 3-parameter generalized unit vector.

n
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Theorem 3.13. Let Q, be the nth Horadam 3PGQ. Then, the matrix
representation of Q,, can be written as follows:

Qn  —AMAQny1 —MA3Qni2 —A2A3Qn43

Qn-‘rl Qn _ABQn+3 /\3Qn+2
10 Mg =
(10) on Qnt2  A2Qnys Qn —A2Qny1
Qnys  —AMQni2 AMQni1 Qn

Here, the matrix Mg, is called the fundamental matrix for Horadam 3PGQs.

Proof. By multiplying Q,, = Q+Qni1e1+Qni2ea+Qnize3 with 1,e1, 62,63
from the left side and using Table 1, we obtain:
Qnl = Qn + Qniire1 + Qnizez + Quises,
Qner = =AM A2Qni1 + Qner + AaQpyzea — A Qny2e3,
Onez = =M A3Qn+2 — A3Qnizer + Qnez + AMQnres,
Qnes = —A2A3Qn+3 + A3Qni2e1 — Ao@ny1e2 + Qnes.

Then, writing the coefficients of {1, e1, €2, e3} of the above equations as columns
gives the matrix in equation (10). O

According to the values of \jc(1 2 3}, the matrix Mg, can be classified. For
A1 = 1,9, A3 € R, the fundamental matrix for Horadam 2PGQ is obtained.
For Ay = Ay = 1,A3 = —1, then the fundamental matrix for Horadam split
quaternions is obtained. Also, for Ay = Ay = A3 = 1, then the fundamental
matrix for Horadam Hamilton quaternions is obtained.

Remark 3.14. Let Q,, and Q,, be Horadam 3PGQs. Then, the following
can be given:

* 1 *«\ 1 *
Mo, (Q5,)" = Mo, (2,)" =(2nCQm)"
where the superscript * represents column matrix forms. Hence, here

Q=(Qn Quit Quiz Quis ) Qu=(Qn Qmi1 Quiz Quis )’

and

QnQm — MA2Qni1Qmi1 — MA3Qn2Qmi2 — A2 A3Qn13Qm 3
QrnQmi1 + Qni1Qm + A3Qn2Qmy3 — A3Qn3Qm 2
Qan+2 + Qn+2Qm - >\2Qn+1Q7rL+3 + A2Q7L+3Tm+1
QnQmi3 + QnQmy3 + AMQni1Qni2 — MQni2@mi1

Thanks to the Sentiirk and Unal [49], we can obtain the following definition:

Definition 3.15. Let Q,, be the nth Horadam 3PGQ. For all n > 0, the
following mathematical equations are satisfied:

% The determinant of Mg, : det (Mg, ) = N§ .
% The characteristic polynomial of Mg, :

2
Prio, (t) = (£ = 2tQn + Q2 + M A2Q2 11 + MA3Q2 o + Ao A3Q5 1 5)
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* The characteristic equation of Mg, :
det (Mg, — tI;) =0

< Pmg, (t) =

(t2 —2tQn + Qi + /\1/\2Qi+1 + )\1/\3Q3L+2 + /\2)\3Qi+3)2 =0
* The eigenvalues of Mg, :

Tio = Qu /=M@y — MAs@ps — Mads@2 s,

Tod = Qn — /=M@y — MA@ s — Aads@2 s
* Multiplication of the eigenvalues of Mg, :

Ti2Ta = Q2 + MA@2 1 + MA3Q2 5 + XAA3Q2, 5 = No, .

* The eigenvectors corresponding to the eigenvalue Ty o of Mg, :

)\1Qn+2\/*)\1>\2Qi+1*)\1>\3Q%+2*)\2)\3Q72L+3*>\1>\2Qn+1Qn+3
A1Q3L+2+>\2Q$l+3

Qni3y/—MX2Q2 | =M A3Q2  ,— X XA3Q2  ;+ A1 Qni1Qn2
>‘1Qi+2 +>‘2Qi+3

1
0

and

A2Qn+3 \/—)\1 A2Q2 = MA3Q7 X2 A3Q7 s+ A A2Qn 41 Qnt2
>\1 Q?l+2 +/\2 Qi+3

_ Qn+t2 \/—Al/\zQiJA—/\1/\3Qi+2—>\2A3Qi+3—>\2Qn+1Qn+3
)\1Qi+2+>\2Qi+3

0
1

* The eigenvectors corresponding to the eigenvalue T3 4 of Mg, :

A1Qn+2 \/_)\1 A2Q2 1 —MA3Q2 = AA3Q2 s+ A A2 Qn1Qn+s
)\1 Qi+2+>\2Qi+3

o Qn+3 \/—)\1 A2Q2 1 —MA3Q2  ,—AoA3Q2 s~ A1 Qnt1Qn2
)\1 Qi+2+A2 Qi+'g

1
0

and

A2Qny3 \/*Al A2QZ =\ /\SQ?H_Q —A223Q2 L 3 =AM A2Qn+1Qn+2
A Qi+2 +A2 Qi+3

Qn+2\/*AlAzQ%_H*)\1>\3Qi+2*)\2)\3Qi+3+)\2Qn+1Qn+3
AlQ%+2+>\2Qi+3

0
1
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Example 3.16. Let J; be the 4th Jacobsthal 3PGQ.

% According to equation (9), polar representation of Jy is as follows:

T = /25 + 1210 Ao + 4410, A5 + 1849000 (cosa + Jusin 9) .

* Moreover, Jacobsthal 3-parameter generalized unit vector is written as:
- (5,21,43)
LT VT2T0 e + 441N N + 1840000,

where
5

V25 + 1210 Ay + 4410 hg + 1849000
Gnd— \/ 1210 Ao + 441023 + 18490003
25 + 1211 Ao + 4411 A3 + 1849X5 A3
* Also, the following matrix can be constructed as follows:
5 —11A1A2 —21A1A3 —43X2)3

cosf =

Mo |1 5 —43)\5 213
Je ™| 21 43\, 5 —11)s
43 =21\ 11\, 5

* The determinant of M, is written as:
det (M7,) = (25 + 121X Ao + 44101 A3 + 1849X903)° = (N7,)° .
% The characteristic polynomial of Mz, is given:
Pz, (t) = (* — 10t 4+ 25 + 121\ Ao + 4410 A3 + 1849)\2)\3)2 .
% The eigenvalues of M gz, are determined:
Tio =5+ /—121A Ay — 4410 A3 — 1849295

and

Toa =5 —/—1210 Ay — 4410 A3 — 1849\ )s.
% The eigenvectors corresponding to T o are expressed:

T
( A (47322421 —T2TXN X —44TX A3 —1840X3X3) 231X +43/—121A; Ay — 441X A3 — 1849z %3 1 0 )
441X, +1849N5 441X1 +1849X5
and
T
( A2(231A1+43V—12IX A2 441X A3 —1849X283)  —253X5—21/— 12121 Ag—441A1 A3 — 18403723 0 1 ) .
4411, +18497, 4411, +1849X,
* The eigenvectors corresponding to Tz 4 are obtained:
ATBAI N2 +21A1 V=T2TN Ay —44TA A3 — 18400z A5  _ —231Ap—43V/—12IN A, —44IA A3 —1840%zA5 | r
441X, +1849X5 441X +1849X5
and
22310 A0 448XV 12TN A —AAIN A3~ 18490285 _ —473M =21/ T2IN A, —44IX A3 —1840%533 () T
441X +1849N 441X 18490

* The multiplication of the eigenvalues of M 7, is given:
Ti,2T3.4 =25 + 12101 Ao + 44101 A3 + 18492 )3.
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4. Conclusion

In this study, we determine Horadam 3PGQ by taking the coefficients of

3PGQ as Horadam numbers and also examine some special cases of them.
Also, we obtain Binet formulas, generating function, exponential generating
function, Poisson generating function, sum formulas, Cassini identity, polar
representation, and matrix equation. Then, we get the determinant, character-
istic polynomial, characteristic equation, eigenvalues, and eigenvectors for the
matrix representation of Horadam 3PGQ.

In our future study, we plan to introduce the 3PGQ with generalized Tri-

bonacci number components, as the choice of the special recurrence sequence
type can be modified.
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