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#-CONVERGENCE OF DOUBLE SEQUENCES IN
NEUTROSOPHIC 2-NORMED SPACES

NESAR HOSSAIN

Abstract. In this paper, we study the notion of .#-convergence of dou-
ble sequences in neutrosophic 2-normed spaces which is more generalized
version of statistical convergence of double sequences. Also we define .#5-
Cauchy sequence and discuss on .#2-completeness with regards to neutro-
sophic 2-norm.

1. Introduction

As a generalization of ordinary convergence of sequences of real numbers,
the idea of statistical convergence was first introduced independently by Fast
[18], Steinhaus [58] and Schoenberg [55]. Some recent relevant studies on
statistical convergence and applications may be referred to attract a wider
audience as [8, 30, 33, 42, 43, 44]. One of its interesting generalization is
Z-convergence introduced by Kostyrko et al. [39] where .# is an ideal of
subsets of the set of natural numbers. Since then this concept is being nur-
tured as several applications in different settings by various researchers like
[3, 4, 16, 14, 17, 24, 29, 32, 34, 48, 50, 54].

After the introduction of fuzzy set theory by Zadeh [61], there has been
extensive effort to find applications and fuzzy analogues of the classical theories
and it is being applied in various branches of engineering and science, namely
[5, 19, 22, 31, 40]. The reader can refer to the recent monographs [6] and [7]
on certain developments of the spaces of double sequences and usage of four
dimensional triangle matrices, and classical sets of fuzzy valued sequences, and
related topics. Later on, the notion of fuzzy set theory has been developed
effectively and generalized into new notion as its extension like intuitionistic
fuzzy set [1], interval valued fuzzy set [60], interval valued intuitionistic fuzzy set
[2], vague fuzzy set [11]. As a generalization of crisp set, fuzzy set, intuitionistic
fuzzy set, Pythagorean fuzzy set, Smarandache [57] studied the concept of
neutrosophic set. Later on, Bera and Mahapatra introduced the notion of
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neutrosophic soft linear space [9] and neutrosophic soft normed linear space
[10].

In 2020, Kirisci and Simsek [35] defined neutrosophic normed space and
studied the notion of statistical convergence. Granados and Dhital [23] in-
troduced the idea of statistical convergence of double sequences and Kisi [36]
discussed on ideal convergence for single sequences in the same space. Recently,
Murtaza et al. [49] defined neutrosophic 2-normed space and studied the notion
of statistical convergence. In this paper, we study the concept of .#-convergence
of double sequences and #-completeness with respect to neutrosophic 2-norm.

2. Preliminaries

Throughout the paper N and R indicate the set of natural numbers and
the set of reals respectively. |A| denotes the number of elements of the set A.
First we recall some basic definitions and notations which will be useful in the
sequal.

Definition 2.1. [46] Let .#° C N x N be a two-dimensional set of positive
integers and let J¢ (m,n) be the numbers of (j, k) in # such that j < m and
k < n. Then the two-dimensional analogue of natural density can be defined
as follows.

The lower asymptotic density of the set # C N x N is defined as
52( ) = Tim inf 271

- m,n mn
. In case the sequence (%) has a limit in Pringsheim’s sense then we say
that ¢ has a double natural density and is defined as lim,, ,, L?(nm’n) = §a(H).

Example 2.2. [46] Let ¢ = {(i®,5%) : i,j € N}. Then §(H#) =
lim,, 5, 20 < im,, ,, Y2 = ( je. the set # has double natural den-
El mn ’ mn

sity zero, while the set {(i,2;) : i,j € N} has double natural density ;.

Note that, if we set m = n, we have a two-dimensional natural density due
to Christopher [12].

Definition 2.3. [46] A real double sequence {l,,,,} is said to be statistically
convergent to the number £ if for each ¢ > 0, the set {(m,n),m < i,n < j:
|lmn — &| > €} has double natural density zero.

Definition 2.4. [39] A family .# of subsets of a non empty set 2 is said
to be an ideal in 2" if the following conditions hold:

1. e 7;

2. o, B € ¥ implies of URB € ¥;

3. @/ € F and B C &/ implies B € 7.

An ideal .# is called non trivial if 2" ¢ .# and .% # ().
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Definition 2.5. [39] A non trivial ideal .# C 2% is called admissible if
{z}izeZ}C s

Definition 2.6. [39] A non empty family % of subsets of a non empty set
X is called a filter in X if the following properties hold:

1. 0 ¢ .7;

2. of , B € .F implies o/ N B € F;

3. o € F and &/ C P implies B € F.

If # C 2% is a non trivial ideal then the class # (%) = {2\ & : & € I}
is a filter on 2" which is called filter associated with the ideal .# [39].

Definition 2.7. [39] An admissible ideal .% C 2" is said to satisfy the con-
dition (AP) if for every countable family of mutually disjoint sets {2, <s, ...}
belonging to .# there exists a countable family of sets { %, %2, ...} such that
the symmetric difference <;/\%; is finite for each i € N and | J;2, #B; € .

Definition 2.8. [13] A non trivial ideal %5 of N x N is said to be strongly
admissible if {i} x N and N x {i} belong to .5 for each i € N.

It is clear that a strongly admissible ideal is also admissible. Throughout
the discussion %5 stands for an admissible ideal of N x N unless otherwise
stated.

Definition 2.9. (see [13]) A double sequence {Z ., } of real numbers is said
to be J5-convergent to ¢ € R if for every € > 0, the set {(m,n) € N x N :
|xmn - §| Z 5} S j2-

Remark 2.10. (see [13]) (a) If we take o = #, where %) = {A C
NxN:3m(A) e N:i,j >m(A) = (i,j) ¢ A}, then Y will be a non
trivial strongly admissible ideal and clearly an ideal %5 is strongly admissible
if and only if % C #5. In this case 5-convergence coincides with ordinary
convergence of double sequences of real numbers.

(b) If we take S = 73, where 9§ = {A C N x N : §5(A) = 0}, then .93-
convergence becomes statistical convergence of double sequences of real num-
bers.

Definition 2.11. (see [13]) An admissible ideal %5 C 2M*N is said to sat-
isfy the condition (AP2) if for every countable family of mutually disjoint
sets {af|, 4, ...} belonging to .#, there exists a countable family of sets
{PB1, P, ...} such that the symmetric difference <,\NB; € I3 i.e. ANB;
is included in the finite union of rows and columns in N x N for each i € N and
Uis, #; € S (hence B; € S for each i € N).

The notion of linear 2-normed space was introduced by Gahler in 1960 and

later on, this idea has been developed in different manners [20, 25, 26, 28].

Definition 2.12. [21] Let & be a real vector space of dimension d, where
2 <d < co. A 2-norm on % is a function ||.,.| : & x 2 — R which satisfies
the following conditions:
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. ||z, y|| = 0 if and only if x and y are linearly dependent in %;
Nyl = |y, z|| for all x,y in Z;

. Nz, y|| = |a| ||z, y|| for all « in R and for all x,y in Z;
N4y, 2| < e, 2] + ||y, 2|| for all z,y, z in Z.

Example 2.13. [52] Let 2 = R%. Define |-,-|| on R? by ||z,y|| = |z1y2 —
xay1|, where x = (x1,22),y = (y1,y2) € R%. Then (Z,],-||) is a 2-normed
space.

=W N

Definition 2.14. [53] A double sequence {umy,} in a 2-normed space & is
said to be #5-convergent to & € Z if for every € > 0 and nonzero z € &, the
set {(m,n) E NXN: |lumn — &, 2| > e} € S.

Definition 2.15. [15] Let {umy} be a double sequence in a 2-normed space
% and ¥, be a strongly admissible ideal of NxN. Then {umy } is said to be .#5-
Cauchy if for every € > 0 and nonzero z € % there exist mg = my(e, z),ng =
no(e, z) € N such that {(m,n) € N X N: ||umn — Umgn, — &|| = €} € Ho.

Definition 2.16. [56] A binary operation N : [0,1] x [0,1] — [0, 1] is named
to be a continuous t-norm if the following conditions hold.

1. N is associative and commutative;

2. N is continuous;

3. zN1=uz forallx € [0,1];

4. z Ny < zNw whenever z < z and y < w for each z,y,z,w € [0, 1].

Definition 2.17. [56] A binary operation ® : [0, 1] x [0, 1] — [0, 1] is named
to be a continuous t-conorm if the following conditions are satisfied.

1. ® is associative and commutative;

2. ©® is continuous;

3. 20 0=z for all z € 0,1];

4. x ©y < z®w whenever x < z and y < w for each z,y, z,w € [0,1].

Example 2.18. [38] The following are the examples of t-norms:

1. 2Ny =min{z,y};

2. 2Ny =z.y;

3. Ny = max{x+y—1,0}. Thist-norm is known as Lukasiewicz t-norm.
Example 2.19. [38] The following are the examples of t-conorms:

1. 20y =max{z,y};

2.20y=x+y—2.y;

3. x ®y =min{x + y,1}. This is known as Lukasiewicz t-conorm.

Lemma 2.20. [51] If N is a continuous t-norm, ® is a continuous t-conorm,
r; € (0,1) and 1 <1 <7, then the following statements hold:
1. If ry > rq, there are rs,r4 € (0,1) such that 1 Nrs > ro andry > ro®ry
2. If r5 € (0,1), there are rg,m7 € (0,1) such that r¢ Nr¢ > r5 and r5 >
re O 71y,
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Now we recall the notion of neutrosophic 2-normed space introduced by
Murtaza et al. [49].

Definition 2.21. [49] Let # be a vector space, M = {<
(,2),¥0(,2),0(,2),9(1,2) >: (I,z) € # x #} be a normed space such that
No W x W xRt = [0,1]. Let N and ® be the continuous t-norm and contin-
uous t-conorm respectively. Then the four tuple %" = (¥, A45,N,®) is named
to be neutrosophic 2normed space (in short N2-NS) if for all l,s,z € # and
1,¢ > 0 and for each 8 # 0, the following conditions hold:

LO0<y(lzin) <1,0<ep(l,zm) <1,0<9I(,2n) <1, for all n € RT;
2. 9(Lzn) + ol zm) +9(, zm) < 3, for n € RY;

3. Y(l,z;m) =1 (forn > 0) iff | = 0, zero element in ¥';

4 9Bl zm) =z 1)

5. 9, z;m) B (s, 2;¢) < (I +s,2;m 4 Q);

6. ¥(l, z;-) is a continuous non-decreasing function;

7. lim, oo ¥(l,23m) = 1;

8. ¢(l,z;n) =0 (forn>0) iff  =0;

9. 0(BLzm) = (1, 23 17);

10. (1, 2:m) © @(s,2:¢) > @(l+s,2;n7+ C);

11. ¢(l, z;-) is a continuous non-increasing function;

12. lim, o0 (1, 23m) = 0;

13. 9(l,z;m) =0 (forp > 0) iff | = 0;

14 9(8L 2 ) = 00, 25 74);

15. 9(1, z;m) @ 9(s,2;¢) > I + s, 2;m+ C);

16. 9(l, z;-) is a continuous non-increasing function;

17. limy, 00 (1, 2;m) = 0;

18. If n <0, then ¥(l,z;nm) =0, o(l,z;m) =1, 9(,z;n) = 1.
In this case N5 = (1, p, ) Is called neutrosophic 2-norm.

Example 2.22. [49] Let (#,]],.,||) be a 2-normed space. Consider contin-
uous t-norm and continuous t-conorm as a Nb =abanda®b=a+b—ab
for all a,b € [0,1] respectively. Now, for x,y € # and n > 0 with n > |z, y||
consider

Y, y;n) = ——
( ) n+llz,yll

If we take n < ||x,y|| then

Yy LY
YR ¥}

n+llz,yl’ n

oz, ysn) =

U@, y;n) =0, @(z,y;n) =1 and 9(z,y;n) = 1.
Then (¥, 45,N,®) is a neutrosophic 2-normed space where N5 : W X ¥ X
R — [0,1].

Definition 2.23. [45] A double sequence {l,,,} in a N2-NS 2 is said to
be convergent to £ € £ with respect to A5 if for every o € (0,1),n > 0
there exists ng € N such that Y(lyn — &, 2;m) > 1 — 0, ©(lmn — &, 2;m) < o and
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V(lmn—E, 2;m) < o for allm,n > ng and nonzeroz € 2, i.e. limy, y—y00 ¥ (lmn—
& zm) =1, limyy, n— 00 O(lmn — &, 2;m) = 0 and limy, - o0 Vlmn — &, 23m) = 0.
In this case, we write A5 — lim l,,,,, = & or Ly £> £.

Definition 2.24. [45] A double sequence {l,,,} in a N2-NS 2" is said to be
statistically convergent to { € £ with respect to A5 if for every o € (0,1),n7 >
0 and nonzero z € 2, d3({(m,n) e NXN: (I — &, 2;m) < 1—0 or o(lymn —
& z;m) > o and V(lpmn — &, 2;m) > 0}) = 0 or equivalently lim, ; %\{m <i,n<
J i (lmn—8&,2m) < 1—0 or 9(lyn—&,2;m) > 0 and I(lmn —&, 2;m) > 0} = 0.

sta(Na

In this case we write sto(A3) — liml,,, = & or Iy, —)> & and € is called

sto(A3)-limit of {lnn}-

Definition 2.25. [45] Let {l,,,} be a double sequence in a N2-NS 2,
o €(0,1) and np > 0. {l;nn} is named to be statistically Cauchy with respect to
Ny if there exist mg = mg(0),ng = ng(o) € N such that d2({(m,n) € Nx N:
Y(lmn —lmgne, 251) < 1=0 0 @(lyn —lmgng, 251) = 0 and I(lmn —lmgn,, 251) >
o}) =0 for nonzero z € Z".

3. Main Results

Das et al. [13] first introduced the idea of .#-convergence of double se-
quences in metric spaces. Later on, this idea has been studied in different
settings by many authors [27, 47, 59]. Mohiuddine et al. [41] studied the no-
tion of Z-convergence of double sequences in random 2-normed spaces. Kisi
[37] defined and studied #5-convergence in neutrosophic normed spaces. In
this section, we define and study #5-convergence and #5-Cauchy sequence and
prove some associted results in the line of investigations of them with respect
to neutrosophic 2-norm. Throughout this section 2~ stands for neutrosophic
2-normed space unless otherwise stated. First we define the following:

Definition 3.1. Let {um,} be a double sequence in a N2-NS Z°. Then
{tmn} Is named to be Fs-convergent to & € 2 if for each o € (0,1), n >
0 and nonzero z € %, the set {(m,n) € N XN : ¢Y(upn —&,23m) < 1 —
o or (Umn — & 2;n) > 0, Humn — &, 2;n) > 0} € So. In this case we write

Io(N2) —lim Uy, = € OF U M ¢ and € is called S5 (N5)-limit of {umy }.

Lemma 3.2. Let {umn} be a double sequence in a N2-NS 2°. Then for
every o € (0,1), n > 0 and for nonzero z € Z the following statements are
equivalent:

1. Fo( M) — limup,y, = &;

2. {(m,n) e NX N:Y(umn —&,2;m) <1—0} € H and {(m,n) e Nx N:

O(umn—E,2;m) > 0} € Fo, {(m,n) € NXN: I(umn—E,2;n) > 0} € Io;

3. {(myn) € NXN : ¥(umn — & 2;1m) > 1 —0 and ©(umn — & 2;m) <

oy Y tmn — &, 2;m) < 0} € F(S2);
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4. {(m,n) € NxN: ¢Y(umn—E,2;n) > 1—0} € F(H) and {(m,n) € NxN:
@(umn —f,Z;?]) < U} € ﬂ(]ﬂ, {(man) € NXN: ﬁ(umn _572377) <
o} € F(SH);

5. Io(N) =lim Y (tumn —&, z;m) = 1 and Fo(A2) —lim @(tmn — &, 2;m) = 0,
Fo( o) —lim I upy, — &, 2;m) = 0.

Theorem 3.3. Let {um,} be a double sequence in a N2-NS 2. If A5 —
lim w,,, = € then Fo(As) — limuy,, = &.

Proof. Suppose that A5 —lim t,,, = £. Then for every o € (0,1) and > 0
there exists ng € N such that ¢ (umn — &,2;m) > 1 — 0, @(Uumn — &, 2;1) < 0
and 9(umn — &, 2;m) < o for all m,n > ng and nonzero z € 2. So, {(m,n) €
NXN: Y(umn—E& 2;m) <1—0 or @(umn—E,2;m) > 0, Humn—E,2;m) >0} C
{1,2,...,n0}x{1,2,...,n0}. Since .# is an admissible ideal, {(m,n) € NxN:
Y(Umn — & 23m) <1 =0 o P(Umn —&,251) > 0, Wumn —&,2;1) > 0} € S

ie., So(AN3) — limu,y,, = & This completes the proof. O
Theorem 3.4. Let {u,,,} be a double sequence in a N2-NS 2. If
Upnn, M) &, Io(Ms)-limit of {umn} is unique.
SI2(N2 I2(N2)

Proof. Suppose that wy,, —)> & and Uy, ——> v where £ # ~v. For
a given o € (0,1) choose A € (0,1) such that (1 - A) N (1 —-X) >1—0 and
A®AX < 0. Then for every n > 0 and nonzero z € 2, the sets {(m,n) € NxN:
w(umn _gaz;g) S 1—Xor So(umn _§7Z;g) 2 )‘7 ﬁ(umn _€7Z;g) Z >\} S jQ
and {(m,n) € NxN: )(umn—7,2;3) < 1=Xor @(Umn—",2;8) = A, H(Umn —
v,2;4) > A} € S5, Consider 1 = {(m,n) € NXN: (umn—&,2;53) < 1=}
ot = {mn) € N XN : plumn — £,21) > Ab; n = {(mm) € Nx N -
Htmn — &, 23 4) 2 A} and Ao = {(m,n) € NX N (tmn —7,2;5) < 1= A}
Aoy = {(m,n) € NXN: @(umn —7,2;8) > A} @y = {(m,n) € NxN:
19(’U,mn — Y, 2 g) > )\} Let ,way%g = [«wal U ng} n [JZZPl U JZ{SQQ] n [427191 U ,52/192].
Using Lemma3.2, we get o, € S2. So, let (m,n) € & ;. There arise
three possible cases.
Case — i :1f (m,n) € of N5, then for nonzero z € 2" we have ¥ (§—7, ;1) >
¢(Umn—f,Z;g)N¢(Um7L—%Z§g) > (1_)‘) N (1_/\) >1-o0. Since o >0 s
arbitrary, ¥(§ — v, z;n) = 1 for every n > 0. Hence £ = ~.
Case —ii : If (m,n) € o5 N g, then for nonzero z € 27, we have p(§ —
Y,2:m) < @(Umn — 21 3) © @(Umn — 7, 253) < AO A < 0. Since 0 > 0 is
arbitrary, p(§ — v, z;17) = 0. This implies £ = ~.
Case —iii : If (m,n) € o5 N o7, then for nonzero z € 2 we have ¥(§ —
¥, 2m) < W tmn — &§,253) © Wtmn —7,2;8) < AO X < 0. Since o > 0 is
arbitrary, 9(§ — v, z;nm) = 0. This implies £ = ~.
Therefore, we conclude that %5 (A%)-limit of {u,,} is unique. This completes
the proof. O

Theorem 3.5. Let {u,,} be a double sequence in a N2-NS Z°. Then we
have
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I (N I (N5 I (N5
1. IfumnMfandwmnM’y,umn-mean‘f‘%

2. If upn —W &, Cumn —M) c€.

Proof. 1. For a given o € (0,1) choose A € (0,1) such that (1—-X)~N(1—

Fa (N2

A)>1—0cand AO X < o. Since upy, Lol A, &, for every n > 0 and

nonzero z € Z we get
Ayr ={(m,n) € Nx N:¢)(upn =& 2 3) S 1= A} € 5
dp1 = {(m,n) ENxNzw(umn—f,z;g) >\ e S
g1 = {(m,n) ENXN:ﬁ(umn—g,z;g) > A} € .

Again, since w,, —— 7,

gz = {(m.n) € Nx N:g(wpn =72 9) 1= A} € 5

o = {(m,n) ENXN:go(wmn—’y,z;g) > A e S
o = {(m,n) ENxNzﬂ(wmn—%z;g) > A} e .

NOW, let "%1/1780»19 = [4271/)1 U ,Qfd,g] n [le U ﬂwg] n [JZ{gl U ,527192]. USing
Lemma 3.2, we get o ,9 € F2. So, let (i,7) € A - Now, for
(i,7) € A5, N 5y we have

Y(uij +wij — (E+7),25m) > P(uij — &, 25 g) N (wij — 7, 2; g)
S (1= N (1- A
>1-o0.
Again for (i,7) € D5 N Ao,
P(uig +wig — (E+7),25m) < p(uij — &2 g) © p(wi; =, 7; g)
<AOA
<o.

Similarly, for (4, j) € @5, Ny, I(ui; +wi; —(§+7), z;1n) < 0. Therefore

{(,5) € NX N ¢(us; +wij — (§+7),25m) < 1—0 or p(ui; + wi; —

(E+7),2:m) > 0, Huy +wi; — (E+7),2m) >0} C Hy o0 € I ie,
S2(N2)

2. It is obvious if ¢ = 0. So, we consider ¢ # 0. Since U, M &, for
every o € (0,1), 7 > 0 and nonzero z € 2, the set & = {(m,n) € NxN:
Y(Umn — &, 25m) < 1 =0 or P(Uumn —&,2;m) > 0, W tumn —&§,25m) >0} €
j2~ Now fOI’ (mvn) € ﬂcv we get w(cumn_cé 2 77) = ql)(umn_ga Z; %) Z

1p(uﬂ%n - 5,2577) N 1/’(&%% - 77) = 1p(uﬂ%n - 572577) N 1= dj(umn -
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£ zm) > 1—0, p(cumn—c&, z;n) = P(Umn—E, 2; \777\) < o(Umn—E,25m)©
@0, 23 15 = 1) = P(umn — & 2m) © 0 = @(umn — &, 23m) < 0. Similarly
H(CUmm — &, z;m) < 0. Therefore {(m,n) € Nx N: ¥(cumn, — €, z;n) <
I —-oor W(Cumn _0572577) > o, 19<C’U/mn —0572;77) > U} C e I

Therefore ct,y F2(A) €.
This completes the proof. O

Now we define .#*-convergence of double sequences with respect to .45.

Definition 3.6. Let {un,} be a double sequence in a N2-NS 2. Then
{tUmn} is said to be S5 -convergent to £ € £ with respect to the neutrosophic
2-norm A5 if there exists a set M = {m1 <mg < -+ <my < -+ ;01 <ng <
- <ng <---} CNxNsuch that .4 € F(Fs) and No — lim ty,,pn, = §. In

I3 (M2

this case we write 5 (AN3) — liM Uy = € OF Uy —)> ¢ and ¢ is called

IS (MNs)-limit of {tmn}.

Theorem 3.7. Let {u,,} be a double sequence in a N2-NS 2~ and %5 be

a strongly admissible ideal. If w,n, M & then Uy, M .

Proof. Suppose that M &. Then there exists a set 4 = {my <
mg < - < my < ---3mp < ng < - < my < ---} C NxN such that
M e F(S) (le. NxN\ A = o € F) and A, — limuyy,,,, = £ So for
each o € (0,1), n > 0 and nonzero z € 2, there exists a pg € N such that
Y(Umyn, =& 25m) > 1 =0, @(Umyn, — & 2;n) < 0 and H(Um,n, — &, 251) < 0
for all p, ¢ > po. Hence {(m,n) € N X N: p(tumn — & 2;m) <1 —0 or o(tmn —
&zm) > o, W umn —&,25m) > 0} C AU (AN ({ma,me,...,mp} X NU

N x {ni,na,...,np,})) € H. Therefore upy M £. This completes the

proof. [

In general, the converse of Theorem 3.7 is not true which can be shown by
the following example.

Example 3.8. Let # = R? and (#,|,.,|) be a 2-normed space with
llz, y|| = |z1y2 — 22y1|, where z = (z1,72),y = (y1,y2) € R2. Consider contin-
uous t-norm and continuous t-conorm as a Nb = ab and a ® b = min{a + b, 1}
for all a,b € [0, 1] respectively. Now, for x,y € # and n > 0 with n > ||z, y||,
consider

T,y T,y
2.5 gy — 101

n+ |z, yll n+ [l yll’ 7

Then (¥, 43, N, ®) is a neutrosophic 2-normed space with regards to neutro-
sophic 2-norm A3 = (Y, ¢,9). Let Nx N = J, 4 be a decomposition of
N x N such that for any (m,n) € N x N each %,, contains infinitely many
(p,q)'s where p > m,q > n and Dpq N\ D, = O where (p, q) # (m,n). Now we

Yz, yin) = ,plm,ysn) =
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define the double sequence {Uumn} by tmn = (pq,O) if (m,n) € Ppq. Then, for

1 > 0 and nonzero z = (21, 22) € # we have

U
Y(Umn, 230) = ———— — 1
( mns 77) 77+HumnaZH
| trmn, 2|
Umn, 2;M) = ———2 2 _ 3
s 51 = e et 2]
Y Umn, 2;7) = 7“%”"’7;” -0

as m,n — oo. Therefore A5 — limuy,, = 0. Since %5 is an admissible ideal,
Io(AN3) — lim Uy, = 0.

But {umn} is not .y -convergent to 0 € # . If possible, let J5(N3) —
lim t,,, = 0. Then there exists a set M = {m1 <mg < -+ <mg < -+ ;01 <
ng < ---<mny <---} CNxN such that # € F(93) and N5 —limy,,,, = 0.
Since M € F(.93), there is a set &/ € 5 such that # = N x N\ o/. Now
from the definition of %5, there exist i,j € N such that

A C (Upyy (U2 D)) U (U%:I(Urorjzlgmn))'

But then Zji1,j41 C M. So, Um,n, = (mﬂ) for infinitely many
(ms,ny) € A which contradicts the fact A5 — limuy, ,, = 0.

Now we see under what condition the converse of Theorem 3.7 is true.

Theorem 3.9. Let {um,} be a double sequence in a N2-NS 2. If %

> (A5
satisfies the condition (AP2) then & £ = Umn M £.

Proof. Suppose that % satisfies the condition (AP2) and ., M) £
Then for each o € (0,1),n > 0 and nonzero z € 2 the set {(m,n) € Nx N:
Y(Uumn — & 2;m) <1 =0 or O(mn —&,2;1) > 0y Htmn — &, 2;m) > 0} € So.
For ke N, n > Oandnonzeroz 6 K, consider By, = {(m, n) ENXN 1-1 <
Y(umn — & 23m) < 1 — W—l or k+1 < P(Umn — &, 23m) < k’ k+1 < ﬁ(umn -
& zm) < E} Clearly {1, %>, ...} is countable and pairwise disjoint and each
By, € 5. Since I, satisfies the condition (AP2), there exists a countable
family {%1,%>,...} such that the symmetric difference B, A6 is included in
finite union of rows and columns in N x N for each k and ¢ = (J;—, 6} € S.
Now from associated filter of .#; there is 4 € % (%) such that .# = NxN\%.
It is sufficient to prove that the subsequence {tmn }(mn)e.n is convergent to &
with regards to neutrosophic 2-norm A5. Let A € (0,1),n7 > 0. Choose s € N
such that X < A. Then {(m,n) € Nx N: ¢(upn — & 2;m) <1 =X or ¢(tmn —
I 77) > A Wumn — & 23m) = AL C {(m,n) € N XN th(uppn — & 25n) <

1— < or O(Umn —&,23m) > %, V(mn — &, 2;m) > 1} C US+1 PB),. Since B, \G),
are 1ncluded in finite union of rows and columns for k£ = 1,2,..., there exists
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(s0,t0) € N x N such that

s+1 s+1
(U %c) ﬂ{m >spandn >to} = (U %k> ﬂ{m > sg and n > to}.

k=1 k=1

If m > sg, n > to and (m,n) ¢ € then (m,n) ¢ UZill . Hence (m,n) ¢
;;11 By, Therefore for every m > sg, n > tg and (m.n) € A4 we get Y (umn —

5725;77) > 1=, Qp(umn_faZ;n) < Aand 19(“7nn_§7'3;77) < A. S0, Umn M}

&. This completes the proof. O

Now we define the notion of #-Cauchy sequence with regards to .45.

Definition 3.10. Let {u,,} be a double sequence in a N2-NS 2 and
o € (0,1) and n > 0. Then {umn} is named to be .#5-Cauchy with re-
gards to neutrosophic 2-norm A5 if for nonzero z € % there exist ng =
no(o,z), mo = mo(c,z) € N such that {(m,n) € NXN : (tmn—Umgng, 2; 1) <
1 =0 or (Umn — Umgng» 23 1) = 0y HUmn — Umgng, 2;M) > 0} € So.

Now we proceed with the investigations of relation between #5-Cauchy se-
quence and #-convergence with respect to the neutrosophic 2-norm A45.

Theorem 3.11. Let {umn} be a double sequence in a N2-NS 2. If {timn }
is So-convergent with regards to A5 then it is Fo-Cauchy with regards to 5.

Proof. Let {umn} be Ho-convergent to & € 2 and o € (0,1) be given.
Choose A € (0,1) such that (1 = A)N(1—X) >1—0 and A® A < 0. Then
for every n > 0 and nonzero z € 27, the set & = {(m,n) € N x N : (v —
§,2:8) ST =Xor @(Umn —& 255) 2> A, Wtmn — &, 2;2) > A} € . Then
g e F(SH). So ¢ # 0. Then there is (mog,ng) € &/°. Now, we define
B ={(m,n) € NXN: (Umn — Umgng, 2;M) < 1 — 0 0 ©(Umn — Umgngs 23 1) =
0y V(Umn — Umgng, 2;M) > o}. It is sufficient to prove the theorem that # C .
Let (i,7) € B. Then we get

WV(Uij — Umgng, 25 1) < 1—0 0o ©(Uij — Umgng, 25M) = T, H(Uij —Umgng, 257) >

Case — i : We consider ¥ (wuij — Umgn,, 2;1) < 1—0. We show ¢ (uij —§, 2; 7)
1 — A If possible, let ¥(u;; —&,2;3) > 1 — A Then we have 1 — o > (uj;
Umgngs %3 77) > d)(uij - 67 Z5 g) N ’(rb(umono - €7 2 g) > (1 - /\) N (1 - >\) >1- g,
which is not possible. So, ¥(u; — &, 2z;4) <1 — A,
Case — ii : We consider o(ij — Umgny, 2;1) > 0. We show p(u; —&,2;9) > A
If possible, let @(u;; — &, 2z;4) < X\. Then we have 0 < @(Uij — Umgng, 2:7) <
o(uiy —&,2,39) © ©(Umgno —§,2;4) < A® X < o, which is not possible. So,
Puij — & 23) 2 A
Case —iii : If we consider ¥(uij — Umgng, 2;1) > o then in the line of Case-II
we can show that ¥(u;; — &, 2;4) > A

Combining the above three cases we get (i,j) € o i.e. Z C &/ € %. Hence
{umn} is H2-Cauchy with regards to .#5. This completes the proof. O

VAN
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Theorem 3.12. Let {umn} be a double sequence in a N2-NS 2. If {timn }
is S5-Cauchy with regards to A5 then it is F5-convergent with regards to 5.

Proof. Let {umn} be HH-Cauchy with regards to .45 but it is not F5-
convergent to £ € £ with regards to #5. Then for ¢ € (0,1), n > 0 and
nonzero z € %, there exist ng = ng(o,z), mg = mg(o,z) € N such that
o ={(m,n) € NXN: (tUmn — Umgne,2;1) < 1—0 0r @(Umn — Umgne, 251) >
0y N mn — Umgng, 25m) > 0} € F5 and B = {(m,n) € N XN : ¢(upmy —
§,2;8) > 1 —o0 and @(umn — §,2,8) < 0, tmn — &,2;9) < 0} € SFo.
So, #° € F(H). Since Y(Umn — Umong, 2;M) = 20(Umn — &, 2;4) > 1 —0
and (Umn — umgnanQU) < O(Umn — &, 2 g) < o, V(umn — umonovz;n) <
ﬁ(umn - 5725 g) < oif 1p(umn - 5723 g) > 1_TU and Qo(umn - fvz; g) < ga
V(Umn — &, 2;3) < 3. This implies /¢ € #, which leads to a contradiction be-
cause {Umn } is Fo-Cauchy with regards to .#5. Hence {un,, } is Fo-convergent
with regards to .#5. This completes the proof. O

Definition 3.13. A N2-NS 2 is named to be #5-complete with regards
to A5 if every Fo-Cauchy sequence is F5-convergent with regards to 5.

Remark 3.14. In the light of Theorems 3.11 and 3.12, we see every neu-
trosophic 2-normed space is ¥5-complete.

Conclusion and future developments

In this paper, we have dealt with %5 convergent sequences in N2-NS and
have shown that every N2-NS is #-complete. Later on, these results may be
the opening of new tools to generalize this notion in various direction such
as So-statistical and Hp-lacunary statistical convergence with respect to 45.
Also, this idea can be used in the field of convergence related problems in many
branches of science and engineering.
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