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LARGE DEVIATIONS FOR A SUPER-HEAVY TAILED
B-MIXING SEQUENCE

YU MIAO AND QING YIN

ABSTRACT. Let {X, Xyn;n > 1} be a S-mixing sequence of identical non-
negative random variables with super-heavy tailed distributions and S, =
X1+ Xo+ -4+ Xy,. For e >0, b > 1 and appropriate values of z, we
obtain the logarithmic asymptotics behaviors for the tail probabilities
P(Sy, > ") and P(S, > e®"). Moreover, our results are applied to
the log-Pareto distribution and the distribution for the super-Petersburg
game.

1. Introduction

We are concerned with large deviations for a super-heavy tailed S-mixing
sequence. Our approach is based on techniques of transforming dependent
sequence to independent sequence and partitioning (see Berbee [2] and Liu and
Hu [13]). Nakata [20] studied that large deviations for sums of independent and
identically distributed random variables with non-negative super-heavy tailed
distributions. We extend the results in Nakata [20] to S-mixing sequence.

1.1. Heavy-tailed random variables

Hu and Nyrhinen [10] introduced the following two parameters for non-
negative random variable X, namely,

1
a* = —limsup - log P (log X > t) € [0, o0]

t—o0 t
and ]
Q= —litminf 7 logP (log X > t) € [0, o0].
bde el
Clearly, a* < a,. The parameters are finite and equal with the common value
« if and only if for every € > 0 and large t,
1 1

jate <PX>t)< ol

(1.1)
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We may have a* < ay. To see this, let P(logX = e") = Cexp(—e™) for
n=1,2,..., where C is a constant such that }_ -, Cexp(—e") = 1. For this
random variable, we have o* = 1 and a, = e. A further useful fact is that

o =sup{m > 0; E(X™) < oo}.

The proof can be found in Rolski et al. [21, p. 39]. If a* < oo, then X is heavy
tailed, namely, Ee™¥ = oo for every m > 0.

Hu and Nyrhinen [10] established the large deviations for the partial sums
of non-negative independent and identically distributed random variables with
heavy tails, which answered the conjecture in Gantert [8]. Miao et al. [17]
showed the logarithmic asymptotic behaviors for the cases of m-dependent
sequence and negatively associated sequences. Miao et al. [16] studied the
logarithmic asymptotic behaviors for the largest order statistics from a Pareto
distribution. Stoica [23] obtained the large deviations for the player’s gains in
the independent St. Petersburg games. Li and Miao [11] established the large
deviations for the partial sums of independent identically distributed B-valued
random variables. Miao and Li [15] further extended the works in Li and Miao
[11].

1.2. Super-heavy tailed random variables

If & = 0 then it seems that (1.1) is not so effective. Therefore, Nakata [20]
tried to introduce parameters n, and n* as follows:

1
(1.2) n* = —limsup ElogP(log log X > t) € [0, 0]
t—o0
and
1
(1.3) Ne = flitminf; log P (loglog X > t) € [0, ).
— 00

If the parameters are finite and equal with the common value 7, then for each
€ > 0 and large =, we get

1 1
——— <PX>2) —c—
logayrre =" 7S (ogayie
whose tail is super-heavy. The terminology “super-heavy” is used in Falk et al.
[6]. A further useful fact is that

n* = sup{d > 0; E((log X)%) < 00}.

The proof is used by the same method as Rolski et al. [21, p. 39].

Nakata [20] studied the following large deviations for sums of independent
and identically distributed random variables {X, X,,;n > 1} with super-heavy
tailed distributions.

Theorem 1.1. Assume that 0 < n* < oo. Then for any ¢ > 0, the following
statements hold.
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(i) We have
log P (S, > e
lim sup 8P ( ) =1-—n"z, for x>max{1,1/n"}.
n—00 logn

In addition, if n. < oo then

logP (S, > e™"
lim inf 8 ( ¢ )
n—o0 logn

(ii) We have

=1-—nz, for z>max{l,1/n"}.

logP (S, > e=*"
lim sup o8 ( c ):—n*logb, for b>1.

n—00 n

In addition, if n. < oo then

logP (S, > "
lim inf o8 (" ¢ ):—n*logb, for b>1.

n—00 n

Liet al. [12] obtained a general large deviation result for the tail probabilities
P(||Sn|| > sg(n)) for all s > 0 by giving the exact values for

o ogP(IS,) > sg() . TogB(1S] > se(n)
n— 00 logn n—00 h(n)

9

where {X, X,,;n > 1} is a sequence of independent and identically distributed
B-valued random variables. In their paper, (B, ]| -||) is a real separable Banach
space equipped with its Borel o-algebra, i.e., the o-algebra generated by the
class of open subsets of B determined by |- ||. g(n) is a continuous and strictly
increasing function and h(n) is an increasing regularly varying function.

1.3. [B-mixing sequence

Let us recall the definition of the S-mixing coefficient, and for the definitions
of other mixing coefficients as well as for the relations between them, we refer to
Bradley [3]. Let X and Z be two random variables, and denote the distribution
of (X, Z) by ux,z) and the distributions of X and Z by pux and pz. The (-
mixing coefficient of X and Z is defined as

1
B(X,Z) = QHM(X,Z) —pux @ pzl,

where || — v|| denotes the (total) variation norm of the signed measure pu — v.
Now for a sequence of random variables {Y;,;n > 1}, define

ﬂ(n) = Sup B((Y17}/27 s 7Yk)7 (Yk+n7Yk+n+l7 . ))
keN

The sequence is called S-mixing (or absolutely regular) if f(n) — 0 for n — oco.

In time series, asymptotic independent conditions such as mixing conditions
are usually proposed to replace independent case, among which S-mixing is
an important dependent structure and has been connected with a large class
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of time series including autoregressive moving average (ARMA) models, gen-
eralized autoregressive conditional heteroskedasticity (GARCH) models and
certain Markov processes.

Masuda [14] considered a multidimensional diffusion with jumps and pro-
vided sets of conditions under which the multidimensional diffusion is expo-
nentially S-mixing (i.e., 8(n) = O(e~7") for some v > 0) and fulfils the er-
godic theorem for any initial distribution. Specially, Masuda [14] proved that a
special Lévy-driven Ornstein-Uhlenbeck processes is (exponentially) S-mixing
based on the super-heavy tailed condition. Let Q € R*®? whose eigenvalues
have positive real parts, and let Z be a nontrivial d-dimensional Lévy process.
Then let X be a d-dimensional Ornstein-Uhlenbeck process given by

(1.4) dX, = —OX,dt + dZ,

with £(Xo) = 1. We beforehand know that a unique invariant distribution
m exists if and only if le|>1 log |z|v(dz) < oo, where v is a Lévy measure.
Masuda [14] showed the following results: Let X be the Ornstein-Uhlenbeck
process given by (1.4), then:

(i) If f‘z|>1 log |z|v(dz) < oo, then X fulfils the ergodic theorem for any 7
and is S-mixing for n = m;
(i) If f\2\>1 |z|7v(dz) < oo and [ |z|in(dz) < oo for some g > 0, then X is
exponentially S-mixing and [ |z]i7(dz) < oc.
Athreya and Pantula [1] considered an autoregressive process given by Y,, =
pYn_1+en, n=1,2,..., where |p| < 1 and {€,} are i.i.d. random variables

independent of Y. Assume that there exists a finite constant C' such that
le1| < C and

E(log™ |e1]) < oc.

In addition, for some ng > 1, Uy, = 2;21 p’e;j has a non-trivial absolutely
continuous component, then for any initial distribution of Y, concentrated on
a bounded set, {Y;,} is f-mixing (in fact, {¥;,} is uniform mixing).

Liu and Hu [13] studied the logarithmic asymptotics for a stationary se-
quence of non-negative S-mixing random variables with heavy tails. The novel
work of Chen et al. [4] made the first attempt to develop the theory of Cramér-
type moderate deviations for self-normalized sums of weakly dependent random
variables satisfying the geometrically S-mixing condition or geometric moment
contraction. Gao et al. [9] further improved the results in Chen et al. [4] by
applying their new framework on the general self-normalized sum. Miao and
Yin [18] proved the logarithmic asymptotic behavior and the weak law of large
numbers for a stationary sequence of nonnegative S-mixing random variables
with heavy-tailed distributions.

In the present paper, let {X, X,,;n > 1} be a f-mixing sequence of identical
non-negative random variables with super-heavy tailed distributions and S,, =
X1+ X2+ -+ X,,. The parameters n* and 7. are defined in (1.2) and (1.3).
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Furthermore, we assume that
PX>e)=1

and E((log X)%) > 1 for any d > 0. In Section 2, we give some preliminary
lemmas. In Section 3, for € > 0, b > 1 and appropriate values of x, we obtain
the logarithmic asymptotics behaviors for the tail probabilities P(S,, > )
and P(S,, > ect” ). Moreover, we apply our results to the log-Pareto distribution
and the distribution for the super-Petersburg game. In Section 4, we state the
proofs of the main results. In Section 5, we study a generalization of Theorems
3.1 and 3.2.

2. Some preliminary lemmas

We begin with a series of lemmas which are needed in the sequel. The
following decoupling lemma was obtained by Berbee [2] and Schwarz [22]. It
will be used to decouple X; and X, when |i — j| is big enough.

Lemma 2.1. (Berbee [2, Lemma 2.1]) Let {X, X,,;;n > 1} be random variables
on a probability space (2, A, P) and for every 1 < k < n, define

Br = B((X1, Xoy oo, Xio), (Xig1, Xpyo, oo, X))

Then there exist independent random wvariables X1,Xo,..., X, on the same
probability space such that X; and X; have the same distribution and

<Bi+Ba+--+ B

Lemma 2.2. (Nakata [20, Lemma 3.2]) For e > 0 and z > 0, we have
logP (log X >en®)

(2.1) (1 Xare X)) = H(Ry K )

(2.2) lim sup —n*z
n—00 logn
and
log P (log X x
(2.3) lim inf -2 (log X > en”) = —1,2.

n—00 logn

Remark 2.1. Tt is easy to see that (2.2) implies that for any § > 0, there exists
a positive constant ng, such that for all n > ng,

P (X > 68"1) < pmEtd

and there exists a subsequence {ng, k > 1}, such that

x

P (X > esnk) > n’;n*;z,»fé.

Similarly, (2.3) implies that for any § > 0, there exists a positive constant ng,
such that for all n > ny,

P (X > eE"I) > M0
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and there exists a subsequence {ng, k > 1}, such that
P(X > et <mgmo .

Lemma 2.3. (Nakata [20, Lemma 3.2]) For e >0 and b > 1 we have
b logP (log X > &b™)

(2.4) lim su = —n"logb
n—o00 n
and
logP (log X > eb™
(2.5) lim inf 2 (log X' > <b") = —1n,logb.

n—00 n

Remark 2.2. Tt is easy to see that (2.4) implies that for any ¢ > 0, there exists
a positive constant ng, such that for all n > ng,

P (X > esbn> < ey
and there exists a subsequence {ny, k > 1}, such that
P (X > eEb"k) > e Ok

Similarly, (2.5) implies that for any § > 0, there exists a positive constant ny,
such that for all n > ng,

P (X > esb") > e—énb—n*n
and there exists a subsequence {ny, k > 1}, such that
P(X > ™) < et

Lemma 2.4. (Nakata [20, Lemma 3.3]) Assume that {X,X,;n > 1} is a
sequence of independent identically distributed non-negative random variables
with E((log X)¢) < oo for some 0 < d < oo. Denote A = min{d, 1}. Then for
t>0,

1 <u<exp (tl/)‘ (1 — 2*1/)‘)>

and forn=1,2,..., we have

1/x 1/ AN\ U
P(s,> ") <n <X> - >+ (2enE((1ogX) )) |

ut

3. Main results and applications
3.1. The main results

In this subsection, we state the main results of the paper. Write z =
max{1,1/n*} if n* € (0,00], where by convention, 1/co = 0. Write also
z = max{l,1/n.} if n. € (0, 00].
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Theorem 3.1. Assume that 0 < n* < oo and the mizing coefficient B(n)

satisfies
1
8B |, o s m—roo,
logn
then for e > 0 and every x > Z,
. log P (Sn > 65"1)
lim sup
n— 00 log n
In addition, if n. < oo, then for e >0 and every x > Z,
logP (S, > ="
(3.1) lim inf —2 ( )
n—00 logn

=1-n*z.

=1—-n.z.
Theorem 3.2. Assume that 0 < n* < oo and the mizing coefficient B(n)

satisfies
1
eBm) |, o us no oo
nlogn

then for e > 0 and every b > 1,
logP (S, > e=?"
lim sup gl ( ) = —n*logb.

n—00 n
In addition, if n. < 0o, then for e > 0 and every b > 1,
log P (S, > e=*"
(3.2) lim inf —2 (Sn > ) = —1n, logb.

n—00 n

From the theoretical point of view, it is also interesting to consider the above
tail probabilities in the extreme cases n* = 0 and n* = co. The following results
are complementary to Theorem 3.1 and 3.2.

Theorem 3.3. Assume that n* =0 and the mixing coefficient 5(n) satisfies

1
8P |, o5 as noroo,
logn
then for e > 0 and every x > 1,
(3.3) limsup P (Sn > e”"w> =1
n— oo

In addition, if n* = oo, then for e > 0 and every x > 1,

log P en®
(3.4) i 08P (S >e)

n—o0 logn

Theorem 3.4. Assume that n* = co and the mizing coefficient B(n) satisfies

1
88) 0 a5 no oo
nlogn

then for e > 0 and every b > 1,
logP (S, > e=*"
(3.5) lim & ( ) = —00.

n—00 n
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Many results indicate that the extremal behaviour of the partial sum S,
of the super-heavy tailed sequence is caused by a similar behaviour of the
maximum

M, = max{X, Xo,..., X, }.
We refer to [5]. Therefore, we get the following results.

Corollary 3.1. Under the conditions in Theorem 3.1, for € > 0 and every
T > T, we have

log P (M, > ")

(3.6) lim sup =1-n*z
n—oo logn
and
logP (M, > "
(3.7) timing 28 F )

n—»00 logn

Corollary 3.2. Under the conditions in Theorem 3.2, for ¢ > 0 and every
b > 1, we have

logP (Mn > efbn)

(3.8) lim sup = —n"logb
n—00 n
and
log P (M,, > ="
(3.9 lim inf —2 ( ) = —1, logb.
n— o0 n

3.2. Applications
In the subsection, we state two examples.

Example 3.1. (log-Pareto distribution) Let X, X7, X5, ... be non-negative /3-
mixing random variables with

1
P(X >z)=—— for z>e,
log x
which is called the log-Pareto distribution in Galambos [7]. Let S, = " | X;.

It turns out that n =n* = n, =1 by calculating (1.2) and (1.3).
Assume that the mixing coefficient (n) satisfies
1
0eSn) |, o as oo,
logn
then for € > 0 and every = > 1, we get
log B (S, > ¢°)

im =1-uz
n—»00 logn

In addition, assume that the mixing coefficient 5(n) satisfies

log 3(n)

——— — —00 as n — oo,
nlogn
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then for e > 0 and b > 1, we get

eb™
lim log P (Sn - ¢ ) = —logb.

n—00 n

Example 3.2. (The distribution of the super-Petersburg game) Let X, X7, Xo,
... be non-negative S-mixing random variables with

P(X =22)=2"% for k=1,2,...,
where X is the payoff of the super-Petersburg game. Some historical discussion
of the game was written in Nakata [19]. The tail probability is
1

— <P(X >z)=2"lslsa] =
lgx

o{lglgz} 2
— < — for x>4,
lgx lgx
where lgx = (log z)/(log 2), [z] is defined as the largest integer not exceeding
and {z} stand for the fractional part of z, i.e., {z} = x—[z]. Let S,, = > ", X,.
It turns out that n = n* = n, = 1 by calculating (1.2) and (1.3).
Assume that the mixing coefficient 5(n) satisfies
1
log 5(n) — —00 as n— 0o,
logn
then for e > 0 and every x > 1, we get
logP (Sn > eE”m)

=1-ux
n—o0 logn

In addition, assume that the mixing coefficient 5(n) satisfies

1
M — —00 as n — oo,
nlogn

then for e > 0 and b > 1, we get
logP (S, > "
lim o8 ( ¢ ) = —logb.

n—00 n

4. Proofs of the main results

Proof of Theorem 3.1. Let v € (0,1). Decompose the set {1,2,...,n} into I(n)
blocks of a length k(n) and a block of a length less than k(n), where k(n), I(n)
are integers with

k l
(4.1) ﬂ 1, ﬂ
nYy nl—
According to the above formulas, for any 0 < § < 1, if n is large enough, it is
easy to see that
(4.2) (1—=68)n'"7"<I(n) <(1+d8)n7.

By using Lemma 2.1, we know that there exists a sequence of independent
random variables X7, Xo,..., X, such that for every 1 < i < n, X; and X;
have the same distribution.

—1 as n — oo.
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Step 1. We shall prove the lower bound of the limit (3.1), namely,

log P (S, > e

(4.3) tim it (28T (50 > ™)
n—o0 logn

Combining (2.1) with (4.2), we get

>1—n.x.

P (Sn > e”)

U(n)

>P | Y Xt > e
j=1

> P X > e
(44) (é?gffn) G-Dh(m)+1 =€ )

>p( - x(j_n,{(nmmmx) — I8k ()

1<5<l(n)
—1- (=P (x> e ) i)

1-(1-P(x> esn“))“"”"M (14 8)n I Bk(n)).

Note that by Remark 2.1, we have

Y

P (X > esnw) > M0
which together with (4.4) and the following inequality
1—y<e™ for y>0,
we get
P (Sn > 65”1)

(1—8)nt=7

Y

1— (1= 7ee9) = (14607 B(k(n))
1— e =m0 (4 5)n 7 Bk (n))
> (14 0(1))(1 = §)n="*=F1=7 _ (1 4 6)n'~7B(k(n)).

Y

Substituting (4.2) and log 8(n)/logn — —oco (n — oo) into the above inequal-
ity yields
log ((1+8)n'=78(k(n)))

lim inf = —00.
n—00 logn

Therefore, we obtain

log P en”
liminf 8- 0n =€ ) (Sn > e )
n—o0 logn

This implies (4.3) by letting ¢ | 0 and ~ | 0.

>1—nax—0—1.
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From Remark 2.1, we know that for any 6 > 0, there exists a subsequence
{nk; k > 1} such that

P (X > esni) > n’;n*x—é.

Hence, analogously to (4.3), it is straightforward that

en®
limsup logP (S, > &)

>1—n'x.
n—oo logn

Step 2. We shall prove the upper bound of the limit (3.1), namely,

logP (S, > e
(4.5) lim g 287 (5n > )
n—o0 logn

<1—mn.x.

Applying Lemma 2.1 and the inequality (4.2), we have

1 k(n) 1 l(n)+1 oen
<P ) i Z X(i-1)k(n)+j >
Jj=1
k) e
Jj=1 i=1
1 eEn
< k(n)P 1(n) Z X(i—1)k(n)+1 >
i=1
I(n)+1

< k(n)P Z X(i,l)k(n)Jrl > (1-— 5)n_’yeenw

=1
I(n)+1 ~ .
< k(n)P Z X(i,l)k(n)Jrl > (1— (5)71_766”1

+ k(n)(I(n) + 1)B(k(n))
< k()P (Sigmy 1 > (1= )7 ) + 208 (k(n)),

where
I(n)+1

n)+1 = Z Xz Dk(n)+
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If z =max{1,1/n*} =1, let
1
—— <AL,
1+¢
Moreover, if Z = max{1,1/n*} = 1/n*, let

*

n *
<A<n.
1+ en* K

Then applying Lemma 2.4 with
t = (log (1= 6)n ) +en”)",
we have
1 <u<exp ((log (1=8)n"7) +en®) (1 _ 2—1//\)) _

In particular, choosing

(4.6) umaX{Q(Z;:C_ll),l},

we have
k(n)P (S’I(H)H > (1-— 6)n_“’emx)
(1—8)n e )

u

< k(n)(I(n) +1)P (X >

" 2enE((log X)*) )u
u (log((1 = 8)n="7) + en®)*

(1—68)n e 2enE((log X)) h
< 2nP <X > > + k(n) <u(log((1 s — +mz)x>

Together with (4.1) and log 8(n)/logn — —oo (n — 00), we know that

wn L log(nf(k(n)

n— 00 logn

It follows, from Lemma 2.2, that

1—8)n" e
L og (m (X > W"))
n—oo logn u

lim inf
= liminf ! log (2nP (log X > log ((1 — 8)n™") + en® — logu))

n—o0 Og’n,

1 x
< lim inf1 log (QnIP’ <logX > 52))

N

n—oo logn
=1—-n.x.
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Note that by (4.1), it implies that

2enE((log X )*) b
k(n
) (u (log((1 —d)n="7) + 5n$)>‘> ]

log k(n) + u[log(2enE((log X)*)) — log(u(log((1 — §)n=7) + en®)*)]

lim inf
n—oo logn

log

= liminf
n—00 IOg n
log k(n) +u [1og (2enE((log X)*)) — logu — log (%snm)A}
< liminf
n—00 logn
=5+ u(l - Ax).

Letting v | 0, it follows that

. 1 2enE((log X)*) h B o
hmlnf1 log [k(n) <u(log ))\> ] =u(l — Ax).

n—oo logn (1 =98)n=7) +en®

Therefore, by using (4.6), we have

log P (Sn > emx)

lim inf <1—n.x.
n— 00 logn
Similarly, we can get
logP (S, > e"
lim sup & ( ) <1l-n*z.
n—o0o log n 0

Proof of Theorem 3.2. Decompose the set {1,2,...,n} into I(n) blocks of a
length k(n) and a block of a length less than k(n), where k(n), I(n) are integers
with

k(n) 1 I(n)

4.8
(48) n/logn—>’ logn

—1 as n — oo.

Note that by the above formula, for 0 < § < 1, if n is large enough, we have
(4.9) (1-=29)logn <l(n) < (1+6)logn.

From Lemma 2.1, we know that there exists a sequence of independent random

variables X1, Xo,..., X, such that for every 1 < i < n, X; and X; have the
same distribution.

Step 1. We shall prove the lower bound of the limit (3.2), namely,

logP (S,, > e=*"
(4.10) lim inf o8 ( ¢ )

n—o0 n

> 1) IOg b.
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Combining with (2.1) and (4.9), we get

P (Sn > efb")

1)
>P (Y XG-nime > e

j=1

]P( max X(j—l)k(n)+1 > eabn>

1<j<i(n)

IV

(4.11)

> . eb™ ) _
>P (1512%”) X(G—1D)k(n)+1 > € ) l(n)B(k(n))

— 1 (1=p0x > ) ™ < 1) Bk(n)

>1—(1-P(X > et )I=0len _ (14 5)(logn)B(k(n)).
From Remark 2.2, for £ > 0, we have
P(X>e") > ey,
which combine with (4.11) and the following inequality
l—y<e? for y>0,
we obtain

P (Sn > eabn>

(1-96)logn

Y%

1—(1—e?mpmm) — (14 0)(logn)B(k(n))
> 1 — e~ (1=0)ogm)e™ b _ (1 4 5)(logn)B(k(n))
(1+0(1))(1 = 6)(logn)e™ b~ ™" — (1 + §)(log n)B(k(n)).

Substituting (4.1) and log 8(n)/nlogn — —oo (n — oo) into the above in-
equality yields

V

Y

. 10801+ 0)log )5 (k(n))

= —00.
n—00 n
It is straightforward that
logP (S, > e="
lim inf o8 ( c ) > —0 — . logb.

n— oo n

Because of the arbitrariness of ¢, (4.10) holds.
Note that by Remark 2.2, we know that for any é > 0, there exists a subse-
quence {ng;k > 1} such that

P(X > et™) > e,
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Hence, analogously to (4.10), it is straightforward that

b
i sup log P (Sn > e )

n—00 n

> —n*logb.
Step 2. We shall prove the upper bound of the limit (3.2), namely,

logP (S,, > es""
(4.12) liminf o8 ( ¢ )

n—o0 n

< 1)« IOg b.

Applying Lemma 2.1 and the inequality (4.9), we have

i=1
k(n) l(n)+1 b
1 1 e
<P| — — X(i—1)k(n)+j > ——
Kn) 2 1(n) 2 n
k:(n) 1 l(n)+1 eEbn
=P o) X(i—1)k(n)+j > k(n) "
j=1 =1
1 l(n)+1 esb”
< k(n)IP m ' X(i,l)k(n)Jrl >
i=1
l(n)+1 pn
1—96)(logn)ec
<EMP( Y Xa-tykmy+1 > ( )(ng )
i=1
I(n)+1 pn
. (I =96)(logn)e®
< k(n)P X
< k(n) ; (i—1)k(n)+1 > -
+k(n)(l(n) +1)B(k(n))
~ 1 —6)(log n)est”
< 1P (S > TN o),
where
i (n)+1
Sin)+1 = Z X(i—1)k(n)+1-
i=1

Applying Lemma 2.4 with

t= <1og <(1 - 5)1°i"> + sb">/\,

867
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where A = 1/n, we have

1gu§@m<<ng1&ki”>+aw>@27w>.

We can put v = u'n, where
(4.13) v = max {2¢°b™", 7, logb, 1} .
It is not difficult to get that

k(n)P <§z(n)+1 >

(1 —6)(logn)es” )

n

< s+ (x> (0B

U
2enE((log X)/™
. (g X))
u (log ((1 —0) log") + ab")
(1 — §)logn eet”
<P (X > ——77"——
u'n
2¢E((log X)/™
k) e (log X)/")

u/ (1og ((1 — 5)10%) + ab”) v

Together with (4.8) and log 8(n)/nlogn — —oo (n — o), we notice that
" L log@nB(k(m) _

n—00 n

—4) 1082716617" )

logn

It follows, from Lemma 2.3, that

lim 1nf log P

n—oo N

) +eb™ — 1og(u'n)>

IN

lim 1nf — logIF’

n—o0

(4.15) = 11nrr_1>1£f—10g ( og X > 1og( —9)

log X > )
= — 1 log b.
Note that by (4.8), we get

1/n
lim inf = log | k(n) 2¢E ((log X)'/) -
noeen u’ <1og ((1 - 5)10%) + sb")
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= liminf Fng(n) +
n—o00 n

u'n [log (2¢E ((log X)l/n)) —log (u’ (log ((1 — 6)“%) + 5bn>1/n>}

n

log k(n) +u'n [log (2¢E ((log X)'/™)) —logu' — log (3 Ebn)l/n}

< liminf
n—o0 n
!
b
= —u'log =2,
ulog 2e

Therefore, from (4.13),(4.14), (4.15) and the above inequality, we get

eb™
lim inf (08 F(Sn > )

n—00 n

< —n, logd.
Analogously to (4.12), it is straightforward that
logP (S, > e?"
lim sup o8 ( ¢ ) < —n*logb.
n—00 n O

Proof of Theorem 3.3. Since E((log X)?) < oo for any d > 0. Let n* = 0 and
v,0 € (0,1) satisfy 1 —~v — & > 0. By Remark 2.2, there exists a subsequence
{ng, k > 1} such that

P (S’nk > emi) >n°
By using the same proof for lower bound in Theorem 3.1, we have
P Sy >em) >1- (1-P(x > es"i))“*&)”iﬂ — (1+0)ny " Bk(ny))
>1-(1- n;‘s)(ké)niﬂ —(1+ 5)ni_7n;((1+5)/v’1)7
>1—e =0 _ (14 gm0
It is easy to get that
lim P (Snk > esnk> =1

k—o0

Therefore, (3.3) holds.
Let n* = co and = > 1. By using the same proof for upper bound in Theorem
3.1, we have

P (sn > e") < k(n)P (SM)H > (1= 8)n~Tem ) + 2n8(k(n

=k(n)P (log S’l(n)ﬂ > log ((1 776‘5”

<k (Z log X; > log ((1 — _'VeE” > +2np(k

i=1

+2nB(k

\_/
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Together with the Markov’s inequality and c,.-inequality, we get

P <z”: log X; > log ((1 - 6)n"e€nm>>
—1 ) )
(log ((1 —=d0)n™") + Enx)_dIE <Z log)N(z)

i=1

IN

IN

(log ((1 = d0)n™") + Enr)_d n’E ((log X)?),
which implies that

10;77/ log (k(n)IP’ <Z log X; > log ((1 - 5)71”’65":6))) <d(1—x).

=1

Letting d tend to infinity, we have

1 ~ ~ .
: , 5 e - _
nlgr;o oz log <k(n)]P’ ( E log X; > log ((1 d)n e ))) 0.

i=1

From the above equation and (4.7), (3.4) holds.

Proof of Theorem 3.4. Since E((log X)?) < oo for any d > 0. Let n* = oo. For
b > 1, by using the same proof for upper bound in Theorem 3.2, we have

(1 —0)lognes®”
n

P (Sn > ed’") < k(n)P (S‘l(n)ﬂ > + 2n8(k(n))

= k(n)P (log Simy41 > log (Mlsg"eb» + 2nB(k(n))

< k(n)P (i log X; > log (W(mesbn)) + 2npB(k(n)).

: n
=1

Combining with the Markov’s inequality and c¢,-inequality, we get

" ~ 1 —6)log nes®”
P <Z log X; > log <()ng)>

< <l;gl<(1 - 5)(1;% n)esb">>d]E (zn: ]ogf(i>d
< <10g ((1 - 5)(17(Zg n)egb"L))—d B (log X)),

which implies that

1 " . 1—6)1 eb”™
~log <k(n)P (Z log X; > log <(5)0g”6)>> < —dlogh.
n n

i=1
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Letting d tend to infinity, we have

1 - ~ (1 —6)lognes®”
1 — 1 P log X; > 1 —_— = —00.
Jim - og <k(n) (Z og X; > og( - 00

i=1
Under the above equation and (4.14), (3.5) holds. U

Proof of Corollary 3.1. We only show (3.7) by omitting the proof of (3.6).
From the proof of lower bound and the inequality (4.4), we get

i inf logP (Mn > e )

>1—n..
n—o0 logn

Note that M,, < S,,. By using (4.5), we obtain

en” en®
i inf (280 Mo > )y T8 P (Sh > )

<1—n.2.
n—00 logn n—00 logn

Proof of Corollary 3.2. We only show (3.9) by omitting the proof of (3.8).
From the proof of lower bound and the inequality (4.11), we get
logP (M,, > eb"
lim inf o8 ( ¢ )
n—o00 n
Note that M,, < S,,. By using (4.12), it implies that
logP (M,, > " logP (S, > e="
lim inf o8 ( ¢ ) < lim inf o8 ( c ) < —n. logd.

n— oo n n—00 n ([

> —n, loghb.

5. Generalization

We have assumed 0 < n* < oo in Theorems 3.1 and 3.2. However, it is also
possible that n* = 0 for heavy tailed distributions. A general framework is
needed to handle this case. Let us introduce parameters n*(k) and 7. (k) for
k=1,2,... as follows.

1
n*(k) = —1imsup¥ log P (log;, X > t) € [0, o0

t—o0
and
1
(k) = —lim inf 7 log P (log;, X > t) € [0, 0],
— 00
where
log,, = log(logy,_; ) ?f kE>1
T if k=0.
Note that

Ne(1) = ax, n*(1) =, 7.(2) = 04, 17(2) ="
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Theorem 5.1. Fizx an integer k > 1. Assume that 0 < n*(k) < oo and the
mizing coefficient B(n) satisfies

1
L8 o as oo
logn

then for e > 0 and every x > max{1,1/n*(k)},

, log P (logy,_; Sn > en®)
lim sup =
n—00 IOg n

—n* (k).

In addition, if n.(k) < oo, then for e > 0 and every x > max{1,1/n*(k)},

.. logP (log;_, S, > en®)
lim inf
n—oo logn

=1—n.(k)x.

Theorem 5.2. Fix an integer k > 1. Assume that 0 < n*(k) < oo and the
mizing coefficient 5(n) satisfies

1
L8M) o s oo,
nlogn

then for e > 0 and every b > 1,

log P (1 Sp > eb”
lim sup ogP (log,_, t") = —n*(k)logb.

n—00 n

In addition, if n.(k) < oo, then for e > 0 and every b > 1,

log P (1 Sp > eb”
lim inf =2 (log—, t") = —1.(k) logb.

n—00 n

The proofs of Theorems 5.1 and 5.2 are the same as the proofs of Theorems
3.1 and 3.2, respectively.

Acknowledgements. The authors would like to express their sincere grati-
tude to the anonymous referees and editor for their helpful comments which
led to an improved presentation of this paper.

(1]

2

3]

[4]

[5]

References

K. B. Athreya and S. G. Pantula, Mizing properties of Harris chains and autoregres-
stwe processes, J. Appl. Probab. 23 (1986), no. 4, 880-892. https://doi.org/10.1017/
50021900200118674

H. Berbee, Convergence rates in the strong law for bounded mizing sequences, Probab.
Theory Related Fields 74 (1987), no. 2, 255-270. https://doi.org/10.1007/BF00569992
R. C. Bradley, Basic properties of strong mizing conditions, Dependence in Probability
and Statistics (Oberwolfach, 1985), 165-192, Progr. Probab. Statist. 11, Birkh&auser
Boston, Boston, MA, 1986. https://doi.org/10.1007/978-1-4615-8162-8_8

X. Chen, Q. Shao, W. B. Wu, and L. Xu, Self-normalized Cramér-type moderate devi-
ations under dependence, Ann. Statist. 44 (2016), no. 4, 1593-1617. https://doi.org/
10.1214/15-A0S1429

P. Embrechts, C. Kliippelberg, and T. Mikosch, Modelling Extremal Events, Applica-
tions of Mathematics (New York), 33, Springer, Berlin, 1997. https://doi.org/10.
1007/978-3-642-33483-2


https://doi.org/10.1017/s0021900200118674
https://doi.org/10.1017/s0021900200118674
https://doi.org/10.1007/BF00569992
https://doi.org/10.1007/978-1-4615-8162-8_8
https://doi.org/10.1214/15-AOS1429
https://doi.org/10.1214/15-AOS1429
https://doi.org/10.1007/978-3-642-33483-2
https://doi.org/10.1007/978-3-642-33483-2

[6]

[9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

(18]

19]

20]

(21]

(22]

23]

LARGE DEVIATIONS FOR A SUPER-HEAVY TAILED g-MIXING SEQUENCE 873

M. Falk, J. Hiisler, and R.-D. Reiss, Laws of Small Numbers: Extremes and Rare Fvents,
third, revised and extended edition, Birkhduser/Springer Basel AG, Basel, 2011. https:
//doi .org/10.1007/978-3-0348-0009-9

J. Galambos, The Asymptotic Theory of Extreme Order Statistics, Wiley Series in Prob-
ability and Mathematical Statistics, John Wiley & Sons, New York, 1978.

N. Gantert, A note on logarithmic tail asymptotics and mizing, Statist. Probab. Lett.
49 (2000), no. 2, 113-118. https://doi.org/10.1016/S0167-7152(00)00037-7

L. Gao, Q.-M. Shao, and J. Shi, Refined Cramér-type moderate deviation theorems
for general self-normalized sums with applications to dependent random wvariables and
winsorized mean, Ann. Statist. 50 (2022), no. 2, 673-697. https://doi.org/10.1214/
21-a0s2122

Y. Hu and H. Nyrhinen, Large deviations view points for heavy-tailed random walks,
J. Theoret. Probab. 17 (2004), no. 3, 761-768. https://doi.org/10.1023/B:JOTP.
0000040298.43712.e8

D. Li and Y. Miao, A supplement to the laws of large numbers and the large devia-
tions, Stochastics 93 (2021), no. 8, 1261-1280. https://doi.org/10.1080/17442508.
2021.1903465

D. Li, Y. Miao, and G. Stoica, A general large deviation result for partial sums of
i.9.d. super-heavy tailed random variables, Statist. Probab. Lett. 184 (2022), Paper No.
109371, 10 pp. https://doi.org/10.1016/j.spl.2022.109371

Y. Liu and Y. J. Hu, Large deviations viewpoints for a heavy-tailed B-mizing sequence,
Sci. China Ser. A 48 (2005), no. 11, 1554-1566. https://doi.org/10.1360/03ys0289
H. Masuda, Ergodicity and exponential B-mizing bounds for multidimensional diffusions
with jumps, Stochastic Process. Appl. 117 (2007), no. 1, 35-56. https://doi.org/10.
1016/j.spa.2006.04.010

Y. Miao and D. Li, A general logarithmic asymptotic behavior for partial sums of i.i.d.
random variables, Statist. Probab. Lett. 208 (2024), Paper No. 110043, 11 pp. https:
//doi.org/10.1016/j.spl.2024.110043

Y. Miao, Y. Wang, and X. Ma, Some limit results for Pareto random variables, Comm.
Statist. Theory Methods 42 (2013), no. 24, 4384-4391. https://doi.org/10.1080/
03610926.2011.650271

Y. Miao, T. Xue, K. Wang, and F. Zhao, Large deviations for dependent heavy tailed
random variables, J. Korean Statist. Soc. 41 (2012), no. 2, 235-245. https://doi.org/
10.1016/j.jkss.2011.09.001

Y. Miao and Q. Yin, Limit behaviors for a heavy-tailed B-mizing random sequence, Lith.
Math. J. 63 (2023), no. 1, 92-103. https://doi.org/10.1007/s10986-022-09584~7

T. Nakata, Limit theorems for super-heavy tailed random wvariables with truncation:
application to the super-Petersburg game, Bull. Inst. Math. Acad. Sin. (N.S.) 15 (2020),
no. 2, 123-141. https://doi.org/10.21915/BIMAS.2020202

T. Nakata, Large deviations for super-heavy tailed random walks, Statist. Probab. Lett.
180 (2022), Paper No. 109240. https://doi.org/10.1016/j.spl.2021.109240

T. Rolski, H. Schmidli, V. Schmidt, and J. Teugels, Stochastic Processes for Insur-
ance and Finance, Wiley Series in Probability and Statistics, John Wiley & Sons, Ltd.,
Chichester, 1999. https://doi.org/10.1002/9780470317044

G. Schwarz, Finitely determined processes—an indiscrete approach, J. Math. Anal.
Appl. 76 (1980), no. 1, 146-158. https://doi.org/10.1016/0022-247X(80)90068-2

G. Stoica, Large gains in the St. Petersburg game, C. R. Math. Acad. Sci. Paris 346
(2008), no. 9-10, 563-566. https://doi.org/10.1016/j.crma.2008.03.026


https://doi.org/10.1007/978-3-0348-0009-9
https://doi.org/10.1007/978-3-0348-0009-9
https://doi.org/10.1016/S0167-7152(00)00037-7
https://doi.org/10.1214/21-aos2122
https://doi.org/10.1214/21-aos2122
https://doi.org/10.1023/B:JOTP.0000040298.43712.e8
https://doi.org/10.1023/B:JOTP.0000040298.43712.e8
https://doi.org/10.1080/17442508.2021.1903465
https://doi.org/10.1080/17442508.2021.1903465
https://doi.org/10.1016/j.spl.2022.109371
https://doi.org/10.1360/03ys0289
https://doi.org/10.1016/j.spa.2006.04.010
https://doi.org/10.1016/j.spa.2006.04.010
https://doi.org/10.1016/j.spl.2024.110043
https://doi.org/10.1016/j.spl.2024.110043
https://doi.org/10.1080/03610926.2011.650271
https://doi.org/10.1080/03610926.2011.650271
https://doi.org/10.1016/j.jkss.2011.09.001
https://doi.org/10.1016/j.jkss.2011.09.001
https://doi.org/10.1007/s10986-022-09584-7
https://doi.org/10.21915/BIMAS.2020202
https://doi.org/10.1016/j.spl.2021.109240
https://doi.org/10.1002/9780470317044
https://doi.org/10.1016/0022-247X(80)90068-2
https://doi.org/10.1016/j.crma.2008.03.026

874 Y. MIAO AND Q. YIN

Yu Miao

COLLEGE OF MATHEMATICS AND INFORMATION SCIENCE
HENAN NORMAL UNIVERSITY

HENAN PROVINCE 453007, P. R. CHINA

Email address: yumiao728@gmail.com, yumiao728@126.com

QING YIN

COLLEGE OF MATHEMATICS AND INFORMATION SCIENCE
HENAN NORMAL UNIVERSITY

HENAN PROVINCE 453007, P. R. CHINA

Email address: qingyin1282@163.com



