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WEAK BOUNDEDNESS FOR THE COMMUTATOR
OF n-DIMENSIONAL ROUGH HARDY OPERATOR
ON HOMOGENEOUS HERZ SPACES AND CENTRAL
MORREY SPACES

LEr Ji, MINGQUAN WEI, AND DUNYAN YAN

ABSTRACT. In this paper, we study the boundedness of the commutator
ng formed by the rough Hardy operator Hn and a locally integrable
function b from homogeneous Herz spaces to homogeneous weak Herz
spaces. In addition, the weak boundedness of Hg on central Morrey
spaces is also established.

1. Introduction

The classical Hardy operator, initially introduced by Hardy [19], was ex-
tended to the n-dimensional setting by Christ and Grafakos [5]:

1
t)dt, x € R™"\{0},

=
where f is a locally integrable function on R™. The dual operator of H, denoted
by H*, is defined by

H f(z) :/t IO 4y 2 e ™ f0.

>[al [E"

H f(x)

Obviously, H and H* satisfy

| s@if@a= [ e

for some suitable functions g.
It was proven in [5] that H is bounded on LP(R"™), and so is H* by duality.
Hardy-type operators, as basic average operators, have wide applications in
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harmonic analysis and some related fields, see [2,6,15,16,20,29,31,33,37]. On
the other hand, the study of the commutators has attracted much attention
recently. In [11], the commutators of H and H* are defined by

Hyf :==b(Hf) — H(fb),
and
Hy f:=b(H"f) — H"(fb),

respectively, where b is a locally integrable function on R™. The boundedness of
Hy, and H} has been intensively studied, see e.g. [24,25]. Commonly, the symbol
functions b in the commutators H; and H; are central bounded mean oscillation
functions, since both H and H* are centrosymmetric. Fu et al. [11] proved that
Hy and Hy are bounded on LP(R™) if and only if b € CBMOyax(p,pr) (R™), where
1 < p < oo. CBMO,(R™) denotes the central bounded mean oscillation space
introduced by Lu and Yang [26], which is given by the condition

1

. 1 P ’

|l fllcBmo, = Elilg <|B(O,r)| o) If(x) = fBo,ml dw) < 00,

where 1 < p < 00, and B(0,r) denotes the ball centered at the origin with radius

r. The space CBMO,(R") can be regarded as a local version of BMO(R™) at

the origin. However, their properties may be quite different, since the absence

of the famous John-Nirenberg inequality for the space CBMO,(R™). Here, the

space BMO(R™), initially introduced by Fefferman [7], is the bounded mean

oscillation space defined similar to CBMO,,(R™), except that we take the supre-
mum over all the balls in R™ instead of the balls centered at the origin.

Recently, the boundedness of Hy, and H; has been extended to several func-
tion spaces, such as central Morrey spaces [8,21, 38] and homogeneous Herz
spaces [10,11,36]. Moreover, the symbol functions b in Hj and H;f have been
considered in different settings, such as A-central bounded mean oscillation
spaces [39], central Campanato spaces [32] and mixed central bounded mean
oscillation spaces [36].

As is well known, the study of operators with rough kernels is an impor-
tant branch in harmonic analysis. Inspired by the Calderén-Zygmund singular
integral operator with rough kernels, Fu et al. [13] gave the definition of the
n-dimensional rough Hardy operator Hg:

Hof(r) = / Q- 1) (Hdt, = € R"\{0},
1Z™ Jj)<|al

where Q € L*(S"~!) (1 < s < 00) is homogeneous of degree zero. The commu-
tator Hg formed by the n-dimensional rough Hardy operator Hq and a locally
integrable function b was also defined in [13] as follows:

HY f(z) = — /t|<| ‘(b(ff) —b(1))x — 1) f(t)dt, = € R"\{0}.

Jaln
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The definitions of H¢ and Hg’* can be formulated similarly, see [12]. When
Q =1, we have Hp = H and H) = H,. Fu et al. [13, Theorem 3.1] proved
that H is bounded on LP(R™) for b € CBMOyax(p,u)(R™), where 1 < p < oo,
1/u=1/p'—1/sand s > p’. Besides, Fuet al. [12, Theorem 3.1] also established
the boundedness of HY and Hg’* on LP(R™) for b € CBMOyax(p,u)(R™), where
l1<p<ooand 1/u=1/p’ —1/s for some s > 1. Furthermore, the authors
[13, Theorem 3.2] extended the boundedness of HY, to homogeneous Herz spaces
(see Section 2 for the definition), which can be formulated as follows.

Proposition 1.1. Suppose 1 < g < 00,0 <p; <ps <ooandl/u=1/q¢—1/s.
Let s > q' and b € CBMOyax(q,u)(R"). If @ < n/u, then HY is bounded from
Kq“’pl (R™) to Kr‘;"pi’ (R™).

Note that the boundedness of HY was also extended to central Morrey spaces
in [13] and Morrey—Herz spaces in [14].

Recently, the commutators formed by BMO(R™) functions and some im-
portant operators in harmonic analysis have been proven to be weak bounded
on several function spaces, see, for instance, [18,34,35]. To study the weak
boundedness of H;, and Hyf, Wang and Zhou [34] introduced the weak central
bounded mean oscillation space WCBMO,(R™). For 1 < p < oo, a locally
integrable function f on R™ is said to belong to WCBMO,,(R") if

I.flwesmo,

1 1
= sup ———— supn{z € B(0,r) : |f(x) — fBo,»| > n}l?r < oo,
>0 |B(0,r)|? n>0

where B(0, r) is the ball centered at the origin with radius r. Briefly, W,(R") :=
WCBMO,(R™). Obviously, CBMO,(R") C W,(R") for 1 < p < co. Moreover,
W,,(R") € W, (R") and the inclusion is proper if 1 < p; < p2 < oo by
virtue of [34, Proposition 4.1]. Therefore, it is meaningful to consider the space
W, (R™). In [34, Theorem 5.1], the authors proved that Hy, and H;f are bounded
from LP(R™) to LP*°(R") if and only if b € CBMO,,(R") N W,(R™), where
l<p<ooand 1/p+1/p’ = 1. In [23, Theorem 3.1], we further extend this
result by providing a similar characterization of the boundedness for H, and
H} from central Morrey spaces to weak central Morrey spaces.

Inspired by [13,23,34], it is natural for us to consider the weak boundedness
for the commutator of the rough Hardy operator Hg. More precisely, similar to
Proposition 1.1, we give the sufficient conditions on the symbol b to guarantee
the boundedness of ng from homogeneous Herz spaces to homogeneous weak
Herz spaces. In addition, we also obtain the boundedness of H from central
Morrey spaces to weak central Morrey spaces. Throughout this paper, the
letter C' denotes constants which are independent of the main variables and
may change from one occurrence to another.
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2. Preliminaries and some lemmas

We first give some notations. Let By, = {z € R : |z| < 2¥}, Oy = By \ Bx_1
for k € Z. Suppose xi = Xc,, Where x g is the characteristic of set E. Following
Lu and Yang [27], the homogeneous Herz space KgP(R") is given by

KP(R™) = {f € Li, (R"™\{0}) : || fll gow < o0},

where

oo 1
P
e i={ 3 2¥ralls }
k=—o00

for € R and 0 < p,q < co. The usual modifications are made when p = oo
or ¢ = oo. Similar to the definition of weak Lebesgue spaces, Hu et al. [22]
introduced the homogeneous weak Herz space WK, &P(R™) endowed with the
expression

o 1

®

I lhwir =supn{ 3 27l € sl >l ) <o
n>0 k=—o00

fora e R,0< g < ooand 0 < p < oo. The usual modifications are made when

p = 00.

Except for Herz spaces, Morrey spaces are also important extensions of
Lebesgue spaces, which were introduced by Morrey [28] in 1938. Recently,
the mapping properties of many important operators on Morrey-type spaces
have been established, see, for instance, [3,4,9,17,30]. We now recall the defi-
nition of the central Morrey space M PA(R™), which was introduced by Alvarez
et al. [1]:

MPAR") = {f € Lo (R™) : || fllywr < 00},

loc

where

1 1 %
1o = sup / flPde
e =S TR0 P\ TBOA] oo

for 1 < p < ocoand —1/p < X < 0. The weak central Morrey space W MP*(R™)
can be defined by

1
sup —— supn|{z € B(0,r) : |f(x)| > n}|r < o0
r>0 |B(0,7)|M % 5>0

forl<p<ooand —1/p <A <0.
The following lemma gives the proper inclusion for CBMO,,(R™).

Lemma 2.1 ([11]). If 1 <p < ¢ < oo, then CBMOy(R") C CBMO,(R") and
the inclusion is proper.

1l wger =

We also have the following basic estimates for the space CBMO;(R™) given
by Fu et al. [11].
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Lemma 2.2. Suppose b € CBMO;(R"™) and i,k € Z. Then
[b(z) = bp, | < [b(z) = bp,| + Cli = K[|blcBmo, -

3. Main theorems

Now we are in a position to present the weak boundedness of the commutator
HY. We can formulate the first main result as follows.

Theorem 3.1. Suppose 1 < ¢ < 00, 0 < p; < py < 00, s > ¢ and 1/u =
1/¢' —1/s. Let b € CBMO,(R") N W,(R"™). If a < n/u, then HY is bounded
from KgPH(R™) to WKP2(R™).

Proof. For simplicity, we write

Z f(@)xi(z) = Z fi(z)

i=—00 i=—00

For f € K‘”’l (R™), we deduce that
n?{z € Oy« |Hy f(x)] > n}

_ {x €Ch: Iar% /|t<$|(b(x) — b(1)Qz — t)f(t)dt‘ > n}‘

< oy { €Cyp 2 /B btz) = b0~ 7 Dl > n}|

<C?7q{x€Ck 2‘9”Z/| )z —t)f dt>77H

n n
SC?’](] {J)GC}C 2™ k Zz_:oo/ | —ka (Jf—t dt>2}‘
+ Cnt {meC’k 2—“; / |(b(t) — bg,) (x—t)f(t)dt>727}‘
=: Il—f—Ig.

Forz € Cy,t € C;and i < k, we have 0 < |z —t| < |o|+|t] < 28 +20 < 2.2F =
2k+1 and then

ok+1

/ \Qx—t|dt</ / )| do(z')rmtdr < C2kn
Sn— 1

Note that 1/g+1/s+1/u =1, where 1/u = 1/¢' —1/s. By Holder’s inequality,
we get that

Il<077

{xECk g~kn Z |b(z —ka\/ Q@ —1)f (t)ldt>;7}‘

1=—00
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< Cn? {a: € Cy: 27 b(z) — bp,|
k i "
K AT Je <~
< 2 ([ wora) ([ o -ora) 1o - 3

< Crp {xeck 2 b b 3 2% 2 >ZH

1=—00

k q
—kn4-kn 4 in 1
SC( > Il rnee Bw) ] 1 € B [b(@) — b, >}

1=—00

< own%vq( 3 gl IIfzIIq> |

1=—00

Applying Lemma 2.2, we have that

IL=C nldx
{z€C:2—kn Z’? fc [(b(t)—bp, )Qx—t) f(t)|dt> 2}

<C (2"“” Z / |(b(t) — b, ) (m—t)f(t)|dt)qu

Ck i=—o00

302*’“”‘1/ <_Z /| ) —bg,) (xt)f(t)dt)qd;z:

+02"“”‘1||b||‘éBMol/ ( —z/ 0z —1)f |dt> di
Ck

i=—00
=: In1 + I2a.
By using Holder’s inequality with 1/¢+1/s+ 1/u =1, one has that

mzert [ { ([ 10 |th)

1=—00

(e (o) o
<oz [ ’{lz_jmnfm ([ o) - s ar)” }qu
) Al

k
gc{ S ’f”2’“"2’“”2’"(|B|/ Ib(t) — b,

i=—00

k . q
(i—k)n
< O”b”%BMOu( Z 2 ”fi”tl) :

1=—00
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Similar to the estimate of Is1, using Lemma 2.1 and Holder’s inequality again,
we conclude that

I, < CQiknq”bH%BMol

JAP>

gcnbn%wol( S (ke ijzna g

1=—00

k—i </ 1£(t) |th>;</& |Q(xt)sdt)i|Bi|i}qu
)

1=—00

k
(i=k)n
<0||b||%BMou( S (k-2 Ifzq> |

i=—00

In view of Iy, Is1 and I59, it is true for 0 < p; < py < oo that

1

o X Priie e o b > 0¥ "

k=—o00
1

= { Z 2k0¢p2(77q|{$ eCy: ‘Hé))f(x” > n}l)pqz}m

k=—o0
1

o0
< { S 2 (gt € Cy - |[HY ()] > n}l)ql}
k=—oc0
ko P (i-k)n P\ 7o
sc( S 2 plnbnvéq( S 2 finq) )
k=—oc0 1=—00
k . P1 L
o (i—k)n p1
( 3 o manBMou( 3o gt ||fi||q) )
k=—o0 i=—00
oo k N
kapi (= k)n n
( S 24 o ( S (k-2 IIlelq> )
k=—oc0 i=—00

=: 5.
Therefore, we get

oo k 1

SSC( > 2’“”“( S (k)2 ’”"nfznq) )

k=—o00 i=—00

When 0 < p; <1 and a < n/u, we deduce that

0 k X P1
. (i—k)n
sm<c Y 2( S (ki ||fi||q)

k=—0o0 1=—00
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o0 k
=C ), ( > 2 fillg(k — )20 ’”“O”)

k=—o0 “i=—00

P1

o k
<O YN A (k 2t e

k=—o00 i=—00

o0
- C Z giap1 Il f: ||p1 Z( Z-)mg(i*k)(%*a)m
1=—00 k=i

= C”f”];(l?m
For p; > 1 and a < n/u, it follows from Holder’s inequality that

[ee} p1
smeey ( S 2l - 2 )

k=—oc0 “i=—o0

<C Z ( Z QlapluprlQ(l k)(%—a) -

k=—o0 “i=—00

k N
. ( > (k—i)P’12<i—k><z—a>P;)P1>
i=—00
=¢ Z 2 £l 22 1o
i=—00
= Ol flZan -
As a consequence, we arrive at
S < Clfllggn-

Thus, there holds
| E Flly v

o 1
P2 P2
- sgpn{ S 2t € Oyt |HY ()] > n} } <Clflgem o
n k=—oc0
As for the boundedness of HY from central Morrey spaces to weak central
Morrey spaces, we have the following theorem.

Theorem 3.2. Suppose 1 < p < o0, —1/p < A <0, s > p and 1/u =
1/p'—1/s. Letb € CBMO,, (R")NW,(R™). Then H} is bounded from MP*(R™)
to WMPAR™).

Proof. For a fixed ball B = B(0,r) C R", there is no loss of generality in
assuming B(0,7) = By, with ko € Z. Keep in mind that

Zf z)xi(z Zfz

i=—00 i=—00
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For f € MP*(R™), we have that

nP b
{z € By, 1 |[Ho f(z)| > n}

[Bro 137
. { € Biyt | / (b(x) — b(t)) t)f(t)dt‘ . H
= — x ko - | T ) — T — "
|Bk0|1+>\p 0 |x|n H<lal
CT]p S —kn
= By |1 > eraﬂz / |(b(l’)b(t))Q(fL’t)f(t)|dt>nH
kol e oo B.,
Cnp S kn
SW Z {xeCk 2" Z/ (b )z —1)f dt>nH
0 e —oo =
< C’r]p ko C 2_kn b Q d n
_Wk; v Z;w |(b(2) = b, )z =) f(B)ldt > 5
C?’]p —kn n
+|Bko|1“p erch ? lzoo/ |(b(t) = b, )z — 1) f(1)|dt > 2}‘
=1 + I>.

Similar to the proof of Theorem 3.1, for z € Ci, t € C; and i < k, there holds
that 0 < |z — ¢| < 2*+1, and hence

Qk+1

/ \Qx—t|dt</ / z')|*do (2 )r"tdr < 2k,
§n—1

Note that 1/p+1/s+1/u = 1, where 1/u = 1/p’—1/s. The Holder’s inequality
allows us to get that

ko
CnP
L < —
B 2
ko

CnP
= | By, |17 Z

k=—o0

x Z ([ 1 Pdt)l’(/cimut>|5dt)i|Bi|i>’;}\
ko

Cn? —kn kn in
S B > {xeck 27" b(2) — b, | Z 1 fill 272 H

k=—o00 1=—00

{feck 27kn Z |b(a —ka|/ Iz — ) f(1)|dt > 27}'

i1=—00

{m € Cr: 27" b(z) — bp,|

ko

k
c Z Z —knknyin 5
- |Bkn|l+)\pk ( ”fZHPQ ° “ |Bk7|p ‘B “{$€Bk |b(x)_ka| >77}‘

=—00 “i=—00

ko

C WIS, P
S |Bk |1+)\p||bH€Vp § : ( § : 2 ||leP> :
°0

k=—o0c0 “i=—o00
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Lemma 2.2 gives that

I, = / nPdx
| Br, \1“‘” Z (zeCr2*n S5 o |(b(H)—bp, )2(e—1) F(1)|dt> 3}

i=—o00

e £ [ £ w0

1=—00

< # Z 2—’%/ ( Z / (b(t) — by )x — ) f ()|dt)pdz

fz/ |Qx —1t)f |dt> dx

C n]
+ i s Plemno. > - . (

k=—00 Ck i=—o00

=: Ip1 + Ia.
For Iy, by using Holder’s inequality with 1/p+ 1/s+ 1/u = 1, we can obtain

that
O —kn
Io < | B, ‘1+,\p Z 2 p/ { (/ (¢ |pdt>

(o) (o)

C —kn kn Jin
< [Be, % Z 2 p/ { Z [ fillp2 2
k=—o0

<1/<>

(= [ 1b(t) = b }dsc

|Bi| /B,

C V. _in

kn kr
‘Bk0‘1+>‘p HbHZ()}BMO 2- 2 p 2 2

P
finp)

C P
= ‘Bk ‘1_;,_)\;0 Hb“CBMO“
0

For I55, we use Lemma 2.1 and Hélder’s inequality to get that
c o
—k
Iy < |Bk0|1+)\p||b||‘1()}BM01 Z 27

> aeaf [ 1swre) ; ([ e t>|5dt)i|3ii)pdx

C ko k P
B Pllemo, . < 3 (k-2 koo ||f7||p>

k=—o00 “i1=—00
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ko k
C (i—k)n k)n
< |Bk |1+)\p||b||zéBMOu : : ( Z (k_l) fZHp) .
0

k=—0c0 “i=—o00

Following the estimates of Iy, I>; and I52, we only need to prove
k}() k

1 i—k)n
s 2 (X =02 A < U,

k=—oc0 “i=—00

Since 1 < p < 0o, a simple calculation yields that

1 ko k Gk
W Z ( Z (k —i)2 ||fz||p>

k=—o0 “i=—o00

ko k &
! o Ny o =B \ P
< Borw 2 ( > liiln2 < S (ki 2 > )
° k

=—00 ‘“i=—00 1=—00

s

C
[Bro[I% Z ||fz||p

1=—00

=
< =1 |f(t)|Pdt
| Breo "2 J ko (BiABi_1)

i=—o00

C
o i)
ClIE,

Therefore, we deduce

||HQf||WMp A

1
- sup ————— B - |H? < P
SUD TR0, i SR Pl{z € B(O,r) : [Hof(@)| >0} < ClfI5,mn O

IN

By taken A = —1/p in Theorem 3.2, we can obtain the following corollary,
which is also new and has its own interests in the study of the weak boundedness
of operators.

Corollary 3.3. Suppose 1 < p < oo and 1/u =1/p' —1/s. Let s > p' and
b € CBMO,(R™) N W,(R"). Then HE is bounded from LP(R™) to LP>°(R™).
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