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A SUFFICIENT CONDITION FOR HYPONORMAL
TOEPLITZ OPERATORS ON THE BERGMAN SPACE

SUMIN KIM AND JONGRAK LEE

ABSTRACT. In this paper we consider the sufficient condition for hyponor-
mal Toeplitz operators T, with non-harmonic symbols

k
p(z) = Z agz"zZ"e
=1

withmy—ny =§ > 0forall1l < ¢ <k, and ay € C on the Bergman spaces.
In particular, we will observe the characteristics of the hyponormality of
the Toeplitz operators T, according to the positional relationship of the
coefficients ay’s.

1. Introduction

In this paper, we deal with Toeplitz operators on the Bergman spaces of the
open unit disk I in the complex plane C. The main results of this paper is
to find sufficient conditions for the hyponormality of Toeplitz operators with
non-harmonic symbols ¢(z) that are bivariate polynomials in z and Z on the
Bergman spaces. In particular, we will consider the hyponormality of Toeplitz
operators according to the positional relationship of the coefficient of non-
harmonic symbols ¢(z) = 25:1 apz™ ",

The Bergman space is one of the Hilbert spaces of analytic functions which
possess a reproducing kernel. The early 1970’s marked the beginning of func-
tion theoretic studies in the Bergman spaces. The analysis of Bergman spaces
involves many operator-theoretic problems, and as such, it plays an important
role in studying both operator theory and function theory (see [1,2,4]). For
1 < p < oo, LP(D) denotes the Banach space of Lebesgue measurable functions
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f on D with

i1, = ([ 1r0rae) <o

where dA denotes the the normalized area measure on . The space L?(D) is
a Hilbert space with the inner product

mm:Aﬂ%QM@.

The Bergman space A%(D) is defined to be the subspace of L?(D) consisting
of analytic functions. Let L°°(ID) be the space of bounded area measurable
functions on D with

[£loo = ess sup{|f(2)] : 2 € D} < 0.

For ¢ € L>(D), the Toeplitz operator T, with symbol ¢ on the Bergman space
A?(D) is defined by

T,f = P(ef) for f € A*(D),

where P is the orthogonal projection that maps L?(D) onto A?(D). A bounded
linear operator 7" on a Hilbert space is said to be hyponormal if its self-
commutator [T*,T] := T*T — TT* is positive (semidefinite). Since the hy-
ponormality of operators is translation invariant we may assume that constant
term is zero. We shall list the well-known properties of Toeplitz operators T,
on the Bergman spaces. Let f,g be in L>®(D) and «,3 € C. Then we can
easily check that Tu i, = a1y + BT, T} = Ty, and T51Ty = T, if forgis
analytic.

We need several auxiliary lemmas to prove the main theorem. We begin
with:

Lemma 1.1 ([5]). For any s,t € NU{0},

>—Y$%H if s>,

P(z'z* ,
0 if s < t.

The proof for Lemma 1.2 follows the proof of Lemma 2.1 in [5].

Lemma 1.2 ([5]). For0<m < N andc; € C (j =0,1,2,...), we deduce that
i =" Z;io ;| = E;io ﬁl%l?
(i) 1P(E™ 520 c2))I1? = 52, e les .

In [13], the author characterize the hyponormality of Toeplitz operators Tg ¢
with bounded and analyite functions f and g by |(I — P)(gk)| < |(I = P)(fk)|
for every k in A%(D). Furthermore, many authors have used the inequality
to study the hyponormal Toeplitz operators (cf. [5,6,10]). However, we will

consider the hyponormality of T,, on A*(D) with the non-analytic symbol ¢.
So, in our case, we cannot apply that inequality to ¢, since we cannot seperate
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¢ to analytic and coanalytic parts. Therefore we directly calculate the self-
commutator of T,,.

Recently, many authors have been studied relating to the hyponormality
of Toeplitz operator with non-harmonic symbols on the (weighted) Bergman
space which have been recently obtained in [3], [7], [8], [9], [11] and [14]. In [14],
the author provide a necessary condition for the complex constant C for the
operator T;ny¢|.|s to be hyponormal on the Bergman space, and after that, in
[3], the authors consider the sufficient conditions of hyponormality of Ty, on
the Bergman space, where f(z) = ap ,2™2" (m > n) and g(2) = a; ,2'Z" (j >
k) with m —n > j — k. In [11], hyponormality of Toeplitz operator T;n |z
is characterized on the weighted Bergman spaces. Recently, the authors as in
[7] characterized the necessary conditions for the hyponormality of Toeplitz
operators T,, on the Bergman space, where ¢(z) = az™z" + bz°z' (m > n, ¢t >
s)withm#tandm—n=t—s.

In this paper we focus on hyponormality of Toeplitz operators with non-
harmonic symbols and more precisely, sufficient condition for hyponormal
Toeplitz operators T, with symbols ¢(z) = Zif:l apz™¢z™, where my — ng =
0 >0foralll </¢<k, and ay € C on the Bergman spaces. We will observe
the hyponormality according to the positional relationship of the coefficients
ag’s. As a result, we give the cases where the terms of some coefficients of ¢ are
on two orthogonal straight lines (Theorem 2.2), the coefficients a;, and ay, of
symbol ¢ satisfies the following property |arg(a;,) — arg(ag,)| > 5 (Theorem
2.4), and lastly some coefficients of ¢ are on a straight line (Corollary 2.7).

2. Sufficient condition for hyponormal Toeplitz operators

In this section, we consider the sufficient condition for hyponormal Toeplitz
operators with non-harmonic symbols of the form ¢(z) = Eif:l agz™Z™. We
record here some results on the sufficient condition for the hyponormality of
Toeplitz operators on the Bergman spaces with non-harmonic symbols, which
have been recently developed in [3]. The authors proved the sufficient condi-
tions for the hyponormality of Toeplitz operators with non-harmonic polyno-
mials of fixed relative degree.

Theorem 2.1 ([3]). Let
o(z) =a12™Z™ + - 4 ap2"rZE

with my —ny = - =mp —ng =0 >0, and a,s all lying in the same quarter-
plane for 1 < s < k (that is, we have maxi<, <y [arg(as) — arg(as)| < 7).
Then T, is hyponormal.

First, to overcome the assumption maxi<, <k |arg(as) —arg(a;)| < % in

Theorem 2.1, for p(z) = 25:1 apz™Z™ with my —ny = 6 > 0, we consider the
case where some coefficients of ¢ are on two orthogonal straight lines.
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Theorem 2.2. Suppose that

4
z) = E agz™zZ™
=1

withmg—ng =9 >0 foralll < ¢ <4, and ay € C such that |arg(as) — arg(az)|
= 5 with s —t is odd and |arg(a,) — arg(as)| = m with s —t is even for any
1<t<s<d4. Forj>y,if

oy (ol el Nt el el N
ms+j+1 my+j+1) —j+6+1\ns+j5j+1 n+j+1

for any s,t such that s —t is even, then T, is hyponormal.

Proof. For p(z) = E?:l agz™Zz"™, T, is hyponormal if and only if
(13T, - T,T}) ch Zc]zj> >0

2
for all ¢; € C with >° .-, ‘jci‘l < 00. Observe that

[ e - e
2 2

4 oo
me+j—ng+1 ) ne+j —mp+1 o
1\ c v — T 4 o
;;) mz+]+1)2 |€|‘]| ZZ nz-i—]—i—l |€||J|

) Z Z { (j + 1)Re(asay)

TLs +] =+ 1)(nt +] I 1)Cj—ms+nSCj_mt+nt}

1<t<s j=6
4
Re(asat) 7
-9 { Citmy—nyCjtmn— S}.
1;&;52 ms+]+1)(mt+]+1) Jme—n,Cjtms—n
It follows from m; —ny = -+ - = myq —ny = 6 that T, is hyponormal if and only

if

4 oo
j+d+1 5 S+1 )
2.0 el ZZnﬂ+gum

t=1j=0 (=1 j= 5
4 oo B .
(.7 + 1)Re(asat) 2
2 e
1<t<s | j=6 (ns+j+1)(ne+j+1)

Z (7 + D)Re(asaz)

2
Cs >0
(it Dime + 57117 (2

j=0
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or equivalently,

o0

- +d+1 §+1
ZZ(TTZJ+3+ 2|5||J|2 ZZH+]+12|Z|‘J‘2

(=1 j= (=1 j=6

[e )

4 .
(j + 0 + 1)Re(asar) 9
+2 - - Cj
(2.2) 1;5 jz::O(ms—i-]-i-l)(mt-i-]-&-l)‘ i

N (j — &+ 1)Re(asar) 9
Z le;

> 0.
(ns +j+1)(ne +35+1) -

Jj=é

Observe that |arg(as) — arg(a;)| = § with s —t is odd and |arg(as) — arg(a)| =
m with s — ¢ is even for any 1 <t < s < 4,

Re(asa;) = Re(asar) =0 if s —t is odd,
Re(asar) = Re(asar) = —|asay| if s —t is even.

Thus, T, is hyponormal if and only if

(ns+j7+1)(ne+j+1)

4 o0
J+o+1 2 o+1 9
>3 ety ropedle Zznﬂﬂzmw
! > j+o+1
—2 asa cil?
tit: ol Zm+y+1(mt+j+1>|]|
s,t,s—t:even j=
= —6+1
Z ks le;[* >0

J

or equivalently,

f: lai]  as| ?
= mi+j+1 mg+j5+1
g el el VL
me+j+1 my+j+1 !
) 2
_Z ( |ad | _ |as| )
; n+j+1 mn3+j+1

Jj=6
jaz| aal N\ s e s
il magrr) (U0l 20

For j > 6, if

e Sy (. m— >2and
m+5+1 ms+j5+1 T j+o+1\ni+j+1 n3+i+1
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lao]  laa L j-0+1 lao| a4
mo+j+1 ma+j+1) T j+5+1\ne+j+1 na+j+1) "’
then T, is hyponormal. O

Example 2.3. Let ¢(z) = 22°% + 2i2*2% — 2°2% — i252'. Then, from the
inequality (2.1), we want to show that

2 1 2>j—1 2 1 \?
j+4 j+6) Ti+3\ji+2 j+4

( 2 1 >2>j—1< 2 1 )2
i+5 j+7) Tj+3\j+3 j+5

and

or equivalently,

(2.3) (G+2°G+3)+8)°>(—1)(j+6)*
and
(2.4) G+3)°2G+92> G -DE+7)?

for any j > 2. By simple calculations, the inequalities (2.3) and (2.4) hold for
any j > 2 since

(7 +2)2(+3)(F +8)* = (j — 1)(j + 6)* = 6852 + 784; + 2064
and
G+32G+92— G -G+ 1) =5 +235% 4+ 21352 + 5855 + 778.
Therefore, T, is hyponormal.

Next, to overcome the assumption in Theorem 2.1, we consider the case
where the terms of the symbol ¢ satisfies the following property

s
jarg(as,) — arg(ag,)| > 5.

Theorem 2.4. Let

k
o(z) = agmz
=1

with mg,ng € NU{0}, mg—mne =98> 0 for all1 <€ <k, and ay € C such that
maxi <, <k |arg(as) — arg(ay)| < 5 except for |arg(ar) — arg(az)| > 5. If

\/(me —+ ny —+ ml)(2m% —+ %) +m2)

Re(aras) > —
e(a1a2) - 2m1m2 + mq + ne

lax]|az,

then T, is hyponormal.
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Proof. By the similar arguments as in the proof of Theorem 2.2, we deduce
that hyponormality of the Toeplitz operator T, is equivalent to

s 2 © 2
LallT | i
HT«’ZCJZ H HT«:ZCJZ

k oo
j+o+1 -d+1
=22 JAWQZZ il lel
(me+j+1) e+j+1)

/1]6

k . _
(j + 0 + 1)Re(asay) 5
2 .
2 2\ LT 4+ D+
o~ (j — &+ 1)Re(asaz) 9
Z [

> 0.
(ns +J 4+ 1)(ne +j + 1) B

Jj=6

Since max; < <k |arg(as) — arg(a;)| < 5, we have that Re(asa;) = Re(asay) >
0 for any (as,at) # (a1, az2). Thus, for any ¢ > 3 we have

- jt+d+1 . j—6+1
Z 5laelle;? — Z(%zlaﬁlcjﬁ >0,
Jj= J=

(me+37+1)2 5ng—|-j—‘r1)
: i+5+1 5+1
since (177,]g+_j+1)2 - (RJHJH)Q > 0 for j > § and

o

>

25 (j + 6 + 1)Re(asar) |cj|2_z((j—5+1)Re(asat) ;|2

= (ms+j+1)(me +j+1) 7 (ns +j+ (e +j+1)

for any (as,a;) # (a1,az2). For the case of (a1, az) with |arg(a;) — arg(az)| >
implies that Re(aiaz) = Re(@iaz) = —A|ay||az| for some 0 < A < 1. Hence, if

2 oo
jt+do+1 2 o+1 9
2.2 i il ZZnHHJMA

¢=1 j=0 (=1 j= 5

- (j+06+1)|araz| 2
2 Gt 3+ a5 701

i J_6+1)|a‘1a2| ‘C"Q >0
(mi+j+Dne+5+1)" =

Jj=
then T, is hyponormal. If j < §, then
2 §5-1 5—1

d+1 i +0+1
S Y A el -y S
o (met g +1 = (m+j+1)(me +j+1)
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If my > mo, then set

L jHI+1 j—0+1 lai]? o
s = (S ) e
+2/\< j—6+1 - j+6+1 )@x
(mi+j+D)me+ji+1) (mi+j+1)(me+j+1)/) lag
J+o41 j—641
((m2+j+1)2_("2+j+1)2)
j+8+1 j—o+1

for any j > 4. Since > 0, f(x,j,\) is concave upward

(mi+j+D2  (ni+j+1)2
for . So that we must be satisfied that the discriminant of f(z,j, A) is not

sitive si j—o+1 _ o+l -
p}c;bltwe SINCE (o Y D) — i) (mat i) < 0 for any j > §. Observe
that

(( j+6+1)2 - j76+1)2) (( j+6+1)2 - j76+1)2
2 mi1+7+1 ni+j+1 ma+7+1 no+j+1
(2.6) A< : : 5
j—0+1 _ jt+o+1
((n1+j+1)(n2+j+1) (m1+j+1)(m2+j+1)>

or equivalently,

A2 < {U+0+Dm+5+12 =G =0+ D+ + 1D {G+0+ D2 +5+1)* = (= 0+ Dma+j+ 1)}
- {G+6+ D+ +D(na+j+1) = (j— 8+ D)(mg +j+ D(ma +j + 1)}
_ A +ma)j+n3 +m? +ny+mi{(n2 + ma)j 4+ n3 +mi+no +ma}
B {j(m1 +ma — ) + (mima2 + nins + mq +mg — 5)}2

(2.7)

since

(+6+1) (145 +1)2 —=(j—04+1)(my+5+1)% = §{(n1+m1)j+ni+m?+ni+m, },
(J+6+1) (na+j+1)> = (j—0+1)(ma+j+1)* = 6{(na+ma)j+ns+ms+no+ms},
and

GHo+D(m+j+Dme+j+1)—G—-0+D(mi+j+1)(me+j5+1)
= 5](m1 + mo — (5) +5(m1m2 + ning +myg + mao —(S)
Define g by

g(j) :

_ A +ma)j +nf+mi + 01+ mab{(na +ma)j +n3 +ms + na +ma}
{j(m1 + mo — 5) + (m1m2 +ning +mq +mo — 5)}2

Since g is of the form

N _al+a+o

where @« € R, a > b > ¢ > 0, g is increasing for any positive j. Thus, if
A? < g(6), then T, is hyponormal. Since Re(aiaz) = —M|aq||az|, we get that if

Re(a12) > —+/g(0)la1||az|,

then T, is hyponormal.



HYPONORMAL TOEPLITZ OPERATORS 1027

If my1 < mo, then we set
[ Jto+1 j—0+1 laz|?
3N =G 5P G )
N ( j—6+1 - jH+6+1 )@
(nmi+j+Dme+j+1) (mi+j+1)(me+j+1)/) |ai
j4+6+1 j—64+1
((m1+j+1)2_(n1+j+1)2)

for any j > . By the similar argument as above, we get that if

V (2m? +my +ny)(2m3 + ma + no)

Re(ajas) > —
e(alaz) - 2m1m2 —+ mo + Ny

|ax]|azl,
then T, is hyponormal. This completes the proof. (]

Corollary 2.5. Suppose that
(P(Z) _ aszn + meJrlszrl

with m > n and |arga — argb| > . If

V(2m2 4+ 5m +n+4)(2m2 +m +n)
2m?2+3m+n+1
then T, on A%(D) is hyponormal.

Re(ayas) > — la1]]asz],

Example 2.6. Let p(z) = (—1+14)222+3i232° +4242%. Then |arg(4) — arg(3d)|
= I, |arg(3i) —arg(—1+i)| < % and |arg(4) —arg(—1+1i)| = 32X > Z. By
Theorem 2.4, T, is hyponormal since

8+2+1)(324+4+3 44/858
VE+2H B2 +4+3) 5 4V85S

2:-84+4+1 21

Lastly, we consider the case where some coefficients of ¢ are on a straight
line. The following result is the special case of Theorem 3.1 in [12]. The proof
of the following corollary is more concise than the proof of Theorem 3.1 in [12].

4>

Corollary 2.7. Suppose that

k
o(z) = Z agz™zZ"™
=1

with mg,mg € NU{0}, mp—ng =9 >0 foralll <{ <k, and ay € C such that
larg(as) —arg(as)| = m for any 1 <t < s < k with s —t is odd. Then, T, is
hyponormal if and only if

(k<—n“ww02>j—6+1<k<—n“ww02
(=1 14

me+ji+1) T jH0+1\& m+j+1

for any 7 > 6.
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Proof. By the similar arguments as in the proof of Theorem 2.2, T, is hyponor-
mal if and only if

koo
j+o+1 9 0+1 9
YD) IRELALSSNCINEED B DT e SIS

l=1 j=6

o0

k . _
(28 +2 ) 2:(“+§+”mm£” o5

1<t<s | j=0 ms +j+1)(my +j +1)

oo

Z (j — 0 + 1)Re(asaz) 24 >0
(ne+j+ 1) +5+1) 7 [T

j=0

Observe that |arg(as) — arg(ay)| = 7 for any 1 < ¢ < s < k with s — ¢ is odd,
we have that

Re(asar) = Re(asar) = —|asay| if s —t is odd,
Re(asar) = Re(asat) = |asar]  if s — 1 is even.

It follows from relation (2.8) that T,, is hyponormal if and only if

k oo
j+0o+1 ) §+1 )
ZZ Tl ZZHJHW‘ 5]

k o0

j+5+1) )
+2 asa : s
oo
—5+1) ,
(29) ; ns+j+1 (nt+j+1)|cj|
- - (G+0+1)
—2 |asa - |C‘|2
s,t,(‘;odd Jz: m +=7 + ]‘ (mt +] + 1) !
= — 41
Z 1) ;]2 3 > 0.

ﬂ7u+3+17%+j+0

[

By the direct calculations, we have

) k 2
( l)é-i-l
E j+o+1) E —|aylle;
= (z—1 me+ j 1| || ]|

s k 1)6+1 2
—-0+1) || >o0.
S (XS e 2

j=4 (=1
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Thus T, is hyponormal if and only if

k . k
<Z:(U“HWOZ>J5+1<23(U”WM)2
Somptj+1) T i1\ ne 1

for any j > . This completes the proof. O
Corollary 2.8. Suppose that

o(2) = a12™Z™ + a22™Z"™? + az2"3z"®

withmy —ny =mg —ng=m3—ng =0 >0, and a; € C (j =1,2,3) such that
larg(ai) — arg(as)| = 7 and |arg(az) — arg(as)| = m. Then, T, is hyponormal
if and only if

( lai]  ag| |as] >2
mi+j5+1 mo+j3+1 ms+j5+1
>j—6+1< jau | Jaz| Jas| )2
Z = - - - + -

J+Ho+1\nm+j+1 mno+j+1 nz+j+1
for any 7 > 6.

(2.10)

Example 2.9. (i) Let p(2) = 22Z — 2322 + 2423, Then, from the inequality
(2.10), we want to show that

1 1 1 \? j 1 1 1 \?
(j+3 j+4+j+5) - j+2<j+2 j+3+.7'+4)
or equivalently,
(5% + 85 + 17)2 §(5% + 65 + 10)?

(G320 +42G+5)?2 ~ (G+2)20+3)20 +4)?
and by a simple calculation, the inequality (2.11) is equivalent to

(72 +8j +17)%(j +2)° > j(j> + 65 + 10)*(j + 5)
and holds for any j > 6 = 1 since
(72 485+17)2(j+2)% = 57 +225542065°+1060;* 4322553 + 578257 456445 +2312
and
G52 465 +10)%(j 4 5)% = 57 +225° +2015° + 9805* 4 27005 + 400052 + 25007.

Therefore, Ty, is hyponormal.
(ii) Let 9(z) = 22Z — 2232 + 2%23. Then, from the inequality (2.10), we
show that

1 2 1 \? j 1 2 1 \?
— e > - - 4
j+3 Jj+4 5+5 J+2\y+2 543 s+4

or equivalently,

(2.11)

4 45
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Note that the inequality (2.12) is equivalent to

(G+2)°%>j(j+5)

and does not hold for any j > § = 1 since (j+2)3 —j(j+5)? = —452 - 135 +8.
Therefore, Ty, is not hyponormal.
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