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RIGIDITY RESULTS FOR COMPACT V-STATIC SPACE

GUANGYUE HUANG AND BoTAO WANG

ABSTRACT. For (n > 5)-dimensional compact V-static spaces with zero
radial Weyl curvature, we prove that V f is an eigenvector of Ricci tensor.

2
Furthermore, we also achieve that (M™, g, f) is T-flat provided K% >
0.

1. Introduction

A V-static space (M™, g, f) is a Riemannian manifold (M™, g) which admits
a smooth function f € C*°(M) satisfying

(1.1) fij = fRij — %(fR‘F K)gi;

with a constant K. Here f;;, R;; and R denote components of the Hessian of f,

components of the Ricci curvature tensor and the scalar curvature, respectively.

It is worth noting that the existence of a nonzero solution to (1.1) guarantees

that the scalar curvature R must be constant. The geometrical significance

for this type of space has been extensively studied, and interested readers can

consult the references [4,13,14](for harmonic Weyl curvature case, see [8]).
When K =0, (1.1) becomes

R
fij = fRij — — faii,

which is called the Vacuum static space. In fact, this space has been well
studied and many well known facts have been obtained, see [5,7-12,15,16, 18]
and the references therein.

Taking f = ¢ + 1 and constant K = —£, (1.1) becomes

R R
bij = ¢(Rij - m%‘j) + Rij — —9ij-
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When M™ is compact, then the metric g is exactly a critical point of the total
scalar curvature functional defined on the space of Riemannian metrics with
unit volume. For the research in this direction, see [1,2,8,17].

Throughout the article, inspired by [18], we consider rigidity results for (n >
5)-dimensional compact V-static space with K # 0 and obtain the following
result:

Theorem 1.1. Let (M™,g,f) be an (n > 5)-dimensional compact V-static
space. If fiWij = 0 (that is, zero radial Weyl curvature), then Vf is an
eigenvector of Ricci tensor at each point in the set Q@ = {x € M™; V f(z) # 0}.

Furthermore, we achieve the following result:

Theorem 1.2. Let (M™, g, f) be an (n > 5)-dimensional compact V-static
2

space with zero radial Weyl curvature. If K% > 0, then the metric is T-flat

(that is, the T tensor defined by (2.7) is zero).

When n = 4, the classical identity
1
WijkiWhjkt = 1|W|gi10
shows that the metric has zero radial Weyl curvature if and only if the metric
is locally conformally flat.

Remark 1.3. Ye [18] has studied the Vacuum static spaces with zero radial
Weyl curvature and gave some rigidity results. Our above theorems can be
seen as a generalization.

Remark 1.4. By virtue of the flat T tensor (see [3,6,16]) and constant scalar
curvature, we achieve the following local splitting result: If f is a smooth
solution f to equation (1.1), then

g=ds*+(r(s))’ge
near the level set f~!(c), where ds = %7 (r(s))%98 = glf-1(¢) and gg is an
Einstein metric.

Acknowledgment. The authors would like to thank the referee for valuable
suggestions which made the paper more readable.

2. Preliminaries
Taking R” =R — %gij, then (1.1) can be written as
o 1
2.1 = fRij — ————
( ) f] f J TL(TL _ 1)

It is well known that the Weyl curvature tensor and the Cotton tensor are
defined respectively as follows:

(fR+nK)gi;.

1
Rijri = Wijr + m(Rikgjl — Riugjr + Rjgir — Rjrgi)
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(TL _ 1)(TL _ 2) gzkgjl g’ngjkr
1 o o o o
= Wiji + m(Rikgjl — Riugjr + Rjgir — Rjrga)
R
(2.2) + m(gikgjl — Gitgjk)
and
(2.3) Cisn = Bijp — By + ——2 (R R.gw)
. igk — L5k ik,j 2n(n — 1) kGij j9ki)-
From (2.3), it is easy to see that Cjjj is skew-symmetric with respect to the
last two indices, that is C;;; = —Cjy; and trace-free in any two indices:
(2.4) Ciik: =0= Ciji~
In addition,
(2.5) Cijk + Cjki + Crij =0
and using the Ricci identity, one has
(2.6) Ciuk,g = Criig,  Cijig = Cjag, Crijg = 0.
Associated to (1.1), there is a (0.3)-tensor T;;, which can be written as
n—1, . o 1 . ,
(2.7) Tijk = m(Rikfj — Rijfu) + m(gikle — gijRi1) f1-

By calculation, we enable to observe that 7' satisfies the following properties:
Tijr = —Tikj, Tur =0="Ty;,
Tijre + Tjri + Thij = 0.
Take divergence on both sides of (2.2), we have
n—3

(2.8) Wijkl,i = 5

Ojkl-

Moreover, the Bach tensor is defined by
1 1
By = ——Wijkij+——
T T3 gkl,]l+n72
Combining (2.8), the above equation can also be written
1
n—2

On the other hand, we also give a few commonly used lemmas:

Wijklel~

(2.9) Bix = (=Cijr,j + Wi Rj1).

Lemma 2.1. Let (M™, g, f) be an (n > 3)-dimensional compact Riemannian
manifold satisfying (1.1). Then the Cotton tensor, T-tensor and the Weyl
curvature tensor are related by

(2.10) fCijr = Tiji + fiWiij.
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Proof. The reader interested in the specific proof can refer [6] and we will not
repeat it here. O

Multiplying both sides of (2.10) by f; and utilizing the definition of T', one
has

fCiikfi = Tijifi + fufiWiijn
= (Ruf; — Rufe) fi

(2.11) = Pjr,
where
(2.12) Pjr == (f%szj - f%jlfk)fl-

Lemma 2.2 (see Lemma 5 of [18]). Let f be a smooth solution satisfying
equation (1.1). Then

n—2

RixTiji fj = mﬂjﬁ
(2.13) - Z (|Vf| |Ric|? — 7ch (Vf, Vf))

Lemma 2.3. Let (M™, g, f) be an (n > 3)-dimensional compact Riemannian
manifold satisfying (1.1). Then, we have

éikd‘fj = — %|RZC| Gik + f R”Rk] + L(fR+nK)R
(2.14) —(n=2)fBix + fiCuk + Crii fi-
Proof. From (2.10), one has
fCijki = — fiCijk + Tijj + Wik j f1 + Wijn fij

(2.15) =— fiCijie + Tijr; — %Cklzfl + fWisn Ry
Further, taking the divergence of the tensor T, we derive
Tijk,j = L:;(éik,jfj + R Af — Rijj fro — Rij fry)
+ ﬁ(gikéﬂ,j — Ryi) fi + ﬁ(gikéjl — gij Ria) fi
= Z — ;{éik,jfj - ﬁém(ﬂ% +nK) — Rj [fRJk wgm} }
- nisz ifi + 2(gsz]l gijj%kl) [fj%lj - Mglj]
= Z:;Rik,jfj - %Rik - nf szRk] Rkl ifi

+ L|113°i0|2g¢k
n—2
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o 1 1 o nf 0o o
= Rirjfi — —=Criii — —— K)R;, — ——R;j Ry
Rkvjfj n—QCkl fl n—l(fR+n )Rk n—ZRJRk]
(2.16) + £|Roic|29ik,
where we used ]:Eijyj = "2—;2]%1 =0 and
Ripjfi — Rurifi = —Chai fi-
Substituting (2.16) into (2.15) yields the desired estimate (2.14). O

3. Proof of results
3.1. Proof of Theorem 1.1
Under the condition of fiWi;;r =0, (2.10) becomes
(3.1) fCij = Tiji.
Taking the covariant derivative for (3.1) and using (2.6), we deduce that
[iCiir = Tijni

= Z : ;(Rmfg - lefk)z + ﬁ(giké‘jl — gijj%kl),z’fl
+ ﬁ(gikéﬂ — gijRi) fui
= Z — ;(le‘lfj — Rijife) + %(}?ikfji — Rijfri)
+ ﬁ [(éﬂ,k — R ) fi + (gin Ryt — gijékl)fli]
= 712—nl (Rifj— Rjfe) + % [féikéij — ﬁ(f]% + nK)éjk
— fRijRix + m(ﬂ{ + nK)ékj} + ﬁ [Cz]'kfz
- %(R,kﬁ —R;fi) - m(fR+ nK)(R;i — Ruj)
+ f(RjRux — R Ryy)
32) = %(R’kfj —R;fi) + ﬁcljkfb
Multiply both sides of (3.2) by f, one has
(33) AP = g RSy = R0 =0

where we used the fact that R is a constant. From (3.3) we notice that P, =0
when n > 5. Without loss of generalization, at any fixed point p € Q, we
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can choose a local frame {e;}" ; such that Vf || e, then f; = |Vf| and

fo=f3=---= f, =0. Therefore, by (2.12), we obtain
0="Pjrf;
= |VfRifi — Rfufifs
(3.4) = V2 (Rirfr — Rurf).

Obviously, (3.4) shows that

élk = 07
where k € {2 --n}. Thus, we have that V[ is an eigenvector of Ric and the
proof is finished.

3.2. Proof of Theorem 1.2

First we give a couple of lemmas, which will be useful in the subsequent
proof process.

Lemma 3.1. Let (M",g, f) be an (n > 5)-dimensional compact Riemannian
manifold satisfying (1.1). Then for P, given by (2.12),

_9 1 .
Piki = h(fR + nK)Tij5, — mﬂRicF(gikfj — 9ij fr)
2n —2 o o
:_ 5 fRa(Rixf; — Rjfr) — (n —2) f(Bir fj — Bij fx)
(3.5)  — f(RjuRix — RuRij)fi + (Caunfy — Cuifi) fi + 2(Criifj — Citi fx) fi-

Proof. From (2.12) we directly calculate
Piki = (fij-ékl + fjékl,i - fikf%jl - fkéjl,i)fl + (fjékl - fk-éjl)fil

= _ ﬁ(ﬂ% + nK)Riagi; fr + fRuRij fi + (Rpai f; — Rivi f)
+ ﬁ(ﬂ% + ”K)fiﬂgmfl - ff%jlj%ikfl
+ (fjékl - fkéjl)[fj%li — n(%—l)(fR + nK)g)

1 , , .. .
= - m(ﬂ“‘ nK)(Rrgi; — Rjugin) fi + f(RuRij — RuRax) fi

+ (Riwify — Rjvafi) fi = ﬁ(ﬂf +nK)(fi R — frRyi)
(3.6) + fRii(fi R — frRy)-
Applying (2.9) and (2.14), we derive that
(Rivifs — Ryvif) fi
= Cuiififj — Cprifufi + Beig iy — Rji1fif
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= Cushify — Coufuli + { = — f\Biclg + — fRalt
= CkrtiJ1J; gliJ1Sk j n—2 ik n—2 il LUk
1 .
+ m(fR +nK)Ri, — (n —2) fBix + Cur fi + Cklifl}
1 o n o o 1 o
_ _ - R KR
fk{ n72f|RZC| gz]+n72fRlejl+n71(fR+n )Rzg
—(n—2)fBj + Cuj fi + leifl}
1 o n 5 . .
= — 5 fRicP(figik = frgis) + —= f(Bufs — Ryufi) R
1 o .
+ ﬁ(fR +nK)(Rirfj — Rijfr) — (n = 2) f(Bir fj — Bij fr)

(3.7) +2(Crii fj — Ciuifr) fr + (Can f5 — Caj fi) fi-
Putting (3.7) into (3.6) gives the equation (3.5). O

Corollary 3.2. Let (M", g, f) be an (n > 5)-dimensional compact Riemannian
manifold satisfying (1.1). Assume Ric(Vf) = u1Vf in the set Q = {x €
M™ NV f(z) # 0}, then

fi  fr 2n

1 o —2 . .
= - K ic|? ;
R )+f|Rw|}\Vf| vy T g Rkt

+3Chifi — [fm - %(fR—F nK)}R“€

38) [ PR+ K — — flRic? | g

_

n(n —1)

Proof. Multiply both sides of (2.5) by f;, one has

(3.9) Cijefi + Crijfi + Cikifi = 0,

By (2.11) and the set f~1(0) has the measure zero, we obtain
Cijrfi = 0.

Thus, (3.9) becomes

(3.10) Crij fi = Ci fi-

From (3.5) and the fact that P disappears we get the following

. n—2 . _L o o .
0= m(fR+nK)ngk n_2f|ch\ (gicfi — 9ii i)
2n—2 .o o . .. o

+ n—9 fRil(lefj - lefk) - f(leRik - RklRij)fl

— (n—2)f(Bixf; — Bijfx) + (Cunfj — Cujfr) fi + 2(Criif; — Cjii fr) fi-
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Contract the above formula with respect to ¢ and j, and combining with the
assumption Ric(Vf) = pu1Vf, we have

(3.11) (0= 2)Bafy = —5 (it — (n = V)| Bic) f.

Moreover, according to the definition of Tjjx in (2.7), it holds that

n—1 o o
Tigufi = - — 2(|vf|2Rik Rijfuf) + 2(g’th]lfj fiRi) fi
n—1 o 1
12 = Ry, — ; %Gk
(3.12) n_2|vf|Rk n_2M1ffk+n_2ﬂ1|Vf|9k
Thus, it follows from (3.5) that
0= ijifj
n —

= n(n_l)(fR+nK) Tijrfj — |Vf| f|Ric| glk+n_2f\Rw| i i

2n —

|Vf| fRaRy, — fua |V Ry, + (n —2)fBi; fuf;
— (n = 2)|Vf*f Bix + 3|V f|*Crai fi — /hffszn
which combines with (3.11) and (3.12) to give

0= —(n—2)|V/PfBu + (FR+nK)|(n = )|V f[* R

o
n(n—1)

, 20.] = — L 1R fIRiclg:
—npnfifi+ m|VPga] = — |1 fIRw\ g

+ 7f|RZC| fifk — fn|Vf*Ri +

|Vf| fRqyRu,
b2 F i fe 4 BV 2 fi — —f|Rz’c|2fifk
n—2 n—2

%M%ffifk
—(n— 2)|Vf|2fBik + 3|V fI*Crui fi

~ [ = 2R+ 08| 191 P

~ [ R nE) + fIRie?) fufi+ TV AP R
(313)  + [ﬁ(ﬂ% 0k — mﬂRz‘cﬂ |Vf|29ik,
and the estimate (3.8) follows. O

Substituting (3.8) into (2.14) gives directly the following
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Corollary 3.3. Let (M™, g, f) be an (n > 5)-dimensional compact Riemannian
manifold satisfying (1.1). Assume Ric(Vf) = u1Vf in the set Q = {x €
M™:;V f(z) # 0}, then

Jr

. B 1 1 .
Riksfs = — Criifi + [ (fR+nK) w1+ f|RZC|2} il fRy Ry
(3.14) - ﬁ(ﬂ%‘i‘ nK)p1gix + [ful + ﬁ(f}z‘i‘ nK)}ém

On the other hand, by virtue of (2.7), it holds that
n—1

Tijrsfs = m(éik,sfj + Rikfjs — ]o%ij,sfk — Rijfks)fs

1 .
(3.15) + o R — gij i) fofo t— (gt — gijBit) fis fs.

2
From (2.1) and ]:Bijfj = p1 fi, we deduce

-2

n

-1 .
Tijk,sfs = m(Rik,sfsfj Zj sfsfk)

+ (fﬂl — M)Tijk

= %{fj[_ Criifi —

1 .
2(gszjls Gij Rit,s) fs fi

1 .o
- K R
= 1) (fR+nK)p1gin — fRaRu

+ (f/h + (fR-f—nK))ém} - fk[_ Ciuifi — fRaRy;

b
n(n—1)

1 1
- m(fR‘f'nK)ngij + (flh + m

+ %{gikﬁ [ = Cjpifp + (ful + ﬁ(fR + nK))ézj

fi fi .
iR
1 o o
_ m(fR + nK)nglg} —gi; fi { — Crpifp — fRipRpl
1

1
_ m(fR+nK)#1gkz + (f,u1 + e

- (L2 i) ]} (- 225 )

(fR+nK)(figik — frgis)

(R +nK)) Fy |}

+(n (fR+nK)pu + f|Ric| )

(fR + TLK)) ékl

n

= - : I(Ckufj — Citife)fi —

H1
n(n — 2)

fR+nK n—1 1
n(n —1)) ik _2(f“1+n(n—1)

o o n—1 o o o
X (fjRik — feRij) — mfRil(ijlk — frRij)

+ (fm - (fR+nK))
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1
n—2

1
- ﬁﬂ%(fjgik — [rkgij) + % [f,ul + =1

(fR4nK)(figi — frgis)

+

L (R4 nE ) + [IRicP] (00— feoi)

(fR+ nK)}
H1

n(n—1)(n —2)
n—1 n—1 - 5 .
= 2p1 f Tk — m(cklifj = Ciifr)fi — mfRil(ijlk — frRij)

L (BieP — 12)Fagu — feo)

where the second equality follows from (3.14).

X (figik — frgij) —

(3.16)  +

As a result, we get the following.

Corollary 3.4. Let (M™, g, f) be an (n > 5)-dimensional compact Riemannian
manifold satisfying (1.1). Assume Ric(Vf) = uVf in the set Q = {x €
M™,V f(z) # 0}, then
n—1 n—1 o 5 .
Tijk,sfs = 2p1f Tk — m(oklifj — Ciifi) fi — mfRil(ijlk — fxRij)
f

.1 —_—
(3.17) +n72

(| Ric|” = p3)(f9in — frgi5)-

In the following we give two basic facts (see Lemma 21 of [18]):
Lemma 3.5. Let (M™,g) be a Riemannian manifold. Then
(3.18) Cijig + Cirj + Cujr = RipWhpikt + RepWpiry + RipWpij-

Using (3.18), a direct calculation yields

Citi.k — Criij = Cljk,i — Cijig — RipWoijk + RjpWoka

(3.19) — RipyWhojut + RipWhiji.

Furthermore, we also derive the following:

Lemma 3.6. Let (M", g, f) be an (n > 5)-dimensional compact V-static space
with zero radial Weyl curvature. Then, we have

n—2

5 . .. P — 2
(320) leC’LJk’f] 2(n — 1)f|C| )
o n—3
(3.21) fWijrRi; = o— QCkpifpa
1
(3.22) CijifiCipk fp = §|Vf|2|C|27

3 2(n—1) o
(n —2)BiTijr f; = 5Wf|2\0|2 + %RilleTijkfj
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n—2 1
—m ful—;(fR+nK)]f|C|2.

Proof. From (2.7), (2.13) and (3.1), we have

(3.23)

, . n—2
O s = RipThoop fs = —— = T2
fRszz_]kf] le ka] 2(%—1)| |
o n—2 2 2
- 2(n71)f e,

which combines the fact that the lever set f~1(0) has measure zero infers (3.20).
Applying fiWyr = 0, it holds that

0 = Wi, fr + Wiajn f15

n —

3 .
= - mckpifp + Wiiji | fRij — (fR+ nK)glj}

1
n(n—1)
n—3 .
= - mckpifp + leiijljv

and this leads to (3.21). From (2.7), (3.20) and the fact that the lever set
£71(0) has measure zero, we deduce (3.22) from

FCiinfiCipk fp = Tiji fi Cipk fp
n—1

= IV 12 Rir.Cip f

n—2

1
= AVIPICP.
Multiply both sides of (3.8) by Cjj f;, we obtain
(n —2)BixTiji f;

= (n—2)fBixCiji f;

(n—1)

2 o o 1 .
= 3Cni [iCijr f; + p— RuRiuTijifi — {fﬂl - ﬁ(fR + nK)]RikCijkfj

3 o n  2(n—1) < = n—2 1 9
= - C ——RyRuTiirfi — — —(fR+nK)|f|C|*.
5| VIFICE + ———= RuRuTiji f; 2(n_1)[f,u1 ~(fR+n )}f| |
This completes the proof of Lemma 3.6. O

To prove T = 0, motivated by [18], we need to establish a point to point
formula under the condition of f;Wj;;, = 0 and the equation (1.1):

Proposition 3.7. Let (M™, g, f) be an (n > 5)-dimensional compact V-static
space with zero radial Weyl curvature. Then,

2n—1) = -

%RilleTijkfj + 1| T|?

_n-3 22 2RERESTY o
(3.24) = 2 [Ivsricr + Tl ]
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Proof. Using the method of [18], we first calculate A(f;W;;;1) as follows:
A(fiWiiji) = iAW + 2 fisWiijk,s + fissWiijik

= il Wign + 2f RisWigjn s — (fR+nK)Wiijk.

2

n(n —1)
R - R

— 1lelijk + fpRpuWiijr + Elelijk-

(3.25) -

From fiWijr =0, (3.1), Ric(Vf) = u1 Vf and (28) of [18], (3.25) becomes
0= fi(Cjtir — Criij) — [i(B®9)uijr + 2f RisWiijn.s

= fi(Cjii,k — Chiij) + Bijfr — Barfj + (Bigi; — Bijgir) fi
(3.26) + fo%lsVVlz‘jk,s + n(nQ—(nl)_(::’)—2) (fR + nK) Cijk-

Applying (1.1) and (3.19), we have
[i(Citie — Criij) = (Cljk,i — Cijr) fi
= (Cijxf1)i — Cijrfii — Cijrafi
o 1
— Ci | fRy — m(fR +nK)gii| — Cijrufi
(fR+nK)Ciji — Cijrf1,

o 1
2 = —1Ty; T e —
(3 7) l]le + n(n — 1)

where the first equality follows from f;jWi;;, = 0 and the last equality from
(3.1). Substituting (3.27) into (3.26), we obtain

n—1. - .
0= —Ciyrufi — mRu(lefj — Ryjfr) + Bijfr — Bir f;

3n—8

i Bl — i Bl QESWZ“S T N o\
+(9ij Bk — 9ie Bij) fi + 2 Ris Wi, +n(n71)(n*2)

(fR + nK) Cijk

1 = . .
7 Rii(ginRjp — 91 Rip) fo-

By contracting with Tj;; and combining (3.23) derive that

1 2(n—1) = -
0= — 5f(Vf,V|C|2> - %RlileTijkfj —2BirTiji f;

2 - - . M1 2 3n—8 2
+ 2leSCZ—‘1,jleljl€,S — 1‘T| + Tl(?’l — 1)(7’L — 2) (fR+ nK>f|C’|
__1! 2y _ 3 oo
= — SV VICR) - 2 vsPiel
2n(n—=1) o » . . 2n — 6 9
oz P BT + e (1R+nK)f1C|
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(3.28) + 2félsTijleijk7s-

Let ¢ be a C' smooth real function with compact support on M. Multiplying
both sides of (3.28) by ¢ and integrating over M, we have

1 .
0= - 5/ FVEVICe + 2/ JRisTi5:Wiijn,s®
M M

2n —6
+ m /M (fR+nK)f|C’|2¢
2 -1 o o 3
(3.29) - (7;(712)2) /M RyRuTijrfio — P /M IVFIPICP¢.

On the other hand, using the divergence theorem and (1.1), we deduce that

1 2yp— L 210126 + & 2
5| 19RVICRs =5 [ 9rPICPo+ 3 [ (vevarscl

1
- 5o | UR B ICF,

and from (2.1), (2.7), (3.1) and (3.21), we also obtain
2/ ff%lsTijkVVlijk,sQS
M

4(n—1 .
= ( ) fRixRis fiWiijk,s®
n — 2 M

(3.30)

- =N Pl g U 0 Wi
_ i) /M o[£y B ﬁ(fRJr nE) Ris | fWisjno
_ W /M [féjsjgls _ n(%_l)(ﬂ% + nméu}cszm
- ;((:_;))2 /M(fR +nEK)RijCuy;
. W | BTy

_ 2(n —3) n 2
= e [ R fICP

4(n—1)(n—3) o o
(331) — W /M Rklelekf]QS.
Inserting (3.30) and (3.31) into (3.29), it is easy to get
n—8 2|2 6(”*1)/ B R
- _—° 2B AR T fs
0 2(n—2) /M IVIFICI ¢ — MRlelk kfi®

(3.32) - QT(L’(LR__LL)I(;E”__G)Q) /M(fR+ nK)f|C|*¢ + % /M<vf, Vo) IO
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In addition, by contracting with 7;;;, in (3.17) and combining with (3.22), one
has

1 2(n—1 2n—1) = =
§<Vf,V|T|2> =2 f|T]? - %Tijkfjcilkfl - %fRilleTijkfj
_ 2 =l 20-1)n p o o
(3.33) =2u f|T| p— 2f|Vf\ |C — fRuRuTiji £,
which implies that
1 2 2 2(n—1) 2
(3:34) SHVEVICE) = 2T —ijllekaf] — IVfI ICI°.
Hence,
1
5/ f<Vf,V|C\2>¢
=2 [ mlrPo- / RuBuTiefi6
2n—3
(3.35) - /M\Vf\ C?9.

Applying the divergence theorem, (3.35) becomes

0=2 / mitPo+s [ f<Vf,V¢>\C|2*ﬁ | R+ fICRS

/ |Vf| |C| ¢ / R’Llle‘CZ-"ijf]¢7
which combines (3.32) to derive
_ 4n—-1) S & g 4(n —3)
0=~ [ RakuTygo s [ (R enE) 0P

_2/ i T2e + 20 =3 /IVfI CPo.

According to the arbitrariness of ¢, we complete the proof of the Proposition
3.7. O

We will use the Proposition 3.7 to prove that 7' = 0. Inserting (3.24) into
(3.33), we have
2(n —3)

m(fPH'HKHT\ ;

1
SV VITPR) = 3 f [T — 2419 FPICP -
which combines (3.1) infers that

SHVEVITP)

2(n —3)

= Doy PR K D]ITE

(3.36) = [ 2 -2y -
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Taking h = f4|T'|?, we deduce
2(n—3)

(3.37) (Vf,Vh) = 2[3ﬂ1 T aln—1D)(n—2)

(R+nKf~ Y| fh.

To go further, we take divergence on both sides of Rw fj = p fi and using (2.1)
to derive that

(3.38) fIRic|? = (Vu1, Vf) — ——m(fR+nK).
Differentiating along V f for both sides of (3.37), we have
VER(V S,V ) = [5m + %(R + K Y] F(VF,Vh)
— 2[3u, — M(R + an*l)} IV FI2h + 6(V 1, V) fh
(3.39) + mMHth.

Next, we will prove T' = 0 by a contradiction. Otherwise, h attains its
maximum at a point g € M and h(zg) > 0. Thus, we observe from (3.37)
that

(3.40) 3 (o) — M(R K fY) (o) = 0.
From (3.38) and (3.39), we observe

2(n —3)
n(n —1)2(n — 2)

4(n —3) -1 2
+ me IV h}(l"o)

4(n —3) -1 2
— (K V£l“h ,
which combined with K f~1|V f|? > 0 shows that
4(n —3)
42 —_—
(342) [(n—l)(n—Z)
This is impossible. Therefore, 7' = 0. This completes the proof of Theorem
1.2.

0> {6||Ric + ; (R+nK =) £2h

(3.41)

K9 f12h] (o) = 0.
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