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PAIR DIFFERENCE CORDIAL NUMBER OF A GRAPH

R. PONRAJ*, A. GAYATHRI

ABSTRACT. Let G be a (p,q) graph. Pair difference cordial number of a
graph G is the least positive integer m such that GUmK3 is pair difference
cordial. It is denoted by PDC,)(G). In this paper we find the pair difference
cordial number of bistar, complete, helm, star, wheel.
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1. Introduction

We consider only finite, undirected and simple graphs.Cordial labeling was
introduced in [1] and more cordial related labeling can refer [11,12]. The
notion of pair diference cordial labeling of a graph was introduced in [4]. Also
we have investigated pair difference cordial labeling behavior of several graphs
like path, cycle, star, wheel etc have been investigated in [4,5,6,7,8,9,10]. Graph
parameter is the interesting concept in graph theory. In this paper we have
introduce a new labeling parameter called pair difference cordial number of
a graph and we have obtained the pair difference cordial number of bistar,
complete, helm, star, wheel .

2. Preliminaries

Definition 2.1. [4]. Let G = (V, E) be a (p, q) graph.

Define
B {’2’, if p is even
p =

L= if pis odd
and L = {+1,+2,43,--- ,+p} called the set of labels.

Consider a mapping f : V' — L by assigning different labels in L to the different
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elements of V when p is even and different labels in L to p-1 elements of V and
repeating a label for the remaining one vertex when p is odd.The labeling as
defined above is said to be a pair difference cordial labeling if for each edge uv
of G there exists a labeling |f(u) — f(v)| such that |Ay, — Age| <1, where Ay,
and Age respectively denote the number of edges labeled with 1 and number
of edges not labeled with 1. A graph G for which there exists a pair difference
cordial labeling is called a pair difference cordial graph.

Definition 2.2. The union of two graphs G; and Gs is the graph G; UGy with
V(Gl U Gg) = V(Gl) U E(Gg) and E(Gl U GQ) = E(G1> U E(GQ)

Theorem 2.3. [4]. The path P, is pair difference cordial for all values of n(
n#3).

Theorem 2.4. [4]. The cycle C,, is pair difference cordial if and only if n > 3 .

Theorem 2.5. [4]. The star K, is pair difference cordial if and only if 3 <
n < 6.

Theorem 2.6. [4]. The complete graph K, is pair difference cordial if and only
if p<2.

Theorem 2.7. [4]. The bistar B, , (m > 2,n > 2) is pair difference cordial if
and only if m+n < 9.

Theorem 2.8. [4]. The wheel W, is pair difference cordial if and only if n is
even.

3. Pair Difference Cordial Number of a Graph

Definition 3.1. Let G be a (p,q) graph. Pair difference cordial number of a
graph G is the least positive integer m such that GU K5 is pair difference cordial.
It is denoted by PDC, (G).

Example 3.2. The graph G; given in figure 1 is not pair difference cordial,
since the maximum possible edges with label 1 is 3. But the graph G; U K5 is
pair difference cordial. Therefore PDC, (G1) = 1.
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Figure1l:G, Figure2: G1 U K>

Remark 3.3. If G is pair difference cordial graph then PDC,(G) = 0.

Theorem 3.4. Ifn > 2, then

dn—T7 ifr=0 ( )
In—4 fr=1 (mod4

PDCy (K1 ansr) = 42_5 ;;:52 EO g
( )

n—-6 ifr=3

Proof. Let V(K1 ant+r UmKs) = {u,u; : 1 <i<n}U{v;,w; :1<i<m}and
E(K1 antr UmKs) = {uu; : 1 <i<n}U{vw; :1<i<m}.
Clearly
K1,4n+r U mKQ
has 4n + 2m + 1 vertices and 4n + m edges.
There are four cases arises.

Case 1. r =0 (mod 4)
Define f : V(K1 an4rU(dn—T7)K2) = {£1,£2, -+ , & [12E20EL [} a5 follows:

When n = 2, Assign the labels 1,2 to the vertices v1, w; and assign the labels
—-2,—-1,-3,-3,4,5,6,—4,—5, —6 to the vertices u, u1, us, us, ug, us, Ug, U7, Us.

When n > 3, Now assign the labels 1,3,5,--- ,4n—7 to the vertices vy, vs, vs,

-, Uy, and assign the labels 2,4,6--- ,4n—6 to the vertices wy, ws, ws, - , Wy,
Next assign the labels —1, —3, =5, - - - , —(4n—8) to the vertices vg, vy, Vg, -+ , Um—1
and assign the labels —2, —4, —6 - - - , —(4n—9) to the vertices wa, wq, Wg, - * + , Wp—1.

Assign the label —(4n — 6) to the vertex u. Finally assign the distinct labels to
the pendent vertices of the star from +(4n —3), £(4n—2),--- , £(m+2n) to the
vertices w4, us, Ug, - - - , U and assign the labels —(4n —7), —(4n — 5), —(4n — 5)
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to the vertices uy, ug, us.

Therefore f is pair difference cordial labeling of Kj 4n4r U (4n — 7)K5. The
maximum number of edges with labels 1 from the star is, Ay = 3, if n is
even.But the size of the star is n. Hence 4n — 7 is the least integer such that
K1 gn+r U (4n — 7) K> is pair difference cordial.

Case 2. r =1 (mod 4)

Define f : V(K1 4n4rU(An—4)Ks) — {£1,£2,--- |+ L%J} as follows:

Now assign the labels 1,3,5,--- ,4n — 5 to the vertices vy, v3,vs5, -+ , vy and
assign the labels 2,4,6--- ,4n — 4 to the vertices wy, w3, ws, -+ , wy,. Next as-
sign the labels —1,—3, —=5,--- , —(4n—5) to the vertices vo, v4,v6, " , Vym—1 and
assign the labels —2, -4, —6--- | —(4n —4) to the vertices wa, wy, we, * -+ , Wyn—1.

Assign the labels —(4n — 2),4n — 2, —(4n — 3),4n — 3 to the vertex u, uy, us, us.
Finally assign the distinct labels to the pendent vertices of the star from +(4n —
1),+(4n), - ,+=(m + 2n) to the vertices uy, us, ug, - - , Up.-

Therefore f is pair difference cordial labeling of Kj 4n4r U (4n — 4)K5. The
maximum number of edges with labels 1 from the star is, Ay = 2, if n is
odd.But the size of the star is n. Hence 4n — 4 is the least integer such that
K1 4n+r U (4n — 4) K5 is pair difference cordial.

Case 3. r =2 (mod 4)

Define f : V(K1 an4rU(4n—5)Ka) — {£1,+2, -+ & [ 12220+ [} a5 follows:

Now assign the labels 1,3,5,--- ,4n — 6 to the vertices vy, v3,vs5, -+ , vy and
assign the labels 2,4,6--- ,4n — 6 to the vertices wy, w3, ws, - ,wy,. Next as-
sign the labels —1,—3, —=5,--+ , —(4n—7) to the vertices vo, v4,v6, " , Vym—1 and
assign the labels —2, —4, —6--- | —(4n — 6) to the vertices wa, wy, we, * -+ , Wyn—1.

Assign the label —(4n — 4) to the vertex u. Finally assign the distinct labels to
the pendent vertices of the star from +(4n—2), £(dn—1),--- ,+£(m+2n) to the
vertices ug, us, Ug, - - - , Uy and assign the labels —(4n — 5), —(4n — 3), —(4n — 3)
to the vertices w1, us, us.

Therefore f is pair difference cordial labeling of K 4p4r U (4n — 5)K5. The
maximum number of edges with labels 1 from the star is Ay, = 3, if n is even.
But the size of the star is n.

Hence 4n —5 is the least integer such that K1 44, U (4n —5) K> is pair difference
cordial.

Case 4. r =3 (mod 4)
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Define f : V(K1 an4r U (dn —6)Kp) — {£1,£2, -+, + [ 422Z1EL [} a5 follows

Now assign the labels 1,3,5,--- ,4n — 7 to the vertices vy, vs3,vs, -+, vy and
assign the labels 2,4,6--- ,4n — 6 to the vertices wy, w3, ws, -+ , Wy,. Next as-
sign the labels —1, =3, —5,--- , —(4n—7) to the vertices va, v4, Vg, - -+ , Up—1 and
assign the labels —2, —4, —6--- | —(4n — 6) to the vertices way, wy, we, -+ , Wyn—_1.

Assign the labels —(4n — 4),4n — 4, —(4n — 5),4n — 5 to the vertex u, uy, us, us.
Finally assign the distinct labels to the pendent vertices of the star from +(4n —
3),£(4n — 2),--- ,E(m + 2n) to the vertices uq, us, ug, - - , Un.

Therefore f is pair difference cordial labeling of Kq 454, U (4n — 6)K5. The
maximum number of edges with labels 1 from the star is Ay, = 2, if n is
odd.But the size of the star is n. Hence 4n — 6 is the least integer such that
K1 n4r U (4n — 6) Ky is pair difference cordial.

Theorem 3.5.
1, ifn=3

PDCy(Pa) = {o ifn#3

Proof. When n # 3, Assign the labels 1,2,2 to the vertices of P3 and assign the
labels —1, —2 to the vertices of Ks.

When n = 3, Follows from theorem 2.3.

Corollary 3.6.

PDC, (K1) = {2 =1

Proof. Case 1. n=1,2.

Since K11 = P5,K; 5 = Py, By theorem 3.5, PDC,, (K1) = 0 and PDC) (K 2) =
0.

Case 2. 3 <n <6.
Follows from theorem 2.5, PDC, (K1 ,) = 0 where 3 <n <6.

Case 3. n=1"1.
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Assign the labels 1,2,3,—1, -2, —3, —4 to the vertices u1, us, us, tg, Us, Ug, U7
and assign the labels 2,5,6, —5, —6 to the vertices u, v1, w1, va, wo.
Therefore PDC, (K1 7) = 2.
O

Theorem 3.7. Ifn > 3, then

0, if n is even

PDC, (W,) =
n(Wa) {@1,#nwm¢

Proof. Case A. n is even.
Follows from theorem 2.8. PDC,(W,,) = 0.

Case B. n is odd.

Let V(W, UmKs3) = {u,u; : 1 < i < n}U{v,w; : 1 <4 < m} and
EW,UmKs) ={uu; : 1 <i<n}U{ujuipr:1<i<n—1}U{uu, } U {vw; :
1<i<m}.

Clearly W,, UmK>s has n 4+ 2m + 1 vertices and 2n + m edges.

There are three cases arises.

Case 1. n =0 (mod 3)

When n = 3, assign the labels 1,2, 3,4 to the vertices uq,us, us, v and assign
the labels —1, —3, —2, —4 to the vertices vy, vo, w1, ws.

When n > 3,
Define f: V(W, U ("TH)KQ) = {+1,+2,--- , £+ L%J} as follows :

Assign the labels 1,2,3,--- ,n to the vertices ui, us, us, - - - , U, and assign the
label n + 1 to the vertex wu.

Assign the labels —1,—3,—5,--- , % — 1 to the vertices vy, vz, 03, -+ ,v2 and
assign the labels —2, -4, —6,--- | %" to the vertices wy, we, w3, -+ ,wa.

Next assign the labels —(2* + 1),—(%* + 3) to the vertices vz ,wzy and
assign the labels — (22 +5),— (22 +7) to the vertices vz 1o ,wn 5. We assign the
3 3 3+ 3+
lab('als —(& + 9),—(%* + 11) to the vertices Usis W 3. Proceeding like this
until the vertices Un n=6 ,Wn  n6. Note that the vertices Un,n=6 ,Wn_ n-c get
3 3 3 3 3 3 3

3

the labels —(n — 2), —(n).

. _ 2771‘ . 2711 .
Now we assign the labels —(%* + 2),—(5* + 4) to the vertices Unynoo g

Wy, nooy and assign the labels —(2 46),— (% +8) to the vertices Upyncoiy
Wy ynos 5 We assign the labels —(2 + 10),—(2* + 12) to the vertices vz i3
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;wzy3. Proceeding like this until the vertices Ungl Watd Note that the ver-
tices vng1 ,wagr get the labels —(n—1),—(n+1).

Case 2. n =1 (mod 3)
Define f : V(W, U (%) Kp) — {+1,£2,- -+, £ | 220+ |} as follows :
Assign the labels 1,2, 3, -+, n to the vertices w1, us,us, - , u, and assign the

label n + 1 to the vertex w.

Assign the labels —1,—-3,—5,--- , % — 1 to the vertices vy, vo, vg, - - - ) Unct

and assign the labels —2, -4, —6,--- | % to the vertices wy, wo, w3, -+ , Wn-1.
3

: _(2n—2 _(2n—=2 :
Next assign the labels —(=%==+1),—(=%5=4-3) to the vertices Unoi g Weot iy

and assign the labels — (22 +5),— (2224 7) to the vertices Unoi g Wity We
assign the labels —(2%=2 +9),—(2%=2 +11) to the vertices Un_1 g Wit 3. Pro-

ceeding like this until the vertices Unoiyna Wnoinod. Note that the vertices

Un_iyn-a Wao1yaa get the labels —(n—1),—(n+1).

Now we assign the labels —(22-2 +2),— (222 +4) to the vertices Unoinoay
AWt sy and assign the labels —(2+6),— (2 +8) to the vertices Uniyndi,
Wno1y nos 5. We assign the labels —(22 +10),—(22 +12) to the vertices Uno1 g
Wni g Proceeding like this until the vertices vni1 ,wni1. Note that the ver-

tices vngs ;wagr get the labels —(n—2),—(n).
Case 3. n =2 (mod 3)
Define f: V(W, U (2H)Ky) — {£1,42,- -+, + | 224D |} a5 follows :

Assign the labels 1,2,3,--- ,n to the vertices uy, us, us, - - - , Uy, and assign the
label n 4+ 1 to the vertex wu.

Assign the labels —1, -3, —5,--- | % — 1 to the vertices vy, va, v3, - - - SCEE
and assign the labels —2, -4, —6,-- -, % to the vertices wy, wa, w3, - - - s Wnoz.
Next assign the labels —(2%=4 +1),— (222 +3) to the vertices Uno2 g W2 4

and assign the labels — (2% +5),— (224 +7) to the vertices Un_2y ,wan+2.We
assign the labels —(222 +9),— (222 +11) to the vertices Un_2 g Wn-2_ 3. Pro-
ceeding like this until the vertices Un2yn-2 Wn_2 n-2. Note that the vertices

Un—z n—2 Wn—2 a2 get the labels —(n — 1),—(n+1).
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Now we assign the labels —(2%-2 +2),— (222 + 4) to the vertices Unoinoa
AWt ns gy and assign the labels —(2+6),— (% +8) to the vertices Un_iyn_di,
Wno1y noi o . We assign the labels —(%:+10),—(Z* +12) to the vertices Unoi g
Wnt g Proceeding like this until the vertices vn+1 ,wn+1. Note that the ver-
tices vap1 ;wasr get the labels —(n — 2), —(n).

Therefore f is pair difference cordial labeling of W, U (21)K>. In above
all the cases, the maximum number of edges with labels 1 from the wheel is
Ay, =n, if n is even.But the size of the wheel is 2n.

Hence "T'H is the least integer such that W, U ("T'H)K 2 is pair difference cordial.

O

Theorem 3.8. Ifn > 3, then

n ifn=0 (mod 2)

PDC,(Hn) = {,H_ 1 ifn=1 (mod?2)

Proof. Let V(H, UmK3) = {z,z;,y; : 1 <i < n}U{v;,w; : 1 <i<m} and
EW,UmKs3) = {zz;,ziy; : 1 <i<n}U{zzip: 1 <i<n—-1}U{z12,} U
{viw; : 1 <i<m}.

Clearly H,, UmK, has 2n + 2m + 1 vertices and 3n + m edges.

There are three cases arises.

Case 1. n =0 (mod 2)

Define f : V(H, U (n)Ks) — {£1,42,-- & | 2252741 [} a5 follows :

Assign the labels 1,2, 3, - -, n to the vertices x1, z2,x3, - - , x, and assign the
labels —1, -2, =3, --- | —n to the vertices y1, y2,¥ys, -+ , Yn. Assign the label n+1
to the vertex z.

Assign the labels n+1,n+3,n+5, - - -, n+m—1 to the vertices vi, va, v3, -+ ,vn
and assign the labels n+2, n+4,n+6, - - -, n+m to the vertices wy, wa, w3, -+ ,waz.
Next assign the labels —(n 4+ 1),—(n 4+ 3),—(n 4+ 5),--- ,—(n + m — 1) to the
vertices Uniz, Unga, Ungo, -, Un and assign the labels —(n+2), —(n+4), —(n+
6),+-,—(n+m) to the vertices W2, Wnga , Wats, * W

Therefore f is pair difference cordial labeling of H,, U (n)K3. The maximum
number of edges with labels 1 from the helm is, Ay = 2n — 1. But the size of
the star is 3n.

Hence n is the least integer such that H,, U (n)K, is pair difference cordial.
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Case 2. n=1 (mod 2)

Define f: V(H, U(n+1)Ky) — {£1,+2,-- £ | 222241 [} 45 follows :

Assign the labels 1,2,3,--- ,n to the vertices x1, z2, 23, - , T, and assign the
labels —1,—2,—3,--- , —n to the vertices y1,vy2,¥3, - ,Yn. Assign the label n+1
to the vertex x.

Assign the labels n+1,n+3,n+5, - - - ,n+m—1 to the vertices vy, vo, vg3, - - - s Unt1
and assign the labels n+2, n+4, n+6, - - - , n+m to the vertices wy, ws, w3, - - - , Wit .
Next assign the labels —(n+1), —(n+3), —(n+5),--- ,—(n+m—1) to the ver-
tices Vnts, Ungs, Ungr, o, Ungr and assign the labels —(n+2),-(n+4),—(n+
6),---,—(n+m) to the vertices Wits, Wits, Wity 5 Wyl

Therefore f is pair difference cordial labeling of H,,U(n+1)K5. The maximum
number of edges with labels 1 from the helm is, Ay = 2n — 1. But the size of
the helm is 3n.

Hence n+1 is the least integer such that H, U(n+1)K> is pair difference cordial.
O

Theorem 3.9. Ifn > 5, then

0 1<n<4

PDC,(Bp,) = {2n 8 nes

Proof. Case A.1<n<4
Follows from theorem 2.7. PDC, (B, ) =0.
Case B. n > 5.

Let V(Bpn UmKs) = {z;,yi, 2,y 1 < i <n}U{vy,w : 1 <i<m}and
E(Bpn UmKs) = {zz;,yy; : 1 <i <n}U{zy}tU{vw;: 1 <i<m}.
Clearly B,, ,, UmKjy has 2n + 2 + 2m vertices and 2n +m + 1 edges.

Define f: V(B U (2n —8)Ky) — {£1,£2,--- ,£(n+ m + 1) as follows :

Assign the labels 1, 3, 2 to the vertices x1, x2,  and assign the labels 4,5, 6, - - - |
n+ 1 to the vertices x3, 24,5, - ,x,. Next assign the labels —1, —3, —2 to the
vertices y1,y2,y and assign the labels —4, -5, —6,--- ,—(n + 1) to the vertices

Y3, Ya, Y5, 5 Yn-

Now we assign the labels n+2, n+3 to the vertices v1,w; and assign the labels
—(n+2), —(n+3) to the vertices vy, wy and next assign the labels n+4,n+5 to
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the vertices vs, w3 and assign the labels —(n+2), —(n+3) to the vertices vy, wy.
Proceeding like this until we reach the vertices v,,_1, Wy _1, Um, Wym,. Note that
the vertices vy, wy, get the labels (n+m),(n+m+1),—(n+m),—(n+m+1)
respectively.

O
Theorem 3.10.
0 ifn=1,2
PDC,(K,) =41 ifn=34
2 ifn=>5

Proof. Follows from theorem 2.6. PDC,(K,)=0,n=1,2.

K3, K4, K5 are not pair difference cordial. The figure given below shows that
K3 UKoy, Ky U Ko, K5 U 2K, are pair difference cordial.

1 1 2
-1 -2 -1 -2
*—e r—0
-1 2
Kg UKo -3 3
K4 UK,
1
-1 2 -1 -2
o
-3 -4
o—
4
Ks U2K,

Therefore PDC, (K3) = 1,PDC)(K,) = 1,PDC,(K5) = 2.

Theorem 3.11. If n > 6, then

(n—1)(n—4) . —
PDCU(KTL) = (n71)2(n74) an : 0 mod 2
—5———1 ifn=1mod?2
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Proof. Let V(K, UmKs3) = {u; : 1 < i <n}U{v,w; : 1 <i < m} and
E(K,UmK;) = E(K,)U{vw; : 1 <i<m}.

Clearly K,, UmK> has n 4+ 2m vertices and % + 2m edges.

There are two cases arises.

Case 1. n =0 (mod 2)
Define f: V(K, U (U004 gy 5 (41,42, -, 2521 a5 follows -

Assign the labels 1,2,3,--- ,n to the vertices uy, ug,us, - ,u,. Next we as-
sign the labels —1, —2 to the vertices vy, w; and assign the labels —3, —4 to the
vertices vy, wo. Assign the labels —5, —6 to the vertices vs, ws3. Proceeding like
this until we reach the vertices vn,wz. Note that the vertices vz, wz get the
labels —(n — 1), —(n).

Now we assign the labels (n + 1), (n +2),—(n + 1), —(n + 2) to the vertices
Yng2 Wnis,
Ungs,wats. We assign the labels (n+3), (n+4), —(n+3), —(n+4) to the vertices
Vg6 Wt ,Ungs ,Wnis . Proceeding like this until we reach the vertices v, wy,.
Note that the vertices vy, w.,, get the labels —% -1, —#.
Case 2. n=1 (mod 2)
Define f: V(K, U (W —1)Ks) — {£1,£2,--. , £2E20=1} a5 follows :

Assign the labels 1,2,3,--- ,n to the vertices uy, us,us, - ,u,. Next we as-
sign the labels —1, —2 to the vertices vy, w; and assign the labels —3, —4 to the
vertices vg,wy. Assign the labels —5, —6 to the vertices vs,ws. Proceeding like
this until we reach the vertices Un_1,Wn_1. Note that the vertices Un_1,Wn_1

get the labels —(n —2), —(n — 1).

Next assign the labels —n, —(n—1) to the vertices Vngi,wags. Now we assign
the labels (n+41), (n+2), —(n+1), —(n+2) to the vertices Uit Wit ,Ungs ,Wnts -
We assign the labels (n+3), (n+4), —(n+3), —(n+4) to the vertices Vit Wt
Unto Wnio . Proceeding like this until we reach the vertices v,,, w,,. Note that

the vertices v, w,, get the labels

_n42m—-1 _ 1 _n42m—1
2 ) 2 :

O

4. conclusion

In this paper we have obtained the pair difference cordial number of some
graphs like bistar,complete,star,helm,wheel. The pair difference cordial number
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of other non pair difference cordial graphs like product graphs like K,,, X Po,m >
3,GxK,,n>3, GxW,,n >4, Book graph B,,, m > 6 and the shadow graphs
of complete graph and star graphs are the open problems for the future research
work.
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