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ABSTRACT. In this paper, we investigate the distribution of the zeros of
the Euler-Fibonacci polynomials by using computer.
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1. Introduction

In this paper, we investigate the distribution of zeros of the Euler-Fibonacci
polynomials by using computer. Throughout this paper, we always make use of
the following notations: Z, denotes the set of nonnegative integers, Z denotes
the set of integers, R denotes the set of all real numbers and C denotes the set
of complex numbers, respectively.

The authors [1, 2, 4] introduced generating functions for Euleri numbers E,,
and Euler polynomials E,, () as follow
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Now, we give some definitions (for these definitions see [11, 12]) that we will use
throughout the article. The F-factorial is defined as

F )\ =Fy-Fyy-Fpo---F, Fyl=1.

where I, is n-th Fibonacci numbers. The Fibonomial coefficients are defined as
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with (O)F = (n)F =1 and (k)F =0 for n < k.
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The binomial theorem for the F-analogues (or-Golden binomial theorem) are
given by
n
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The F-exponential functions ep(x) and Er(x) are defined as:
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The following identity holds
epE = egf+y)F

The author [6] defined generating functions for Euler-Fibonacci numbers E,, g
and Euler-Fibonacci polynomials E,, p(z) as follow
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Theorem 1.1. Forn > 1, we have
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2. Zeros of the Euler-Fibonacci polynomials

This section aims to demonstrate the benefit of using numerical investiga-
tion to support theoretical prediction and to discover new interesting pattern
of the zeros of the Euler-Fibonacci polynomials E,, g(z). The Euler-Fibonacci
polynomials E,, g(z). can be determined explicitly. A few of them are
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We investigate the zeros of the Euler-Fibonacci polynomials E, p(z) = 0.
by using a computer. We plot the zeros of the Euler-Fibonacci polynomials

E, r(x) = 0 for z € C(Figure 1). In Figure 1(top-left), we choose n = 15.
10 10 q
05 051 q
9 00/0—@——O-GHBO—© & o oo o oemno o
-0.5 -0.5 4
~10} -10f B
—1‘00 —éO 0 5‘[) 1(‘)0 1;:0 -3000 -2000 -1000 0 1000 2000 3000

Re(x) Re(x)
10 10 =
05 05 =
o 00| —— @ O SEB© o 00— @O SEHBO O
-05 ~05 J
-0} 10} -

-40000 -20000 0 20000 40000 -2x10°8 -1x108 0 1x10° 2x 108
Re(x) Re(x)

In Figure 1(top-right), we choose n = 25. In Figure 1(bottom-left), we choose
n = 35. In Figure 1(bottom-right), we choose n = 45.

FIGURE 1. Zeros of E, p(x) =0
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Stacks of zeros of the Euler polynomials E,(xz) = 0 for 1 < n < 50 from a
3-D structure are presented(Figure 2).

FIGURE 2. Stacks of zeros of E,(z) =0 for 1 <n <40

Stacks of zeros of the Euler-Fibonacci polynomials E,, g(xz) = 0for 1 <n <50
from a 3-D structure are presented(Figure 3).
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FIGURE 3. Stacks of zeros of B, p(x) =0for 1 <n <40
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0 for 1 < n < 40 structure

The plot of real zeros of Euler polynomials E,, (x)

are presented(Figure4).
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FIGURE 4. Real zeros of E,(x)

0 for 1 <

The plot of real zeros of Euler-Fibonacci polynomials E,, p(z)

presented (Figure 5).
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FIGURE 5. Real zeros of E,, p(z)
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Next, we calculated an approximate solution satisfying Euler-Fibonacci poly-
nomials E,, p(z) =0 for € C. The results are given in Table 1.

Table 1. Approximate solutions of E,, p(z) =0

degree n x
1 0.50000
2 —0.30902, 0.80902
3 —0.58504, 0.34445, 1.2406
4 —0.62348 — 0.15690¢, —0.62348 + 0.156903,
0.76158, 1.9854
5 —1.1041, —0.94468, 0.21728,
1.1144, 3.2171
6 —1.8098, —1.1845, —0.71841,
0.71086, 1.7998, 5.2020
7 —2.9500, —2.0958, —0.88759,
0.078327, 1.0363, 2.9000,
8.4188
8 —4.7588, —3.3229, —1.3169,
—0.73430, 0.65446, 1.6582,
4.6995, 13.621
9 —7.7092, —5.4213, —2.1919,
—0.88794, —0.071429, 0.96992,
2.6730, 7.5993, 22.040
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