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FUZZY STONE SPACE OF AN ADL
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Abstract. The set of all prime L-fuzzy ideals of an ADL A with truth
values in a frame L is topologized and the resulting space is denoted by

FL Spec (A), called fuzzy Stone space of A. Certain properties of the

space FL Spec (A) are discussed, and it is proved that FL Spec (A) is
homeomorphic with the product space Spec (A)× Spec (L).
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1. Introduction

Zadeh [20] introduced the notion of a fuzzy subset of a set X as a function
from X into I = [0, 1]. Since Rosenfeld [10] introduced and developed the theory
of fuzzy sets in realm of group theory, many authors are engaged in fuzzyfying
various concepts of abstract algebras, such as groups, rings, vector spaces, lat-
tices, etc. (for, refer [1, 2, 3, 4, 5, 6, 8, 9]).
The concept of prime ideals is very crucial in the study of structure theory of
distributive lattices in general and of Boolean algebras in particular. M.H. Stone
[14] proved that any distributive lattice (Boolean algebra) isomorphic to the sub-
lattice (subalgebra, respectively) of a lattice (algebra) of subsets of the set of all
prime ideals of the corresponding lattice, and he established a duality between
Boolean algebras and Boolean spaces (i.e., compact Haussdorff and totally dis-
connected spaces). For this, he constructed Spec (L), the space of prime ideals
of a bounded distributive lattice L.
Swamy and Rao [18] have introduced the concept of an Almost Distributive
Lattice (ADL) as a common abstraction of the ring theoretic and Lattice theo-
retic generalizations of Boolean rings and Boolean algebras. Also, they extended
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the concept of prime ideals to ADLs and obtained a topological space by Stone
topology on the set of prime ideals of an ADL A, resulting space is called Stone
space or prime spectrum, denoted by Spec (A). Further, Swamy, Sundar Raj
and Natneal, [11, 12, 15] have introduced the concepts of L-fuzzy ideals, prime
L-fuzzy ideals and maximal L-fuzzy ideals, of an ADL A with the truth values
in a complete lattice L satisfying the infinite meet distributive law:

a ∧
( ∨
b∈S

b
)
=

∨
b∈S

(a ∧ b)

for any S ⊆ L and a ∈ L such a lattices are called frames. Also, Natnael,
Srikanya and Santhi Sundar Raj [7] have defined L-fuzzy prime spectrum of
ADLs, and Srikanya, Praksh Babu, Ramanuja Rao and Santhi Sundar Raj [13]
have introduced the concepts of fuzzy initial and final segments of an ADL. An
element p ̸= 1 in L is called meet - prime or prime if for any a, b ∈ L, a ∧ b ≤ p
implies either a ≤ p or b ≤ p. An element m ̸= 1 in L is called a dual atom
(maximal) if there is no a ∈ L such that m < a < 1.
Throughout this paper, A = (A,∧,∨, 0) stands for an ADL with a maximal
element and L = (L,∧,∨, 0) stands for a frame. In section 2, we recall certain
definitions and results to be used in the sequel. In section 3, a topology is defined
on the set of prime L-fuzzy ideals of an ADL A and the resulting space is called
fuzzy Stone space, denoted by FL Spec (A). Here it is shown that FL Spec (A)
is T0-space. A base for the topolgy of FL Spec (A) is obtained and studied the
properties of basic open sets. For any meet prime element α in L, it is proved
that the subspace

Yα =
{
λ ∈ FL Spec (A) : Im λ = {1, α}

}
is compact. Also, it is proved that this space Yα is T1 if and only if every element
of Yα is a maximal L-fuzzy ideal of A. Further, we established a set of equivalent
conditions for FL Spec (A) to be T1. Finally, it is proved that FL Spec (A) is
homeomorphic with product space of Spec (A) and Spec (L).

2. Preliminaries

In this section, we present some basic definitions and results which will be
useful later on.

Definition 2.1. [18] An algebra A = (A,∧,∨, 0) of type (2, 2, 0) is called an
Almost Distributive Lattice (abbreviated as ADL) if it satisfies the following
conditions for all a, b and c ∈ A.

(1) 0 ∧ a = 0
(2) a ∨ 0 = a
(3) a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)
(4) a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c)
(5) (a ∨ b) ∧ c = (a ∧ c) ∨ (b ∧ c)
(6) (a ∨ b) ∧ b = b
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Any bounded below distributive lattice is an ADL. Any nonempty set X can
be made into an ADL which is not a lattice by fixing an arbitrarily chosen
element 0 in X and by defining the binary operations ∧ and ∨ on X by

a ∧ b =

{
0 if a = 0

b if a ̸= 0
and a ∨ b =

{
b if a = 0

a if a ̸= 0.

This ADL (X,∧,∨, 0) is called a discrete ADL.

Definition 2.2. [18] Let A = (A,∧,∨, 0) be an ADL. For any a and b ∈ A,
define a ≤ b if a = a ∧ b (⇔ a ∨ b = b). Then ≤ is a partial order on A with
respect to which 0 is the smallest element in A.

Theorem 2.3. [18] The following hold for any a, b and c in an ADL A.

(1) a ∧ 0 = 0 = 0 ∧ a and a ∨ 0 = a = 0 ∨ a
(2) a ∧ a = a = a ∨ a
(3) a ∧ b ≤ b ≤ b ∨ a
(4) a ∧ b = a ⇔ a ∨ b = b
(5) (a ∧ b) ∧ c = a ∧ (b ∧ c) (i.e., ∧ is associative)
(6) a ∨ (b ∨ a) = a ∨ b
(7) a ≤ b ⇒ a ∧ b = a = b ∧ a and a ∨ b = b = b ∨ a
(8) a ∧ b ∧ c = b ∧ a ∧ c
(9) (a ∨ b) ∧ c = (b ∨ a) ∧ c
(10) a ∨ b = b ∨ a and a ∧ b = b ∧ a whenever a ∧ b = 0
(11) a ∨ b = b ∨ a and a ∧ b = b ∧ a (and hence A is a distributive lattice),

whenever a ≤ x and b ≤ x for some x ∈ A.
(12) a ∧ b = b ∧ a ⇔ a ∨ b = b ∨ a
(13) a ∧ b = inf{a, b} ⇔ a ∨ b = sup{a, b}.
(14) The set {y ∈ A : y ≤ a} is a bounded distributive lattice under the

induced operations ∧ and ∨ with 0 is the least element and a is the
largest element.

(15) m is maximal in (A,≤) ⇔ m ∧ a = a (⇔ m ∨ a = m) for all a ∈ A.

Definition 2.4. [18] Let I be a non empty subset of an ADL A. Then I is called
an ideal of A if a, b ∈ I ⇒ a∨b ∈ I and a∧x ∈ I for all x ∈ A. As a consequence,
for any ideal I of A, x ∧ a ∈ I for all a ∈ I and x ∈ A.

Definition 2.5. [18] A prime ideal P of an ADL A, we mean that P ̸= A, and
for any a, b ∈ A, the condition that a∧ b ∈ P implies that either a ∈ P or b ∈ P .
An ideal M ̸= A is said to be maximal if there is no ideal I of A such that
M ⫋ I ⫋ A.

Definition 2.6. [11] An L -fuzzy subset λ of an ADL A is called an L -fuzzy
ideal of A, if

(1) λ(0) = 1 and
(2) λ(x ∨ y) = λ(x) ∧ λ(y), for all x, y ∈ A.
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Theorem 2.7. [11] An L-fuzzy subset λ of an ADL A is an L-fuzzy ideal of
A iff each α-cut, λα = {x ∈ A : λ(x) ≥ α}, α ∈ L, is an ideal of A iff the
following hold:
(1) λ(0) = 1
(2) λ(x ∨ y) ≥ λ(x) ∧ λ(y) and
(3) λ(x ∧ y) ≥ λ(x) ∨ λ(y), for all x, y ∈ A.

Definition 2.8. [11] A proper L-fuzzy ideal λ of an ADL A is called a prime
L-fuzzy ideal if, for any L-fuzzy ideals ν and µ of A, ν ∧ µ ≤ λ implies either
ν ≤ λ or µ ≤ λ.

Definition 2.9. A proper L-fuzzy ideal λ of an ADL A is said to be maximal if
λ is a maximal element in the set of all proper L-fuzzy ideals of A with respect
to pointwise ordering.

3. Fuzzy Stone space

Let X denote the set of all prime L-fuzzy ideals of an ADL A. For any
L-fuzzy subset µ of A, let
V (µ) = {λ ∈ X : µ ≤ λ}and
X(µ) = {λ ∈ X : µ ≰ λ}.
It can be easily seen that, for any L-fuzzy subset µ of A,
V (µ) = V (µ̄) and X(µ) = X(µ̄),
where µ̄ is the L-fuzzy ideal of A generated by µ.

Theorem 3.1. Let T = {X(µ) : µ is an L−fuzzy ideal of A}. Then the pair
(X, T ) is a topological space.

Proof. Consider the L-fuzzy ideals µ and ν of A defined by

µ(x) =

{
1 if x = 0

0 if x ̸= 0

and ν(x) = 1

for all x ∈ A. Then V (µ) = X and V (ν) = ∅ and hence X(µ) = ∅ and
X(ν) = X, so that µ, ν ∈ T . Next, let µ and ν be any two L-fuzzy ideals of A.
Then
λ ∈ V (µ) ∪ V (ν) ⇒ µ ≤ λ or ν ≤ λ
⇒ µ ∧ ν ≤ λ
⇒ λ ∈ V (µ ∧ ν)
and
λ ∈ V (µ ∧ ν) ⇒ µ ∧ ν ≤ λ
⇒ µ ≤ λ or ν ≤ λ ( ∵ λ is a prime L-fuzzy ideal of A )
⇒ λ ∈ V (µ) ∪ V (ν)
Hence V (µ) ∪ V (ν) = V (µ ∨ ν) and thus
X(µ) ∧X(ν) = X(µ ∧ ν).
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This shows that T is closed under finite intersections.
Finally, let { µi : i ∈ ∆} be any family of L-fuzzy ideals of A. Then, it can be
easily verified that ⋂{

V (µi) : i ∈ ∆
}
= V

(∨
i∈∆

µi

)
,

so that ⋃{
X(µi) : i ∈ ∆

}
= X(

∨
i∈∆

µi

)
.

Hence T is closed under arbitrary unions. Thus T is a topology on X. □

Definition 3.2. Let x ∈ A and β ∈ L, define xβ : A → L by

xβ(y) =

{
β if y = x

0 if y ̸= x

for all y ∈ A, is called a L-fuzzy point corresponding to x and β.

In the following, we discuss the space X in terms of α- level L-fuzzy ideals
and L-fuzzy points of A. First let us recall from [11] that for any ideal I of A
and α ∈ L, the L-fuzzy ideal αI of A defined by

αI(x) =

{
1 if x ∈ I

α if x /∈ I

and that αI is called the α- level L-fuzzy ideal corresponding to an ideal I of A.
Also, it is proved that αI is a prime (maximal) L-fuzzy ideal of A if and only if
I is a prime (maximal) ideal of A and α is a meet prime element (dual atom)
in L. Moreover, it is prove that, every prime (maxmal) L-fuzzy ideal of A is of
the form αP for some prime (maximal) ideal P of A and meet prime element
(dual atom) α in L. In particular, if 0 ∈ L is meet prime, then the characterstic
function χP corresponding to a prime ideal P of A defined by

χP (x) =

{
1 if x ∈ P

0 otherwise

is a prime L-fuzzy ideal of A.

Theorem 3.3. For any x ∈ A and β ∈ L,

X
(
xβ

)
=

{
αP ∈ X : x /∈ P and β ≰ α

}
.

Proof. λ ∈ X
(
xβ

)
⇒ λ = αP for some prime ideal P of A and a meet prime

element α in L such that xβ ≰ αP .
⇒ xβ(y) ≰ αP (y) for some y ∈ A
⇒ β ≰ αP (y) and y = x
⇒ x /∈ P, β ≰ α and λ = αP .
On other hand, let αP ∈ X such that x /∈ P and β ≰ α. Then αP (x) = α, so
that xβ ≰ αP . □
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From [11] recall that, for any ideal I of A and β ≤ α in L, the L- fuzzy ideal
< α, β >I defined by

< α, β >I (x) =


1 if x = 0

α if 0 ̸= x ∈ I

β if x /∈ I.

Theorem 3.4. (1) For any x ∈ A and α ∈ L, X
(
xα

)
= X(λ) for some L-fuzzy

ideal λ of A.
(2) The subfamily {X(xβ) : x ∈ A and β ∈ L} of T is a base for T .

Proof. (1). It follows by the following facts:
xα = ⟨α, 0⟩(x]
and X

(
xα

)
= X

(
xα

)
.

(2). By (1), {X(xβ) : x ∈ A and β ∈ L} is a subfamily of T . Let X(µ) ∈ T and
λ ∈ X(µ). Then µ ≰ λ and hence there exist x ∈ A such that µ(x) ≰ λ(x). Let
µ(x) = β. Then, xβ(x) ≰ λ(x), so that xβ ≰ λ and hence xβ ≰ λ. Therefore,
λ ∈ X(xβ) = X(xβ).
Now V (µ) ⊆ V (xβ); for,
σ ∈ V (µ) ⇒ µ ≤ σ
⇒ µ(x) ≤ σ(x)
⇒ β ≤ σ(x)
⇒ xβ(x) ≤ σ(x)
⇒ xβ ≤ σ
⇒ σ ∈ V (xβ).
Hence X(xβ) ⊆ X(µ). Thus λ ∈ X(xβ) ⊆ X(µ). □

Definition 3.5. Let X be set of all prime L-fuzzy ideals of an ADL A. Then,
by theroem 3.4(2), the class {X(xβ) : x ∈ A and β ∈ L} forms a base for the
topology on X is called the fuzzy stone toplogy, in honour of M.H. Stone [14]
and X together with the fuzzy stone topology is called the fuzzy stone space of
A and is denoted by FL Spec (A) (the fuzzy spectrum of A).

Next we prove some properties of basic open sets of X.

Theorem 3.6. The following hold for any x, y ∈ A and 0 ̸= α ∈ L.

(1) X(xα) ⊆ X(yα) if and only if (x] ⊆ (y]
(2) X(xα) = X(yα) if and only if (x] = (y]
(3) X(xα) ∩X(yα) = X

(
(x ∧ y)α

)
(4) X(xα) = ∅ if and only if x = 0, where 0 ∈ L is meet-prime
(5) X(xα) = X if and only if x is maximal, where 0 ∈ L is meet-prime.

Proof. (1). Assume that (x] ⊆ (y] and
µ ∈ X(xα) ⇒ xα ≰ µ
⇒ α ≰ µ(x)
⇒ x /∈ µα

⇒ (x] ⊈ µα
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⇒ (y] ⊈ µα

⇒ α ≰ µ(y)
⇒ yα ≰ µ
⇒ µ ∈ X(yα)
Conversly, assume that X(xα) ⊆ X(yα). Then V (yα) ⊆ V (xα). For any z /∈ (y],
there exists a prime ideal P of A such that z /∈ P and y ∈ P . Now χP ∈ X and
χP ∈ V (yα). This implies χP ∈ V (xα) and hence xα ≤ χP so that α ≤ χP (x)
and hence x ∈ P . Therefore z /∈ P and x ∈ P so that z /∈ (x]. Thus (x] ⊆ (y].
(2). It is clear by (1).
(3). Let µ ∈ X(xα) ∩X(yα). Then xα ≰ µ and yα ≰ µ. This implies β ≰ µ(x)
and β ≰ µ(y) so that x and y /∈ µ1 = {a ∈ A : µ(a) = 1}. Since µ1 is a prime
ideal of A, x∧ y /∈ µ1. Therefore µ(x) = µ(y) = µ(x∧ y), since |Im µ| = 2. This
implies (x∧y)α ≰ µ so that µ ∈ X

(
(x∧y)α

)
. On other hand, if µ ∈ X

(
(x∧y)α

)
then (x ∧ y)α ≰ µ. This implies α ≰ µ(x ∧ y) = µ(y ∧ x) so that α ≰ µ(x) and
α ≰ µ(y), since µ is an antitone. Therefore µ ∈ X(xα) ∩X(yα).
(4). Let P be a prime ideal of A and µ = χP , the characteristic function of
P . Then χ

P
is a prime L-fuzzy ideal of A, since 0 ∈ L is meet prime so that

µ ∈ X and that µ1 = P . Next, if X(xα) = ∅ then V (xα) = X which implies
that xα ≤ µ and therefore α ≤ µ(x) so that µ(x) = 1 and thus x ∈ P . Hence
x ∈

⋂
{P : P is a prime ideal of A} = {0} and thus x = 0.

Conversely, assume that x = 0. Let µ ∈ X. Then the 1-cut µ1 is a prime ideal of
A and so 0 ∈ µ1. Therefore µ(x) = 1. Hence xα(x) ≤ µ(x). Therefore xα ≤ µ
so that µ ∈ V (xα) for all µ ∈ X. Thus V (xα) = X, i.e. X(xα) = ∅.
(5). Let P be a prime ideal of A and µ = χP . Then µ ∈ X. Assume that
X(xα) = X. Then Xα ≰ µ and hence α ≰ µ(x) so that µ(x) = 0 and therefore
x /∈ P . Therefore x /∈

⋃
{P : P is a prime ideal of A}. Consequently x is

maximal.
Conversely, suppose x is maximal. Then there is no prime ideal of A contains x.
Let µ ∈ X. Then µ1 is a prime ideal of A so that x /∈ µ1 and hence µ(x) = 0.
Therefore xα(x) ≰ µ(x) and hence µ ∈ X(xα). Thus X(xα) = X. □

Theorem 3.7. Let α ∈ L be a meet prime element in L and
let Yα =

{
λ ∈ X : Im λ = {1, α}

}
. Then the subspace Yα is compact.

Proof. As {X(xβ) : x ∈ A and 0 ̸= β ∈ L} is a base for the topology T on X,
it can be easily seen that the family

{X(xβ) ∩ Yα : x ∈ A, β ≰ α}

constitutes a base for the subspace topology on Y .
Now, let {

X
(
(xi)βi

)
∩ Yα : i ∈ ∆, xi ∈ A and βi ≰ α

}
be any open cover of Yα by its basic open sets. Let β = Sup{βi : i ∈ ∆}. Then
the family {

X
(
(xi)β

)
∩ Yα : i ∈ ∆ and β ≰ α

}
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also covers Yα. Now,
Yα =

⋃{
X
(
(xi)β

)
∩ Yα : i ∈ ∆ and β ≰ α

}
=

(⋃{
X
(
(xi)β

)
: i ∈ ∆ and β ≰ α

})⋂
Yα

=
(
X − V

(⋃{(
xi)β : i ∈ ∆ and β ≰ α

}))⋂
Yα

= Yα −
(
V
(⋃{

(xi)β : i ∈ ∆ and β ≰ α
})⋂

Yα

)
.

This implies that
V
(⋃{

(xi)β : i ∈ ∆ and β ≰ α
})⋂

Yα = ∅
Let P be a prime ideal of A and define a prime L-fuzzy ideal µ of A by

µ(x) =

{
1 if x ∈ P

α if x /∈ P

Then µ = αP so that Imµ = {1, α} and hence µ ∈ Yα.
Clearly µ /∈ V

(⋃{
(xi)β : i ∈ ∆ and β ≰ α

})
. Hence there exists i ∈ ∆ such

that (xi)β ≰ µ and hence β ≰ µ(xi). Consequently, xi /∈ P . Hence there is no
prime ideal of A containing the set {xi ∈ A : i ∈ ∆}. Put I = {xi ∈ A : i ∈ ∆}.
Then (I] = A. In particular m ∈ (I], where m is a maximal element in A. Then

m =
( n∨
i=1

xi

)
∧ y for some x1, x2 ... xn ∈ I and y ∈ A. Now

V
(⋃

{(xi)β : i = 1, 2, ... n and β ≰ α}
)
∩ Yα = ∅;

Otherwise if
µ ∈ V

(⋃
{(xi)β : i = 1, 2, ... n and β ≰ α}

)
∩ Yα

then
⋃
{(xi)β : i = 1, 2, ... n and β ≰ α} ≰ µ and Im µ = {1, α} which implies

β = (xi)β(xi) ≤ µ(xi) for all i = 1, 2, ... n so that µ(xi) = 1 for all i = 1, 2 ... n.

Since β ≰ α, xi ∈ P for all i = 1, 2, ... n, so that
n∨

i=1

xi ∈ P and hence

m =
( n∨
i=1

xi

)
∧ y ∈ P ;

which is a contradiction.
Therefore µ /∈ V

(⋃
{(xi)β : i = 1, 2, ... n and β ≰ α}

)
. This shows that

µ ∈ X(
⋃
{(xi)β : i = 1, 2, ... n and β ≰ α} and hence there exists j ∈ {1, 2 ... n}

such that

(xj)β ≰ µ and hence β ≰ µ(xj)

so that xj /∈ P . This shows that µ ∈ X
(
(xj)β

)
and so µ ∈

n⋃
i=1

X
(
(xi)β

)
.

Therefore Yα ⊆
n⋃

i=1

{
X
(
(xi)β

)
∩ Yα : β ≰ α

}
. Thus

{
X
(
(xi)β

)
∩ Yα : i =

1, 2, ... n
}
covers Yα. Hence Yα is compact. □

Recall that a topological space S is called T0-space, if for any x ̸= y ∈ S,
either there exists an open set containing x but not y or else there is an open
set containing y but not x. Also recall that a topological space S is T1 if and
only if every subset of S consisting of a single point is closed.
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Theorem 3.8. (1) The space X is T0.

(2) V (λ) = {λ}, the closure of λ in X, where λ ∈ X.

(3) µ ∈ {λ} ⇔ λ ≤ µ, where λ, µ ∈ X
(4) Let α be a meet prime element in L and let Yα =

{
λ ∈ X : Im λ = {1, α}

}
.

Then Yα is a T1-space if and only if every element of Yα is a maximal L-fuzzy
ideal of A.

Proof. (1). Let λ and µ ∈ X such that λ ̸= µ. Then either λ ≰ µ or µ ≤ λ. Let
λ ≰ µ. Then µ ∈ X(λ). Also λ /∈ X(λ) and X(λ) is a open set in X. So, X is a
T0-space.
(2). Let λ ∈ X. Then V (λ) is a closed set in X containing λ and hence

{λ} ⊆ V (λ). On the other hand, if µ /∈ {λ} then there exists an open set
X − V (θ)(= X(θ)) such that µ ∈ X − V (θ) but λ /∈ X − V (θ). Therefore θ ≰ µ

but θ ≤ λ ; and so µ /∈ V (λ). Thus V (λ) ⊆ {λ} and the equality follows.

(3). Let λ, µ ∈ X. By (2), V (λ) = {λ}. Now,

µ ∈ {λ} ⇔ µ ∈ V (λ) ⇔ λ ≤ µ.
(4) Suppose Yα is a T1-space and α is a dual atom. Let λ ∈ Yα. Then {λ} is
closed in Yα.
So, by (2)
V (λ) ∩ Yα = {λ}.
Since λ ∈ Yα, we have Im λ = {1, α} and the ideal λ1 = {x ∈ A : λ(x) = 1} is
prime. In order to prove that λ is maximal L-fuzzy ideal, we show that λ1 is a
maximal ideal of A. For this, it is sufficient to show that there is no prime ideal
of A properly containing λ1. Let P be a prime ideal of A such that λ1 ⫋ P .
Now define θ : A → L by

θ(x) =

{
1 if x ∈ P

α otherwise.

Then clearly θ = αP so that θ ∈ Yα. As λ1 ⫋ P , there exists a ∈ P − λ1 such
that λ(a) = α < 1 = θ(a). Therefore λ ≨ θ. This contradicts the fact that
V (λ) ∩ Yα = {λ}.
Conversely let λ ∈ Yα such that λ is a maximal L-fuzzy ideal of A. Then λ = αM ,
where α is a dual atom in L and M = λ1 = {x ∈ A : λ(x) = 1} is a maximal
ideal of A. Now we prove that V (λ) ∩ Yα = {λ}. Clearly, {λ} ⊆ V (λ) ∩ Yα. On
the other hand, if µ ∈ V (λ) ∩ Yα, then λ ≤ µ and Im λ = Im µ = {1, α}. Now
λ1 ⊆ µ1 and by the maximality of λ1, we get λ1 = µ1 and consequently λ = µ.
Therefore V (λ) ∩ Yα = {λ}, this shows that {λ} is a closed subset of Yα and
hence Yα is a T1-space. □

Theorem 3.9. For an ADL A the following statements are equivalent:
(1) The space X is T1

(2) Every prime ideal of A is maximal and every meet prime element in L is
dual atom.
(3) Every prime L−fuzzy ideal of A is maximal.
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Proof. (1) =⇒ (2). Let P be a prime ideal of A and α a meet prime element
in L. Then λ = αp is a prime L-fuzzy ideal of A, so that λ ∈ X. By (1), {λ} is

closed in X and hence {λ} = {λ}. But we have {λ} = V (λ).
Therefore V (λ) = {λ}. In order to prove that P is maximal and α is dual atom,
it is sufficient to prove that there is no prime ideal of A properly containing P ,
and no meet prime element bigger than α in L. Let Q be a prime ideal of A and β
a meet prime element in L such that P ⊂ Q and α < β. Now define µ : A → L by

µ(x) =

{
1 if x ∈ Q

β otherwise.

Then µ = βQ, so that µ ∈ X. As P ⊂ Q, there exists a ∈ Q such that a /∈ P .
Now λ ≤ µ and
λ(a) = α < 1 = µ(a).
Therefore λ ≨ µ. This contradicts the fact that V (λ) = {λ}.
(2) =⇒ (3). It follows by (2).
(3) =⇒ (1). It follows by (3) and from the fact that, for any λ ∈ X, {λ} =
V (λ). □

We shall conclude the paper with the following. First let us recall [18] that,
for any non-trivial ADL A, the class {Y (S) : S ⊆ A}, where Y (S) = {P ∈ Y :
S ⊈ P}, is a topology on the set Y of all prime ideals of A and is called the hull-
kernel topology. Also, the class {Ya : a ∈ A}, where Ya = {P ∈ Y : a /∈ P}
form a base for the hull-kernel topology on Y . The set Y together with the
hull-kernel topology is called the spectrum of A and is denoted by Spec A. It is
proved that Spec A is a T0-space and SpecA is T1 if and only if A is relatively
complemented if and only if every prime ideal of A is a maximal ideal. Any
two topological spaces T1 and T2 are said to be homeomorphic if there exists a
homeomorphism (i.e. a bijection g : T1 → T2 which is a continuous and open
mapping) between them.

Theorem 3.10. The space X is homeomorphic with the product space Spec A×
Spec L.

Proof. Define g : Spec A× Spec L → X by
g(P, α) = αP

for any P ∈ Spec A and α ∈ Spec L. Then by g is a bijection. Let X(xα) be a
basic open set in X. Then
g−1

(
X(xα)

)
= {(P, β) ∈ Spec A× Spec L , βP ∈ X(xα)}

= {(P, β) ∈ Spec A× Spec L , x /∈ P and α ≰ β}
= Yx × Zα.
which is a basic open set in Spec A × Spec L, since Yx = {P ∈ Y : x /∈ P}
and Zα = {β ∈ L : α ≰ β} are the basic open sets of Spec A and Spec L
respectively. Therefore g is continuous. Also, g(Yx × Zα) = X(xα) and hence g
is open mapping, Thus g is homeomorphism. □
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