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Abstract

The problem addressed is that of sequentially estimating the difference between the means of two popula-
tions with respect to the squared error loss, where each population distribution is a member of the one-parameter
exponential family. A Bayesian approach is adopted in which the population means are estimated by the posterior
means at each stage of the sampling process and the prior distributions are not specified but have twice contin-
uously differentiable density functions. The main result determines an asymptotic second-order lower bound,
as t — oo, for the Bayes risk of a sequential procedure that takes M observations from the first population and
t — M from the second population, where M is determined according to a sequential design, and ¢ denotes the
total number of observations sampled from both populations.

Keywords: Bayes risk, Fatou’s lemma, the martingale convergence theorem, one-parameter ex-
ponential family, sequential design, squared error loss, uniform integrability

1. Introduction

Let Q3 denote an open interval and let Fy, 6 € Q, denote a one-parameter exponential family of proba-
bility distributions; that is, for each 8 € Q,

dFe(x) = exp{Ox — y(0)}dA(x) for —oo < x < oo,

where ¢ is a twice continuously differentiable function on Q and A is a non-degenerate sigma-finite
measure on the Borel sets of (—o0, c0). It is well known that if X is a random variable with a distribution
Fy, then the mean and variance of X are ’(6) and "' (), respectively (Lehmann, 1959).

Let £, and P, denote populations with independent distributions Fy, and Fy,, where 6,6, € Q
are unknown. A total of ¢ observations are to be taken from the two populations, and the objective
of the study is to estimate the mean difference y'(6,) — ¢’ (6,) with respect to the squared error loss,
using a Bayesian approach.

Let X, X5, ... denote observations sampled from the first population, #;, and let Yy, Y», ... denote
observations from the second population, #,. In the Bayesian framework, it is assumed that X;, X5, ...
are conditionally independent sharing a common distribution Fy,, given ®; = 6;. Similarly, Y1, Y5, ...
are presumed to be conditionally independent with a common distribution Fy,, given @, = 6,. Addi-
tionally, X;, X5, ... are conditionally independent of Y}, Y>, ..., given ®; = 6; and ®, = 6,; and that
®; and ®; are independent random variables with respective prior density functions &; and &,.
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Form > 1 and n > 1, let #,,, indicate the sigma-algebra generated by X;,...,X,,, and Y1, ..., Y,.
Then, D denotes a sequential design defined as a sequence of indicators Dy, ..., D,, where Dy = 0
if the k' value is sampled from $, and D; = 1 if the k™ value is from ?;. The constants, D; and
D,, satisty Dy + D, = 1 where Dy is %, »,-measurable for k = 3,...,¢ withmy = Dy +--- + Dy and
ng = k—my fork = 1,...,t. In the remainder of this paper, we denote m, and n, by M and N and ¥, ,,
by 7.

A sequential procedure for estimating the difference between the two population means, u(6;, 6,) =
W' (6))—y’'(0,), is the pair (D, fi,), where D is the sequential design defined above and i, = E{y/'(®;)—
Y’ (0,)|F;}. The Bayes risk incurred by the sequential procedure P = (D, fi,) is defined as

R(P) = E [(7 — u(©1, ). (L1)

The problem considered is to find a sequential design for which the risk is minimal and to derive
its optimality. To this end, Woodroofe and Hardwick (1990) devise a quasi-Bayesian approach to
derive an asymptotic lower bound for the integrated risk and propose a three-stage procedure for
two normal distributions with a unit variance. For non-linear estimation, Shapiro (1985) adopts an
allocation strategy that has shown that the myopic rule is asymptotically optimal. In this context,
Rekab (1989, 1992) derives a first-order sequential procedure and asymptotic lower bound for the
Bayes risk, and Benkamra et al. (2015) further derive a nearly second-order asymptotically optimal
three-stage design. Song and Rekab (2017) extend the former approaches with a three-stage design to
obtain first-order efficiency.

In order to yield a minimal error in estimating the function of the parameters from two populations,
obtaining a lower bound contributes to a more refined approximation. However, obtaining a closed-
form expression of an exact lower bound for the Bayes risk, particularly in the absence of explicitly
specified prior density functions, is notably challenging. Rekab (1990) derives the first-order Bayes
risk lower bound for the difference between the means with the conjugate priors. Rekab and Tahir
(2004) further extend to a second-order lower bound for the Bayes risk. However, their work specifies
the priors as a conjugate, in which forms are provided by Diaconis and Ylvistaker (1979).

Now consider the difference between the two populations from the one-parameter exponential
family with the Bayes risk. When the conjugate prior is known, the lower bound of the Bayes risk is
as follows:

R(P) >

E[(\#7 (@) + i (©,))?] ( I )
+o|-
t
ast — oo.

The objective of this study is, without an explicit assumption on the conjugate priors as such pro-
vided by Diaconis and Ylvisaker (1979), to establish an asymptotic second-order lower bound for the
Bayes risk. This result extends the lower bound result of Woodroofe and Hardwick (1990) and further
generalizes Rekab (1990), obtained for the difference between the means of two normal populations
with unit variance, using the difference of the sample means instead of the Bayes estimator.

The paper is organized as follows. In Section 2, we further describe the preliminary notations
and present the main result with an example. In Section 3, the proof of the main result is provided
with lemmas and remarks. In Section 4, we illustrate the implementation of the main result with a
numerical simulation showcasing the performance of the Bayes risk lower bound. Section 5 concludes
with some remarks on the main result and the future direction.
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2. An asymptotic second-order lower bound
Let R,(®) be as in (1.1). Then, it follows that

R,(P) =F [Var{tﬂ’(@)l) | Xl, e ,XM} + Var{lﬁ,(@)z) | Yl, ey YN}] .

Furthermore, Lemma A.2 (see Appendix) shows that

Var{y/(©1) | X1, ..., Xu} = E{W/'(©) —)_(M)2 | Xi,..., Xu}
- (Bl (©) | X1, X
and
Var{y/(@,) | Yi,..., Yy} = E{W/ (©2) — Yn)* | Yi,..., Vi)

1
-y (@) [ Y1, Yah%

where fori =1,2,

S0 ifee{feQ:E0)>0)
() =" (2.1)
0, otherwise.
Moreover, if £ and &, have compact supports in £, it follows from Woodroofe (1985) that
’ v 1 1
E{W/(©1) = Xu)” | X, Xy} = 22 EW" O [ Xi, ..., Xur)
1
+ WE{,Bl((’Dl) | X1,..., Xm),
and
’ Vs 1 ’n
E{W/ (®) - Y3 | Yi,.... Yy} = NE{lﬁ (©2) | Yy,.... Yy}
1
+ ﬁE{ﬁZ(Gz) | Yl’ ceey YN},
where fori =1, 2,
% if Ge{0eQ:&@) > 0)
Bi@) =1" (2.2)
, otherwise.

Hence, the Bayes risk becomes the following.

R(P) = E[% + %] +E [%] +E [%] (2.3)
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where
UM = E{d/’(®1) | Xls e aXM}9 VN = E{w”(®2) | Yl’ ceey YN},
Ay = EB1(©) | X1, ..., Xu) — [Efa1(®)] X1, ..., Xu) T,
By = E{B2(®))| Y1,.... Yy} — [E{aa(®@)| Y1,..., Yn)I*.

Next,

E[[Z’ W :—E[\/_+\/V_N + - E[(N‘/_ M‘/V_N)Z].

Thus, (2.3) becomes

R(P) = —E [UM +Vy+2 \/UMVN

| @ Uy -M \/V_N)z}
MN (2.4

[l 5]
In the remainder of this paper,
VY (61)
VU (61) + Y (6)

For the following main result, the simple regularity conditions, as in Woodroofe (1985), are assumed.

C6:,6,) =

Theorem 1. [f ©; and ©®, have compact supports in Q, then for any sequential procedure P =
(D, fi;) such that

M
" - C(0,,0,) wplast— o 2.5

then, the Bayes risk of P satisfies the following asymptotic lower bound:

lim inf (tZR,(P) _iE [( NZICHE \/w(®2))2]) >
£ [ [7’(1,0/(@1))]2111"(@1)¢’"(®2)] L E [ [Yl(ll"(@z))]z'lf"(@l)l//"(®2)] N
C(0,,0y) C(0,,01)

£ [,31((91) - [01(@1)]2} VE [,32(@)2) - [a/2(®2)]2}
[C(©4,0,)]? [CO,0n)) |

where y(n) = W (g(n)) with g being the inverse of W' and a1(6), ax(0), B1(0) and B,(6) are defined
by (2.1) and (2.2).

The proof of Theorem 1 hinges on lemmas provided in Section 3.

Exzample 1. Suppose that Fy is the exponential distribution with mean |f]~!, where § € Q = (~c0, 0)
and that ®; has p.d.f.

i

!
&) = o )|9|r’ le™sifl for —c0o<0<0,
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where r; and s; are given positive real numbers. Then,

1 1
WO = —in(=0), YO =--, ¥ = ok Y =n

5’
ri—1 2si(ri—1) r?=3r;+2
,'9 =8 - — d ,‘9 =52 — + - .
ai(0) =s 0 and Bi(0) = s; o 3
Using the fact that, for i = 1, 2,
2p
s T(r; —2p)
E " @i )4 — 1
[l @)1 = ===
for any p > 0, yields
Ly Lr+ L3
R[(P) Z T + t2

for sufficiently large ¢, provided that r; > 3 and r, > 3, where

2 2

L= al + % + 2nr

T D=2 (n-D(n-2) (-1 -2)
. 5153 53

2T (= D -2 - 3) " (r1 = D)(r2 = 2)(r = 3)

5253 5382
+ +
(r =D =2)(ra = 1> (r1 = D(r1 =2)(r1 = 3)(r2 = 1)

Lop_3n=S rysi(l = s3) (ry = 1)s7

n=-2 (-0 -2 -Drm-2)
3. Proof of Theorem 1

The following lemmas are needed for the proof of the theorem.

Lemma 1. Let y(n) be as in the statement of Theorem 1. Then,

1
Var (" @1) | Xi..... Xu} < - E{[y @/ @) ¥ @) | Xi..... X

1 E { [y (©1)) — y(Xm)I?

— = ® Xi,.. . Xur,
@)~ X a1(01) | X; M}

M

and

E{ly @ @)y @) Yi,.... ¥y}

z| =

Var{\y" (@) | Yi..... Yy} <

1 { [y (©2) =y

+—E _
Y(©) - Yy

O Yi,....Y
N a(@,) | 1, N}
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w.p.1.

Proof: Let m > 1 be a value of M, and le_t X = (xg,..., Xn), wWhere x; is a value of X;. Also, let
Xm = (X1 + - -+ + x,)/m denote the value of X,,. Then,

Var {\ly”(©1) | M = m,X = x| = Var {y(y/(©1)) | M = m,X = x]
1
< f [y (01)) = Y& Lun(01)€1(601)d6y

1 [01) ~y(En)I?
_ L (WO -y @GP o6,

- mcy, '70'(91) - Xm

where
Lo(@)) = exp (0 — mp(@))  and ey, = f L0006

Let n = ¢/ (6;). Then, 6, = g(n) and d6, = g’(n)dn; so that

1 )
Var [VI7@0) M = m X = x] < [P0 1 (e g

Xm

1 =YX 2
_ L f i[wgl(g(n))] La(g(n)dn
me, dn n—Xn

by performing integration by parts. Next,

d [y = yG)P] .,y =yG) [y = yGE) [
d_ - - |~ 27 (T]) — - —
n = Xm = Xm = Xm
_ 2
= —[y’(n) S YD =YD
= Xm

<[y ).

It follows that
1
Var (V700 | 1 = m X =x} < —— [ Iy GO Lu(e)a et
1 - _m 2 y ’
L f D00 = Y@Y o o)’ ) Ln(gm)eln
MCyy n— Xn

1
Il f [Y (W @) Lin(01)E (010 (61)d6;

1 'O)) — Gl
L L O e

mc,, w’(gl) — Xm
1
= —E{ly @ @)y @) | M =mX = x|
m

{[7(%1"(@1)) —y(Xn)]?
w,(®l) - Xm

1
+—E
m

(11(91)‘M =m,X = X}.
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The first assertion of the lemma follows. A parallel argument leads to the subsequent assertion.

Lemma 2. Let y(n) be as in the statement of Theorem 1.

Var{ " (©1)¢"(02) | F1} <
[y’ (©1) = yXm)))?

1
—E {[Y'W(@l))]2!//"((91)!//"(@2) + a1 Oy (©) | 7‘7}

M Y(©) — Xy
1 1o ” ” [7('10,(®2)) - Y(YN)]2 ” }
—E 0))1%¢" (© 0} _ 0} o) | %
Y {[7 W (@D Y (O (0,) + V(@) T (@)Y (0) |
w.p.1.
Proof:

Var{ iy (@) (@) | 1} = E(” (@) (©2) | Fi} — [E{ ¥ (@) (@) | 1)1
= (E{y"(©)) | 71} = [E{ [y @DIFIPEW (©,)1F}
+ (E{” (©2)IF} — [E{ " (@)FNHIE(u (OIF)T

< Var{/y"(01) | Xi, .. ., XulEW" (@) | 11, ..., Y}
+ Var{ \N,l/"(@z) | Yi,..., YN}E{!ﬁ"(@l) | Xi,..., XM}.

Now, use Lemma 1 to complete the proof.

Lemma 3. For any sequential procedure P = (D, fi;) that satisfies Condition (2.5)

tVar{ " @)y (@)IF} — [C(O1,0)] ™' [y (W (@)Y (O (©,) +
[C(©2, O] [y (W (@) (1) (©2)

w.p.l. ast — oo.

Proof: Since

1 Iy ©1) - yEm)P .
ME{ v@) Xy O X XM} 0,
and

1 (YW (©2) — y(¥))]?

NE{ lﬁ’(@z) _ YN (@) | Y, .., YN} -0

w.p.las t = oo, by Lemma A.3, it follows from Lemma 2 that

lim sup tVar { VY (0)y" (@) |7Tz}

< lim sup ﬁE {[7’(!#’(@]))]2 lﬁ”(@l) ‘ Xl ..... XM} E{l//”(@z) | Yl ..... YN}
+timsup < E ([ 0/ @) 0@ V1. Y} B0/ @) Xi. .. Xy

433
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Moreover,

ZE{ly @ @)Y @) Xi. ... Xu) Y W' @)Fu©)),

L1
C(©1,0,)

and

SE @@ v @)1V, Y, [y W' ©))] v (©2)

> N} - m
w.p.l. as t — oo, by Condition (2.5) of the theorem and Lemma A.4. Also,
EW ©)|X1,....Xu} > ¢" (@) and E{Y"(©)|Y1,.... Yy} = ¢ (©2)
w.p.l. as 1 — oo, by Lemma A.4. Combining these results yield
lim sup (Var { 4" (©9(©2) | 71} < [C@1, 01" [y @/ @) ¥ @y (©2) +
[C©2, 0T [y @/ (@) ¥ (@) (©y).
To establish the reverse inequality, first, write
Var (@)W @17 =+ Var [ VME7 @) | X1, X ENI7(©2) | V1., Yah?
+ < Varl YN @2) Vi, YW E(IT @D Xi, . Xl

as in the proof of Lemma 2. Next, use Taylor’s expansion for y o ¢’ at (:)M = E{O|Xy,..., Xy} to
obtain

3.1)

Y (@) =y o/ (©1) = Y ©On) + ¥ W (@) (©})(@) - Oy),

where @), is an intermediate variable between @ and ®,,. It follows that

%Var{ VMY @) | X, X =

1 ~ A
L —— Var {y’(tﬂ'(@”}},,))w”(@;,;) VMY (©y)(©, - ®M)' Xi,..., XM}
My (©y)

Thus,

. . t "
liminf — Var{ yMy”" (@) | Xi..... Xy} EW"(O2) [ Y1,.... Yi} 2

(3.2)

! " O 2.1
mw ODY' W' (O] Y (©,)

w.p.1, by first using Fatou’s lemma, then Condition (2.5) of the theorem, the fact that W'(Oy) —
U (®1) w.p.1, the fact that

Var{y'w'(@a))w”(@?u) NVACIC) —@)M)]xl,...,m} - YW O O
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w.p.1 as t — oo since the posterior distribution of 1/MW"(®M)(®1 - @M), given Xi,..., Xy, is
asymptotically normal with mean 0 and variance 1(see Bickel and Yahav, 1969) and the fact that
EW"(®,)|Yy,...,Yy} = ¢ (0,) by Lemma A.4. A similar argument will yield

lim inf %Var (VN7 @) | V1. Yy} [E{W7 @D | X1 X)] =

3.3)
” 0 1o ® 2 ®
—C(®2,®1)¢ (©) [Y' W' (@) ¢ (©1)

w.p.l. Now take the liminf in (3.1) and use (3.2) and (3.3) to complete the proof. O

Proof of Theorem 1: It follows from (2.4) that

1
R(P) > —E [Un + Viy + 22U V|
+E[AM]+E[BN] (3.4)
M? N2

Next, let W, = E{ " (@1)¢" (©)|F} and Z; = Var{/y"(©1)¢" (©2)|F7). Then, Z, = Uy Vy — W7,
which implies that

Z
VUMV =W, + —.
YN Ty + W,
Thus,
2z
Uy +Vy+2JUpnV, E[Uy]l + E[VN] +2E[W,] + E
[M N VMN] [Um] + E[Vy] [W:] NomEa
27,
=E[ "(@1) + VY (® ]+E—. 3.5
(V@) + Vi (@y)) T (3.5)
Combining (3.4) and (3.5) yields
PR(P) — tE (V" (©1) + Ny (©))] 2 E R iA +E iB (3.6)
t 1 2 = m N Wz M2 M N2 N |- .
Furthermore, by Lemma 3 and the martingale convergence theorem,
2tZ, . [ (W' @) VY (O (©2) + [y (¢ (©))F V" (@)Y ()P
VU Vy + W, C(01,0)
w.p.l. as t — oo; so that
o 217, }
liminf E{ ——( >
1m0 { VUuVy + W, 3.7)

[7 WO V" O (©2) + [y (W (@) V" (0] \/l//"(®2)
C(0,,0,)
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Table 1: Second-order optimality of sequential design with uniform priors

t R (P) R(O) EF
10 0.0471716 0.0458398 0.13317
20 0.0273274 0.0267399 0.23499
40 0.0148670 0.0145854 0.45066
50 0.0120676 0.0118844 0.45818
100 0.0062212 0.0061707 0.50473
200 0.0031577 0.0031458 0.47633
300 0.0021133 0.0021110 0.21545

Note. R;(P) represents the Bayes risk incurred by the sequential design.
R;(O) represents the Bayes risk incurred by the optimal design.

by Fatou’s lemma. Finally,

: 7 _ L [B1(®) = [a1(®)]

imE [WAM} - E[ [C(©,0,)P } 68
. 2 _[B2(©)) - [2(82)])

lim £ [EBN} N E[ [C(©,,0))] } 39

by Lemma A.4 (see Appendix) since 1>/M? — [C(0®},®,)]? w.p.1 and */N? — [C(0,,®)] > w.p.1
by Condition (2.5) of the theorem, Ay, — £1(0;) — [a(®)]? w.p.1, By = [2(0;) — [@2(0,)]? w.p.1
by Lemma A.4, Ay, t > 0, and By, t > 0, are both uniformly integrable martingales, and t/M and t/N
are bounded by Condition (2.5) of the theorem.

Then, the theorem follows by taking the liminf in (3.6) and using egs. (3.7) to (3.9).

4. Numerical illustrations

In this section, we specialize the outcomes from Section 2 to Bernoulli trials, that is X; takes values
in 0,1 for i = 1,2, ... with probabilities 1 — 6, and 6, respectively. Similarly, ¥; takes values in 0O, 1
fori =1,2,... with probabilities 1 — 6, and 6,, respectively. Here, 8, and 6, are independent random
variables constrained within 0 < 6; < 1 and 0 < 6, < 1. The prior density functions of 6; and 6,
are denoted as &) and &, respectively. Both &; and &, are standard uniform distributions, defined as
£1(6)) = 1 for 0 < 6; <1 and 0 otherwise, and &,(6;) = 1 for 0 < 6, < 1 and 0 otherwise.

Table 1 displays two columns of Bayes risks where R;(P) and R;(O) each correspond to the out-
comes of the fully sequential procedure and the optimal sampling scheme as described in Rekab
(1990). In Table 1, we denote EF as the rate of convergence or the excess of second-order Bayes risk
as follows:

EF = 2 {R,(P) — R(O)}.

The results indicate that the Bayes risks of the fully sequential procedure and optimal sampling
scheme decrease with increasing ¢. The absolute excess of the Bayes risk comparing the fully se-
quential procedure to the optimal sampling scheme diminishes. Overall, the Bayes risk of the fully
sequential procedure performs closely to the optimal sampling scheme in terms of the second-order
excess or rate of convergence. Up to ¢ = 100, the variability gain drives up the rate of convergence;
however, it diminishes again as ¢ increases. The numerical simulation confirms that the second-order
excess behaves with increasing 7 under a non-conjugate prior for a density of one-parameter exponen-
tial families.
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5. Concluding remarks

In this study, we address the problem of estimating the mean difference between two populations, $;
and $,, modeled by one-parameter exponential families of probability distributions. The objective
was to estimate the difference ¥’ (6,) — ¢’(6,) using a Bayesian approach, with a focus on minimizing
the Bayes risk through sequential designs. The central contribution of this work lies in establishing
an asymptotic second-order lower bound for the Bayes risk without explicit assumptions on conjugate
priors. By extending the results of previous works, such as Woodroofe and Hardwick (1990) and
Rekab (1990), we generalized the framework beyond normal distributions with unit variance, offering
a more comprehensive approach to Bayesian estimation in the context of one-parameter exponential
families. The main result underscores the complexities inherent in Bayesian estimation, particularly
in the absence of explicit prior specifications.

Application of the main result to the exponential distribution with nonstandard gamma prior, as
well as a numerical illustration with Bernoulli distribution with a uniform prior, are given. The numer-
ical simulation illustrates the second-order lower bound given by the full sequential design with the
best optimal design for several values of the sequence size. While the study presents a fully sequen-
tial design with Bayes risk, and it is not specified for a stage-wise procedure, there are other designs
that are of interest, including the two-stage design and the myopic design (see Terbeche, 2000). Fur-
thermore, in order to refine the approximation of the Bayes risk further, it may be desirable to attain
higher-order optimality (see Martinsek, 1983). Last but not least, this study can further benefit from
examining the tightness of the lower bound without specifying the conjugate prior.

Appendix

Lemma A.1: Fori = 1,2, let ﬁin = E{lﬁ/(®i)|Xi1, Ce ,Xi,,}, where X]j = Xj and ij = Yj . If@, has a
a compact support on Q, then

ﬁin = )_(in + — i,
n
where Ay = E{ai(®,»)|X,-1, cee inn}-

[
1

Proof: For simplicity, the subscript “i” is omitted in the proof. Let

Lu(®) = exp(né%, - (@) and ¢, = f L.(O)&6)do,

where xi, ..., x, are the observed values of Xi, ..., X,. Then,

1
fn = EW/ ©)X) = x1,..., Xy = X} = - fﬂl//'(@)Ln(@)f(G)d@

f L (0)£(0)do + x, = : f L,(0)& (0)do + x,
Q nen, Jo

n n

an(G)a/(G)f(G)dH + X, = %E{a(@)le =Xxp,...,Xn =X} + X,
Q

n

by using integration by parts. The lemma follows. O
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Lemma A.2: If ©; has a compact support, then
Varly ©) | Xin, ... Xin} = E(IW'(©) = Xin]* | Xt ... X}
- %[E{a,(@,-nxn, s Xl
where X1; = X; and X5; = Y.

[
1

Proof: For simplicity, the subscript “i”” is omitted in the proof. Lemma A.1 yields

— 1
lV(@) _ﬁn = l//’(G)) - Xn - Zam
Thus,

Var{y/ (@) | Xi,. .., X,} = E{[¥/(©) — (11" | X1, ..., Xy}
= E{Y'(©) - X,1* | X1, ..., X}

2 - 1
— Zau[EW(©) | X1,..., X} - Xu] +
n n
= E(W/(©) - X, | Xiv.... X,) - 2, (lan) sl
n n
- 1
= E{[W/(®) - Xn]2 | Xl, e ,Xn} - ;QZ

Lemma A.3: Let M and N be as in Theorem 1. Then,

g { [y@'(©1) — yXm)I
M ¥(©1) - Xy

(l](@]) 'X],...,XM} g O,

and

I { (W' (©2) ~ Y (TP

= ®)|Yy,...,Y 0
N w;(@z)_YN CL’2( 2)’ 1 N} -

w.p.last — oo.

Proof: A simple expansion yields
YW ©) =yXu) + Y Ui [/ (©1) - Xy,

where U}, is a random variable between /(1) and X . Combining this observation and Lemma A.1.
yields

1y { [y (©))) — y(Xu)]
M ¥(0)) — Xy

a1(01)

Xl,...,XM} = # Y Wi E{ler (@) | X1, Xoa}
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Next, there exist positive numbers a and b such that |y’ (U},)| < a w.p.1 and |a1(01)| < b w.p.1. since
v is continuously differentiable on /() and «a; is continuously differentiable on Q,, the compact
support of ®;. It follows from this observation that

L e - &)
M

a1(0r)

Cl2 2
— Xl,...,XM}‘S—HO
V©1) X t6

w.p.1 as t — oco. The second assertion can be established similarly. a

Lemma A.4: Let h1(©,) and hy(®,) be continuous functions of ®, and ©,, respectively. Then,
Ethi(®O)IXy, ..., Xy} and E{hy(®y)|Y1, ..., YN} are uniformly integrable martingales and

E{h®) | X1,...., Xy} — hi(0))
E{hy(©2) | Y1,...,Yn} — h(0y)

wp.1last — oo,
Proof. See Theorem 6.6.2 of Ash and Doleans-Dade (2000).

References

Ash R and Doleans-Dade C (2000). Probability and Measure Theory, Academic Press, New York.

Bickel PJ and Yahav JA (1969). Some contributions to the asymptotic theory of Bayes solutions,
Zeitschrift fiir Wahrscheinlichkeitstheorie und verwandte Gebiete, 11, 257-276.

Benkamra Z, Terbeche M, and Tlemcani M (2015). Nearly second-order three-stage design for esti-
mating a product of several Bernoulli proportions, Journal of Statistical Planning and Inference,
167, 90-101.

Diaconis P and Ylvisaker D (1979). Conjugate priors for exponential families, The Annals of Statis-
tics, 7, 269-281.

Lehman EL (1959). Testing Statistical Hypothesis, John Wiley & Sons, Inc, New York.

Martinsek AT (1983). Second order approximation to the risk of a sequential procedure, The Annals
of Statistics, 11, 827-836.

Rekab K (1989). Asymptotic efficiency in sequential designs for estimation, Sequential Analysis, 8,
269-280.

Rekab K (1990). Asymptotic efficiency in sequential designs for estimation in the exponential family
case, Sequential Analysis, 9, 305-315.

Rekab K (1992). A nearly optimal two stage procedure, Communications in Statistics-Theory and
Methods, 21, 197-201.

Rekab K and Tahir M (2004). An asymptotic second-order lower bound for the Bayes risk of a
sequential procedure, Sequential Analysis, 25, 451-464.

Shapiro CP (1985). Allocation schemes for estimating the product of positive parameters, Journal of
the American Statistical Association, 80, 449—-454.

Song X and Rekab K (2017). Asymptotic efficiency in sequential designs for estimating product of k
means in the exponential family case, Journal of Applied Mathematics, 4, 50-69.

Terbeche M (2000). Sequential designs for estimation, Florida Institute of Technology.

Woodroofe M (1985). Asymptotic local minimaxity in sequential point estimation, Annals of Statis-
tics, 13, 676-688.



440 Sangbeak Ye, Kamel Rekab

Woodroofe M and Hardwick J (1990). Sequential allocation for estimation problem with ethical costs,
Annals of Statistics, 18, 1358—1377.

Received January 01, 2024; Revised March 13, 2024 ; Accepted March 18, 2024





