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A STUDY ON MILNE-TYPE INEQUALITIES FOR A SPECIFIC
FRACTIONAL INTEGRAL OPERATOR WITH APPLICATIONS

ARSLAN MUNIR*, ATHER QAYYUM, LAXMI RATHOUR, GULNAZ ATTA, SITI
SUZLIN SUPADI, AND USMAN ALI

ABSTRACT. Fractional integral operators have been studied extensively in the last
few decades by various mathematicians, because it plays a vital role in the develop-
ments of new inequalities. The main goal of the current study is to establish some
new Milne-type inequalities by using the special type of fractional integral operator
i.e Caputo Fabrizio operator. Additionally, generalization of these developed Milne-
type inequalities for s-convex function are also given. Furthermore, applications to
some special means, quadrature formula, and ¢g-digamma functions are presented.

1. Introduction

Recently fractional calculus became one of the most important field in applied
research. The essential applications of fractional calculus can be seen in numerous
fields, including numerical physical science [1], fluid mechanics [2], and biological
modelling [3] etc. Inequalities play a vital role in different sciences specially in engi-
neering. Several authors used different classes of functions to generalize various types
of inequalities. Lipschitz functions were explored by Alomari [4] and compared to
the generalized trapezoidal inequality . Dragomir [5] investigated bounded variation
functions in relation to the trapezoid formula. Sarikaya and Aktan [6] discovered some
novel inequalities of the trapezoid types. Sarikaya and Budak investigated fractional
trapezoid-type inequalities [7]. For differentiable convex functions, Kirmaci et. al [8]
established midpoint-type inequality. In [9], Dragomir described the findings for the
functions of bounded variation. For twice differentiable functions, Sarikaya et al. [10]
established numerous new inequalities. Simpson type inequality have received a lot
of attention from authors for various classes of mappings. Additionally, a number of
mathematicians developed Simpson-type inequalities for differentiable convex map-
pings [11], s-convex functions [12], extended (s, m)-convex mappings [13], bounded
functions [14], and twice differentiable convex functions [15]. Numerous scholars have
presented applications for fractional operators, we suggest studying the works [16,17].
For more information on fraction operator see these references [18]- [23]. We know
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that the most famous and well-known inequality, is Simpson type [24] which is followed

.l{ﬁ(U)—i—ﬁ(é)_i_Qh(@—l—é) 1 /:ﬁ(@ﬂHSMHﬁ“HW

3 2 2 T 9-0 2880

where 1 : [0, 0] — R is 4-time differentiable function on (8, 8) and [|A*]| , = supye () [A* (£)]
< 0Q.

Milne’s formula of open type is parallel to Simpson’s formula which is of closed type,
in terms of Newton-Cotes formulas, because they hold under the same conditions.

THEOREM 1. Suppose that h : [0,0] — R is 4-times continuously differentiable
mapping on (5,0) and let ||1*|| ., = supse s g [7* (€)] < 0o, then the inequality shown
in [25] is given below:

(1.1)
Hgﬁ(ﬁ) - %ﬁ (UTJ“V)) + gﬁ@)} — ﬁ/:ﬁ(f) dﬁ’ < %ﬁl 7.,

DEFINITION 1. [26] Let I be a convex set on R. If 4 : I — R is convex on [ then:

h(wO+ (1 -w)d) <wh(O)+ (1 —-w)h(0),

for all 0,0 € I and w € [0, 1].
In [27] Hudzik et. al introduced s-convex functions in the second senses.

DEFINITION 2. Let A be a real valued function on I = [0,00) and s € (0, 1]. Then
h is called a s-convex in second sense if:

h((1-w)U+wd) <(1—w)’h(0)+wh(d),

for all 3,0 € I and w € [0, 1].
The concepts of fractional operators have recently drawn the interest of several
scholars. We recall the well-known fractional operators as follows.

DEFINITION 3. [28] Let A € L[U,d], the left and right-sides Riemann-Liouville
fractional integrals of order av > 0 defined by:

1 l

[h(w) = o~ ’ (0 —w)* " h(w)dw, £>T
1 [ .

IS h(w) = T ), (w—0)""h(w)dw, £ <9,

where T'(.) is the gamma function and I3}, i (w) = I3k (w) = A (w).

THEOREM 2. [29] Let h: [U,d] — R be a differentiable function on I°, U,0 € I°
with U < 0, where i/ € L[0,0]. If |I/| is convex function on [0, 8], then we get:
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3
a—1
2 ]?a+1 P@ﬁ<6+6>+J§ﬁ(U;6>H
(

< o= ”(“*4) 7 (©) + K @)

a+1

‘1{%(6) ﬁ(U—m) Zﬁ(iﬁ)}

PROPOSITION 1. If we take o = 1 in Theorem 2, then we have

‘% [2h(U)—h<UT+6) +2ﬁ(6)] —ﬁ/:ﬁ w) du

5<6_U) / /
——r IR @)+ @)).

THEOREM 3. [29] Let h : [0,0] — R be a differentiable function on I°, 8,0 € I°
with U < 0, where h' € L[U,0|. If |W| is an L-Lipschitz function on [0, 9], then
we get:

<

’% [271(0) iy <UT+5) P (8)]

20710 (a + 1) U+0 U+0
- = -/ h Ch| ——
@ -0)" Toch\ 5= ) £ 2
(00— U [a+8 I
B 24 o+ 2
PrRoOPOSITION 2. If we take o = 1, in Theorem 3, we have

‘% [271(25) —ﬁ(UTJFE}> +2ﬁ(8)1 —ﬁ/:ﬁ(u)du

DEFINITION 4. [30] Let & € H' (U,0), U < 0, for all @ € [0,1], then the left and
right fractional integrals are defined by:

CF ror 11—« a ¢
(U 1 ﬁ) ) = B(a)ﬁ(€)+3(a)/zj h(0)de,

CF 1o B 11—« o 0
CTIER (O = Fgh(O+ /Eﬁ(é)dé,

2
< ©-9) L.
- 8

where B (a) > 0 is a normalizer satisfying B (0) = B (1) = 1.

The main goal in this paper is to establish a new integral identity by using the
Caputo-Fabrizio fractional integral operator, and generalize some novel Milne type
inequality (1.1) for s-convex functions on the base of this identity. We also include
the applications to special means, quadrature formula, and, ¢-digamma functions of
these results taking many special cases of the main findings.
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2. Milne-type inequalities for differentiable functions
Before proceeding toward our main theorems regarding generalization of Milne-type

inequalities using Caputo-Fabrizio fractional operator, we begin with the following
lemma.

LEMMA 1. Let h: I — R be a differentiable function on I°, 5,0 € I° with U < 0,
and i € L[0,0], then we get

Eh(l)) _ %h (UTHU 4 gh@]
20w

B (G 0+ (13 09)] + 2

_ (520) { 01 _g) i ((1—w)6+w(6T+6>)dw

[ (el (557 a)e

B («) is a normalization function.

i (k)

Proof. Let

and

Integrating by parts, we have

S e
ol el ()
il (i)

U+0 4
— ﬁ >+ G- U)ﬁ(U)_W/U h(u) du

—/<><<—>> |
+0 a
2

21 = —aéi(_;;)h(ﬁ )%%ﬁ(m— a /2ﬁ,(u)du.

1

0
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Analogously, we get

L = Aleé>ﬁ<u—m<U;6)+w®dw
(00 (%5) )]

0

0
§) 8 4 g
- 555 (73 ) 5590 g fus O

B (o1 252) )
(22) = —aég(_a?)h<6—;6>+§Q(B8(_a)6)h(5)—$/;ﬁ(u)du.

Summing (2.1), (2.2) and subtracting 21(91(;‘;)}5(]{:) both sides, we get

L)
[ 00232 )4] i

a(®-0), (D40 2a(@-0) (0-U), (0+0
:_6B(a)h( 2 )+3 B()ﬁ(U)_ ()ﬁ< 2 )

20(0—U) a R 5 21-a),

+§Wﬁ(6)_m (/U h( )du Ugaﬁ( )du> (Oé) ( )

uis B
_ :i%osi;?(zs;é) :ga(Bi( )15) (2 a)) <U+6)
) - (W/u ﬁ(u)du) o TRl
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Thus, we have

O (-3 (a-wrv+e (P52
e s

O L W)+ (CTI3H) )] +

+

Hence proved Lemma 1. O

THEOREM 4. Let h : [U,0] — R be a differentiable function on 1°, 5,0 € I° with
U < 0, where W € L[0,d]. If |i'| is s-convex function on [U,d], then

’ Eﬁ(@) - gh (U L 5) + %ﬁ(?ﬁ)]

s L) )+ 15 ()] + 2= )|

0—-0 1 / /
< I (3<2+3S+82)> [5+4s(|ﬁ (O)|+ | (O)])+2(5+s)

()l

Proof. By taking Mod of Lemma 1, and using the s-convexity of |#/|, we have

’ Eﬁ(@) - gh (U i 5) + %h(é)]

__ Bl
a(0—0)

i}
[
(6;6) [/01
[

< -0 1
- 4 3(2+3s+s?)

2(1-a)

ﬁ(k)‘

Oé

IN

(" 1°R) (k) + (“TI5h) (k)] +
_ é‘ +

B(
. h((l—wU+ ( )) ‘
i ((1—w) (UTW)J“’JB) dw]
w_il‘ ((1—w)slﬁ'(6)\+‘*’s " (UTmN)
(25 wo)

3
> {5+45(|ﬁ’ (O)| + |7 (9)]) +2(5+s)

IN

(I

Hence proved. O
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COROLLARY 1. In Theorem 4, we use the further convexity of |h/|, we have

Eﬁﬂ»—%ﬁ(9§§>+§ﬁ@ﬂ

2O (6 1m0+ (a3 )] + 2

COROLLARY 2. Choosing s = 1 in corollary 1, then we have
2 1, /040 2

kﬁ@»—gﬁ(—§—>+gﬁ@ﬂ

__B(a)
a(0—-0)

5(0—-0 , ,

200 g )1+ 1 @)

- 24
REMARK 1. If we choose « =1 and B (0) = B (1) = 1, in corollary 2 then we have

HEMO%f¥<9§§>+§M®1—5%54fﬂwdu

5(5_U> / /
< 2SS @)+ 7 @)

Which is obtained by Budak et al. in [29, Remark 1].

THEOREM 5. Let h : I — R be a differentiable function on I°, U,0 € I° with
U < 0, where i € L[0,d]. If |[I|?, ¢ > 1 is s-convex function on [U,d], then

‘Eh&D—%h(ggE)+§h®ﬂ

__B(a)
a(0—-0)

< OS2 (5en) () |(wors

+(ﬁ(9g§>{HH®W)1.

Proof. Again by taking Mod of Lemma 1, we have

’Eh@n—;h<636>+§ﬁ®ﬂ

‘@?ﬂ»ﬁ@ﬁ%ﬂm+@ﬁﬁﬂmﬂ+
]

00 [ (-0 (557) o
(2.3) + /01 n <(1 —w) <G;L6> +w6> de :

(" 17h) (k) + (TIgh) (B)] + =57

[(E"1R) (k) + (7 I5h) ()] + =5~

” (U+E§)
2

1
Q)q

IN

1
wa =
3
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|7, we have

By utilizing the Holder’s inequality in (2.3) and s-convexity of |/

LSEE

OS2 (o3 )
LB ([P0 (057 o)l )
O [([ bt (] (0-rwor s (5))e)

3=

w+ =

T ([ (oo

ﬁ,(6+6>
2

(U+D
v (%3)

“(
2 () () (o

(@) wr)]

Hence proved. ]

v o) dw)‘?]
y

1

=

IA

REMARK 2. If we choose « = s =1 and B (0) = B(1) =1 in Theorem 5, we have
2 1, (U+0) 2 I
= —-h|—— = ——— [ h(u)d
H?)ﬁ(U) 3ﬁ( 5 )+3ﬁ(5)] 6_6/U (u) du
(0-0) (4 - 1)i [(3|ﬁ' )" + |1 (5)|q); . (|ﬁ/<zs>|q+3|ﬁ' <6>|q)1]
THEOREM 6. Let h: I — R be a differentiable function on I°, and 0,0 € I° with

<
= T12 3+ 1 4
U <0, where I € L[0,0]. If |[W|?, ¢ > 1 is s-convex function on [0, d], then

Q

Which is proved by Budak et al. in [29].

'Eﬁ&»—%ﬁ(gg§>+§ﬁ®ﬂ

B (1o w0+ (Fagn) )] + 20

OG0

x{@+4@ﬂﬁanf+m%mﬁy+ﬂ5+@

1
lI:|q

H(U+5)
2
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Proof. From Lemma 1, properties of modulus, the power-mean and s-convexity of
||?, we have

[t (55%) o0

) CF CF 2(1—a)
a@-0) [((GT1%R) (k) + (T IS h) (K))] + I0) ﬁ(k)’

20 a-oee(252) o
Lo (25 a)ad

A T [ T ) o)
(L) (oo () ) )
9[- (L (e (252w
(L) (Lo G o))
“20)" b

X [(5 +4s) (|7 (©)|" + |7 (0)]") +2(5+s) ‘ﬁ’ (ijj) H % .

IN

IN

IN

IN

Hence proved. O
COROLLARY 3. Choosing s = 1 in Theorem 6, we have

Eﬁ(U) _ gh (U ;r 6) éﬁ(é)]

B(a)

2(1—a)

—m[((a I°h) (k) + (“"Igh) (k)] + B () ﬁ(/f)‘
50 —0) [ (4]0 @)+ K@)\ (|7 O) +4]7 @)\
oy SB[y’ (o awory]

24

REMARK 3. By choosing « =1 and B (0) = B (1) = 1, in corollary 3, we have

H;h(U)—gﬁ (6;5> gh(é)} —ﬁ/:ﬁ(u)du

55— 0) (Mﬁ(NQHW®W)3+(WGﬂPEMW®W)1_

- 24
Which is obtained by Budak et al. in [29, Remark 2].
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THEOREM 7. Let h : I — R be a differentiable function on I°, 5,0 € I° with
U < 0, where W' € L[0,0]. If |[I|?, is s-convex function on [U,d], for some fixed
s € (0,1] and ¢ > 1, then

Hzﬁ(m_h<a+6 2

+ ﬁ(c’))}

3 3 2 3

—
Q
\_/

B (o) F Fora 2(1—a)
—a o LG 1R W)+ (TIgR) ()] + = ()
R ) O B ot L (17 @)+ |7 (5]
AN 1+p \q +1
0

Proof. From Lemma 1, we get
' [gﬁ(U) - fﬁ <U;5> + Qﬁ(a)}

B (a) oF cF 2(1-a)
s LG 1o )+ 7 5m) 0) + 25y

) e
[l (oo (532) )]

5
By the Young's inequality, we have

w +

1 1
U8 < ~07 + ~9°,
p q

‘ Eh(@) - gﬁ (U‘;B) 4 gh(fﬁ)]

B («) 2(1-a)

o o) LG 1R (®) + (CTIER) ()] + =5

G sl ) ([ (0 -omee (557)) )

A DA TAU S ><“*5>+w6>! )

S G e sf ) ([ (e woreare (557)] ) o
o) g () (0 () s

- (é(‘*lip )G

()]

ﬁ(k)‘

IN

IN

4
3

_|_

1
PJo

IN
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Required result is obtained. O

COROLLARY 4. If we choose a = 1 and B (0) = =1, in Theorem 7, we have

1 U+0

3 [QH(U)—H(T> +2h (0 } ——/

e G w El
D I+p q s+1

+(ﬁ’( o )S\‘:\ﬁ' >rq>>

<
- 4
THEOREM 8. Let h : I — R be a differentiable function on I°, 5,0 € I° with
U < 0, where I € L[U,0]. If there exits constants —oo < m < M < 400 such that
m < i (w) < M, for all z € [U,d], then we have

‘Eﬁ@»-gﬁ(6;6>+§ﬁ®ﬂ

-G 09+ (Fagn) )] + 25—y
< W(M—m)
Proof. Using the Lemma 1, we have
[ <>—ﬁ(“;5)+2h<6>}
B B ) (GFI1°R) (k) + (CFISH) (k)] +2(1_a)ﬁ(k)
- B[] - )( (1-nwe-(257))0)
25) (w 5) (v (a- <U+6>+w5> |

LU (=) (r(0mmesty ) ) =) o
( (o) (r(o- (””’) ) =) )

Taking the absolute value of inequality (2.5), we have

Eﬁan—gﬁ(6;5>+§h®ﬂ
201 — a)

B (o) [(GF1R) (k) + (CFISh) (k)] + " B(a)

a(0-0)
(-2 -5

< 52
4 0
Lo |G (-0 (22) ) - 252 ).

ﬁwﬁ

dw
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From m < A (w) < M for w € [0, 0], we have

o [(r{rmnea(232) -2 25
and
oo 250 ) s

Using the inequality (2.6) and (2.7), we have

’Eh&ﬂ—%h(gg§>+§h®4

_% [((SF1°R) (k) + (°TISh) (k)] + Wﬁ(k)'

1

0—-0 ! 4 L
< T(M—m)(/o w—g dw+/0 w+§ dw)
5(0 —0)
< = 2 (M- .
< o ( m)
Hence we get our required result. O

COROLLARY 5. If we choose « =1 and B (0) = B (1) = 1, in Theorem 8, we get

‘ Eﬁ(ﬁ) o (“T”’) n %ﬁ@] - ;ﬁ(m du

(M - m) )
which is obtained by Budak et al. in [29].

THEOREM 9. Let h : I — R be a differentiable function on I°, 5,0 € I° with
U < 0. If # is an L-Lipschitz function on [0, 0], then

‘Eh&»—%ﬁ(9§§>+§h®ﬂ

iy LR W+ (a3 ()] + 2w

24
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Proof. By using the Lemma 1, and since A’ is an L-Lipschitz function, we have
2 U+90 2
—-h(0) — -h —h(0
-4 (%57) o)

_% (G 1o) ) + (T gm) ()] + 2= >) <>'

B(
0 (23) -
+Al ﬁgl_@(95§)+wﬂ-wﬁ®n
- o]

B +/1 Y+ 2 e -v)

3WW ; w 3 w ) 3
2

T0-0)F

24

This completes the proof. O

IN

w+§ o+ 2 0ﬁ<n—wam>

<

3. Application to special means

We shall use the following special means.
(a) The Arithmetic Mean

A= A(D,5) = UTw, 5,5 > 0.

(b)The Logarithmic Mean

0—-0
Ind—In0
(¢) The Generalized logarithmic Mean

L(0,0) := 0,0>0,0+#0.

61"—}-1 _ 61"—}-1 1/r
IR GJ re R\{-1,0}, 0,0 > 0.

PROPOSITION 3. Let U,0 € R with 0 < U < 0, then we have

L= L7 (U,d) =

50— 0) [ (407 4+ 97\ s Uq 46‘1
44 (B2,0) — A%(0,0) — 3L2 (U,0)] < (24 ) ( 5+ ) 4 + ]
Proof. The assertion follows from Corollary 3, with ¢ > 2 applying the h (z) = %xz
and =1, B(0) = B(1) = 1. O

4. Application to quadrature formula

Considering Z is the partition of the points U =y < 1 < ........... < ¥, = 0 of the
interval [U, d] and let

/6ﬁ(£)d£=u(ﬁ,2)+3(ﬁ,2),
O
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where

n—

1
liv1 — 1 Ci + Ligq

nn2) =3 (T) (% (6) —h (T) + 2ﬁ(&+1>)

and R (h, Z) constitute the considering approximation error.

PROPOSITION 4. Let h : [0,0] — R is a differentiable function on (U,0) with
0<U<0andl € L[0,9]. If |I| is s-convex function in the second sense for some
fixed s € (0,1], we have

L S el e reue I CRRSILIC

- pr 3(2+3s+ s?)
s+ i
v ()]

Proof. The assertion follows from Theorem 4 on the subintervals [¢;, ¢;11](i = 0, 1,
..... ,n — 1) of the partition of Z and a« =1, B(0) = B (1) = 1, we have

1 (Gt Ll 1 b
- 2h(l;) — W | —— 2h (¢; - h(u)d
s (mea (g2 o) = [ nea

+ (5 +4s) [ (1) +2(5+ 5)

'L

< B8 (e ) (B ) W ()] + 5+ ) Y (6

(]

By multiplying both sides of (4.1) by (f;+1_¢;), summing the resulting inequalities
for i« = 0,1,...,n — 1, and applying the triangular inequality, the desired result is
obtained. ]

(4.1) +2(5+s)

5. g-digamma Functions

Let 0 < ¢ < 1, the ¢g—digamma (psi) functions ¢, is the - analogue of the
digamma function ¢ defined as [31].

00 ¢k+£
o = —(l=g)+ ey
k=0

0 ¢k£
= —In(1 —¢)+1mpzl_¢u.
k=0

For ¢ > 1 and ¢ > 0, the ¢g-digamma functions ¢,, defined as

[ 1 &
k=0

- e
L k=0
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PROPOSITION 5. Let U,0 € R with 0 < U < 0, then we have

% {2% ©) — ¢, (UTW) + 20, (6)} - ﬁ/: py (u) du

o—-0 |1, , , 21, (040
< — {5(\% ©)] + ey @) +3 |2 (T) 1
Proof. The assertion follows from Theorem 4, fi (€) = ¢y, (€), € >0, I’ (€) = ¢}, (€)
is convex (0,00) and s=a=1 & B(0)=B(1) =1. O

PROPOSITION 6. Let 5,0 € R with 0 < U < 8, and 5+ = 1, ¢ > 1 then we have
1 U+9 1 0
- 2/ _ / — - 2/ -
'3 { oy (O) — ¥y ( 5 >+ Py (5)] 8_6/6 ey (u)du

< OO [ ol @+ [ (S]]

Proof. The assertion follows from Theorem 5, fi(€) = ¢y, (€), € >0, I’ (€) =}, (€)
is convex (0,00) and s=a=1 & B(0)=B(1)=1. O

PROPOSITION 7. Let U,0 € R with 0 < U < 0, and i —l—é =1, ¢ > 1 then we have

’% {2% (0) - ¢, (67%) +2¢), (5)] - ﬁ 6% () du

Q=

0—-0 17% q / q
< 220(3) T30 O+l @) + 5 s

Proof. The assertion follows from Theorem 6, h (€) = ¢y (€), € > 0, B (€) = ¢!, (€)
is convex (0,00) and s=a=1 & B(0)=B(1)=1. O

PROPOSITION 8. Let 0,0 € R with 0 < U < 0, and ]lj —{—% =1, ¢ > 1 then we have

‘% {m (0) = ¢ (UTH}) +2¢, (6)} - ﬁ/j pu (u)du
0-0 ]13((417*1111;3—1—1?)%(3(% <6)|q+2\so; (%)r’)

(I% (“T”)\q; a (5>\q>>] |

Proof. The assertion follows from Theorem 7, fi(€) = ¢y (€), € >0, ' (€) =}, (€)

is convex (0,00) and s=a=1 & B(0)=B(1) =1. O

6. Conclusions

In this paper, we established an important identity for the Caputo-Fabrizio frac-
tional integral operator. We also generalized the Milne-type inequality for s-convex
function, whose derivatives in absolute value at particular powers are convex. By
considering the identity as an auxiliary results, we obtained some new results by us-
ing well known inequalities such as Holder, power-mean and Young. Additionally, we
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also derived some applications to quadrature formula, special means, and g-digamma,
functions. In the future, scholars may explore new results with modified k-Riemann-
Liouville and modified A-B fractional operators shown in this article.
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