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FABER POLYNOMIAL COEFFICIENT ESTIMATES FOR
ANALYTIC BI-UNIVALENT FUNCTIONS ASSOCIATED WITH
GREGORY COEFFICIENTS

SERAP BULUT

ABSTRACT. In this work, we consider the function

U(z) = 1n(1+ 1+ZGZ

whose coefficients G,, are the Gregory coefficients related to Stirling numbers of the
first kind and introduce a new subclass Qg’“ (U) of analytic bi-univalent functions
subordinate to the function V.

For functions belong to this class, we investigate the estimates for the general
Taylor-Maclaurin coefficients by using the Faber polynomial expansions. In certain
cases, our estimates improve some of those existing coefficient bounds.

1. Introduction

The generating equation of the Gregory coefficients G,, (see [5,24]) is given by

(1) ln(1+z 1+ZGZ
(zeU:={2€C:|z| <1}, Gozl, Inl1=0),
Sl nl
G n'z [+1

and S; (n,l) is Stirling numbers of the ﬁrst kind given by

where

(_1)7“ ,,‘an»k

(2n—1)! n—l 1

DT 2k=0 i B i i) 20 iy o L€ (17
Sl<n,l): 1 , =0,{=0

0 , otherwise

(see also [6]). In particular, we have:
Sl (171) = 17 Sl (271) = _17 Sl (272)
Sl (37 1) = 27 Sl (37 2) = _37 Sl (37 3)
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Thus, initial values of G,, for n € N:= {1,2,3,...} are
1 1 1 19 3
2 = — = —— = — = —— = —_—.
2) =5 G=—gp G=gp Gi=—55 G=1g
Let H be the class of analytic functions in the open unit disc U, and consider the
classes P, A and S defined by
P = {peH:pl0)=1 and R(p(z)) >0 (z €V},
A = {feH:f(0)=Ff(0)-1=0},
S = {feA: fisunivalent in U},
respectively.
For two functions f, g € H, we say that the function § is subordinate to g in U, and
write

f(z) <g(z), (2€0),
if there exists a Schwarz function

weQ={weH:w0)=0 and |w(z)] <1, (z€U)},

such that
fz)=g(w(z), (z€0).

It is clear that the function f € A can be expressed as

(3) fR)=z2+) as"  (z€U).

f[AfR)==2 (z€0)

and

N

S () = w (|w| <

By Koebe One-Quarter Theorem [12], every function f € S has an inverse f~!,
which is defined by

For the inverse function ¢ := f~!, we obtain

g(w) = f(w)

= w—ayw?®+ (2a§ — a3) w3 — (5@3 — dasas + a4) wh + - -
(4) = w+ Z A, w".
n=2

If the functions f and f~! are univalent in U, then f is called bi-univalent function.
Let ¥ denote the class of bi-univalent functions in U given by (3).

The class ¥ of analytic bi-univalent functions was first introduced by Lewin [20],
where it was proved that |as| < 1.51. Brannan and Clunie [7] improved Lewin’s result
to |as| < /2 and later Netanyahu [22] proved that max |as| = 3. For more details and

examples of functions belong to the class 3, see [28] (see also [11,18,27,28,31,32]).
Brannan and Taha [8] and Taha [29] investigated certain subclasses of ¥ and found
non-sharp estimates on |as| and |as| . Furthermore, Sivasubramanian et al. [26] verified
Brannan and Clunie’s conjecture |as| < V2 for some subclasses of ¥. But the bounds
on the general coefficient |a,,| for n > 3 are not much known. In this study, we use the
Faber polynomial expansions introduced by Faber [13] to determine general coefficient
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bound |a,| of analytic bi-univalent functions whose coefficients are related to Gregory
coefficients. Some works investigated the general coefficient bounds |a,| using Faber
polynomial expansions can be found in [3,4,9,15,16,19,25,33], (see also [10,14,17]).

2. The Class Qg’“ ()

Throughout this paper, we assume that A > 1 and g > 0. By considering the

function ¥,
z

T

given by (1), we introduce a new subclass of analytic bi-univalent functions as follows.

DEFINITION 2.1. A function f € ¥ given by (3) is said to be in the class Go* (U)
if the following conditions are satisfied:

(5) (1- ) (w)u FAf () (@)’H S 0(z)

and
) 020 (2 g (29 <w

where z,w € U and g = f~! is defined by (4).

REMARK 2.2. We obtain the following bi-univalent function classes which consists
of functions f € ¥ for the special values of A and u.
(1) For p=1-:

1) +Af (2) < ¥(2) and (1 —N) /()

z z

H%(\I})—{fez:(l—A) +)\f/(z)<\I/(z)}.
(1) For y=1and A=1:
Ne (O)={feX: f'(z) < ¥(z) and ¢ (w) < ¥(w) }.

introduced by Murugusundaramoorthy et al. [21].
(23i) For y=0and A =1:

Sy (V) = {f €eX: 2 2) < U(z) and wy (w) < ¥(w) } :

f(z) g (w)
(iv) For A=1:
L es AIE g wg )
B0 - {sem: T ve i CERE < .

REMARK 2.3. Since the function ¥ is univalent (see [21]), the class G&* (¥) is
related to the class N (i) of non-Bazilevié¢ functions defined by Obradovié¢ [23] as

follows:
%(f’(z)(m) )>O 0<pu<l, z€0).
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3. Coefficient estimates

Using the Faber polynomial expansion of functions f € A of the form (3), the
coefficients of its inverse function g = f~! can be expressed as, [1]:

(7) g(w) = w) = w+ D K (as,a ) u
where )
— (=n)! n-1 (=n)! n—3
ol = i - TR ) gy @
(=n)! aa,

+(—2n +3)! (n —4)!

(—n)!
(2(—n+2))! (n—5)!
(=n)!

+

a3’ las + (—n +2) a3

n—6 o n—jys.
(8) +(—2n+5)! (n—6)!a2 [ag + ( 2n+5)a3a4]+Za2 Vi,
Jj=7
such that V; with 7 < j < nis a homogeneous polynomial in the variables as, as, . .., a,,

[2]. For n = 2,3,4, we obtain
(9)  K;?= —2ay, K;* =3(2a3 —a3) , Ky* = —4(5aj — basaz + a4)

respectively. In general case, for any p € N, K? is, [1],

plp—1) p! 3 p! .
(10) KﬁZpan+TDn+mDn+...+m n
where
DP = DP (as, as, .. .),
and by [30],
m! , .
Dy (a1, ay, ..., ay) Izma?...a;’l

while a; = 1, and the sum is taken over all non-negative integers iy, ..., 1, satisfying
{ i1 tig+ i, =m
1+ 20+ +ni, =n
It is clear that
Dy (ay,aq,...,a,)

Consequently, for functions f € A of the form (3), we can write

(11)  (1—X) (f22)>u+>\f’ (2) (@)M_l =1 +iFn—1 (ag,as,...,a,) 2",

n=2

where

F1 = (M‘f’)\)dg,

By = (n+2) {“_

F3 = (u+3>\){
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In general,

Fn—l(a2>a37""an) = [M+(n_1>/\] X [(:u_l)]

i1 %2

as a a1
12 % 2 3 n

is a Faber polynomial of degree (n —1).

LEMMA 3.1. [12] Let p(2) =1+ c12 + c22° 4+ - -+ € P, then |cx| <2 for k € N.
LEMMA 3.2. [34] Let k,l € R and 21,2, € C. If |z1] < R and |23| < R, then

2R K[, [kl =l
(k+1) 21+ (k= 1) 25| <
2RI k[ <]

THEOREM 3.3. Let the function f € Qg’“ (V) begiven by (3). Ifap, =0 (2<k<n-1),
then
1

ol S S DN

(n>3).

Proof. Let f € Go* (¥) be of the form (3). Then we have the expansion (11). For
the inverse map g = f~! given by (4), we get

(13) (1—AX) (%)ﬂ + A (w) (M) . =1+ i Fo1(Ag, A, ..., A w™ ™

w

with

1
(14) A, = EK,: " (ag,as, ..., ap).

On the other hand, since f € gg’“ (), by the subordination principle, there exist
the Schwarz’s function s (z),

weH: »0)=0 and |x(2)] <1 (z€0)
such that

(15) u—M(i§§“+w%@(i§§w4=wwwn (=€),

Since VU is univalent in the open unit disk U, by (15), the function

1
(16) p(z) = 1—1;—}}{% =1+cz+cpz? +e32®+ -+
belongs to the class P. Solving »(z) in terms of p(z) in (16), we obtain

—_

1 1
w(z) = §clz+§<02——>22—|——< — 109 + )23

<C4 —cic3 +

| V]

1
B 46%02 =G —§01>Z4+--~.

[\
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Using (17) in (1) and considering (2), we find
1 1 7 7
U(x(z) = 1+ 1617 + 1 (CQ - —cf) 2+ (03 — —c1C9 + —C?) 2

1 7 17 7 649
(18) +Z (04 — 66103 + 1_60%62 EC% — méﬁ) Z4 + -

[e%¢)

_ § n

- gonz
n=1

Thus, we can write

(19) Vd(z)) =1+ Y GiDi (1,902, n) 2"

n=1 j=1
Similarly, since g € Go** (U), there exist the Schwarz’s function 7 (w),
Te€H: 7(0)=0 and |7 (w)] <1 (wel)

such that

H p—1
(20) (1—=2X) (#) + Ag' (w) (%) = V(7 (w)) (wel).
Since W is univalent in the open unit disk U, by (20), the function

1+ 7(w)
21 =
(21) Pt
belongs to the class P. Solving 7(w) in terms of ¢(w

(w
2 1 3
T(w) = —dlw + = (dg — d—) w2 5 <d3 — dldg + (i ) 3

:1—i—d1w+d2w2+d3w3+---

) in (21), we obtain

2
2 Lo 1y 4
(22) —|—§ d4 - dldg + Zdldz - §d2 - gdl (T
Using (22) in (1) and considering (2), we find

1 1 7 17
\I/(T(w)) = 1+ d (dg —d%) w2 + 4_1 <d3 - —dldg + 4_8d§> ’LU3

4!
1 17 7 649
23 - d——dd —d?dy — —di — ———d}
(23) 4(4 TR T 2880) *
Define

Thus, we can write

(24) U(r(w)) = 1+ZZGJ'D% (Y1, %2, -+ ) w

n=1 j=1

Considering (11) and (19) in equality (15) for any n > 2, we get

(25) Fn—l (CL27CL3,..., ZGJD 9017@2’"'7(;071—1)7
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and similarly, (13) and (24) in equality (20) we obtain
(26) anl (A27A37"'7 ZG D % w27"'7wn71)-

By hypothesis, since ay =0 (2 <k <n—1), we have

An = —Qp,
1

Y1 =" "= Pn-—2= 07 Pn—1 = §Cn71

1
wl == ’l/}an = 07 ¢n71 = _dnfl-

2
So (25) and (26) imply that
w4+ (n—1)Aa, = Gion and — [+ m=1)Na, =G,
respectively. Using the fact that G; = % and Lemma 3.1, we obtain

— Gy |90n—1| _ Gy ’¢n—1| 1
|a,| = = < ,
ptm=—DA ptm=1A7 2[p+(n—-1)A
which completes the proof of the Theorem 3.3. 0

and

THEOREM 3.4. Let the function f € Go* (¥) be given by (3). Then

(1) as] < \/ : ’ 2
(p+2)) (p+ 1)+ 14 (n+N)
and
o) 3 (pA20) (1—p) < 14 (p+N)?
(28) las| <

3
3(ut2N) (i )+ 14(ut A 3(n+2)) (1= p) 2 14 (n+ )

Proof. If we set n =2 and n = 3 in (25) and (26), respectively, we get

(29) (1 +A)ag = Gign,
p—1, 2
(30) 420 M52  a| = G+ G
(31) — (u+A) az = Gy,
+3
(32) (,U + 2/\) |:’u 5 a2 — CL3:| = leQ + Ggiﬂ%,
where
1 1L/
Y1 = 201, %02—2 Co 5 ]
1 1 d%
b= 5 ¢2—§(d2—5).
Note that

or= 1 and @42 =8 (u+ \)?d
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or equivalently

(33) ¢ =—d; and E+d?=32(u+ N al.

From (29) and (31), we find

(34) ] = Gilpa| _Giltn| 1
A p+N T 2(u+A)

Also from (30) and (32), we obtain

(1 +2X) (n+1) a3 = Gy (g2 + 12) + Ga (7 +97)

or equivalently

(35) (44 20) (4 1) @3 = § (e + ) — 2 (6 + ).

Substituting the value of ¢? +d? from (33) in the right hand side of the above equality,
we deduce that

3 (Cz + dg)
A3 (u+2)0) (u+ 1)+ 14 (u+ N
Using the Lemma 3.1, we get

(36) a3 =

(37) 02| s\/ & .
S(p+2N) (p+1)+14(n+ AN

and combining this with the inequality (34), we obtain the desired estimate on the
coefficient |as| as asserted in (27).

Next, in order to find the bound on the coefficient |as|, we subtract (32) from (30).
We thus get

(4 2X0) (—2@% + 2a3) = % (co — dy)
or
Cy — doy
8(p+2N)
Upon substituting the value of a3 from (36) into (38), it follows that

05 = (A (1) + m> e + <A (1) — m> s,

3
AM’M):4[3(u+2A)(u+1)+14(u+>\)2}'

By Lemma 3.2, we get the desired estimate on the coefficient |az| as asserted in
(28). O

(38) az = aj +

where

By setting A = 1 and g = 1 in Theorem 3.4, we obtain the following consequence.

COROLLARY 3.5. Let the function f € Ny (¥) be given by (3). Then

1

las| < 1 and las| < 5

REMARK 3.6. Note that the above corollary gives an improvement the result on
las| given in [21, Theorem 1].
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THEOREM 3.7. Let the function f € Go** (¥) be given by (3). Then for any § € R,

we have

1
2(pu+2X) ) d € [Ioa 77]

2
|a3—5a2‘ < ,

3]1—4]
3(pA22\) (1) +14(u+N)? 0 € (_0070] U [77> OO)

where
B(u+2X0) (1—p) =14 (u+ N
B 6 (1 + 2N)

and
320 (4 3) + 14 (u+ N

B 6 (u+ 2\)
Proof. For the function f € Go™ (¥) of the form (3), from (36) and (38) we have

05 — Ga2 = (r) (5)+m) e + (r) () - m) s,

3(1-19)
h(d) = 27"
A3 (420 (p+1)+ 14 (u+ N)7]
Then by Lemma 3.1 and Lemma 3.2, we conclude that

where

1 1
w0 190) < sy

‘a3—5a§|§
4160 150> soimn

O
By setting A = 1 and ¢ = 1 in Theorem 3.7, we obtain the following consequence.

COROLLARY 3.8. [21] Let the function f € N (V) be given by (3). Then for any
0 € R, we have

[—=
[«9)
m

[o—
I
I52

ol

| S

‘ag - 5a§| <

A de (oo, 4R U [ 00)
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