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1. INTRODUCTION 

 

 In high-temperature superconductors, the pairing 

mechanism of electrons and the capability of conducting 

of electricity without dissipation of energy is one of the 

most exciting phenomenon of condensed matter physics. 

The invention of high-temperature superconductors in a 

class of materials which are based on iron was amongst the 

most outstanding breakthroughs in Solid State Physics 

research [1]. This new invention has brought to an end the 

hegemony of cuprates as the only high temperature 

superconductors and had motivated Physicists to conduct 

wider researches on FeBSCs at ambient pressure. So far, 

these newly discovered FeBSCs have the highest 

superconducting transition temperature next to cuprates [2].  

The FeBSCs have began flurry of activities as physicists 

attempt to discern the source of superconductivity in these 

materials and improve them for possible applications in 

some electrical appliance. These new high temperature 

iron based superconductors have motivating features from 

the basic physics point of view, which is the 

superconducting pairing mechanism possibly related to the 

interplay between magnetism in the phase diagram, which 

has massive impact on the world of superconductivity and 

revitalized worldwide interest in this area and opened a 

new frontier for the experimental and theoretical study of 

high temperature superconductors in general and FeBSCs 

in particular. It was reported that, a layered iron-based 

compound LaOFeAs undergoes superconducting 

transition by doping with F ions at the O site (La(O1-

xFx)FeAs (x = 0.05−0.12)).  

The transition temperature (TC) shows a trapezoid shape 

dependence on the F content, with the highest TC of about 

26 K [3]. Furthermore, though iron has been considered as 

venomous to superconductivity due to its strong local 

magnetic moment, a number of superconducting 

compounds containing iron have been known for quite a 

long period of time. This finding has sparked intense 

research activities on FeBSCs and up to now the 

superconducting transition temperature for the FeBSCs has 

been raised up to 56 K in Gd1-xThxFeAsO [4] and 57.3 K 

in Sm0.95La0.05O0.85F0.15FeAs [5] under ambient pressure.  

As is well known, one of the most extensively studied 

families of the iron-based superconductors and the first to 

be discovered was the 1111-family which crystallized in 

the ZrCuSiAs-type structure with a tetragonal P4/nmm 

space group [6]. The other typical type of iron based 

superconductors are the 122 families such as BaFe2As2, 

CaFe2As2, EuFe2As2 and SrFe2As2 which are becoming 

preferable to deal with than the other families of the 

FeBSCs and comprise of the heart of the FeBSCs where 

the best quality single crystals are obtained. The ion based 
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Abstract 

 

  The current study deals with the possible interplay between superconductivity and spin density wave in two band model high 

temperature iron based superconductor (FeBSC) Ba1-xNaxFe2As2. The electron and hole bands in the presence of the inter-band 

interaction between the two bands is becoming a vital issue to deal with the high temperature physics of the iron-based 

superconductors. In this research work, a model Hamiltonian appropriate for the system under consideration has been developed 

and the temperature dependent Green's function technique has been employed to get the solution for the equations of motion 

constructed for the two band model high temperature FeBSC Ba1-xNaxFe2As2. By making use of the decoupling procedure, the 

equations of motion for the dependence of superconducting transition temperature (TC) on spin density wave(SDW) order parameter 

(ΔSDW)  in the electron intra-band  (∆𝑠𝑐(𝑒)) , hole intra-band  (∆𝑠𝑐(ℎ))  and inter-band  (∆𝑠𝑐(𝑒ℎ)) for Ba1-xNaxFe2As2 have been 

obtained. We have also obtained the expression for the dependence of spin density wave transition temperature(TSDW) on ΔSDW 

for Ba1-xNaxFe2As2. Using some plausible approximations and appropriate experimental values for the parameters in the obtained 

equations of motion, phase diagrams of  TC  versus  ∆𝑠𝑐(𝑒), ∆𝑠𝑐(ℎ) and ∆𝑠𝑐(𝑒ℎ) are plotted.  Furthermore, a phase diagram of TSDW 

versus  ∆𝑆𝐷𝑊 is plotted for the material under consideration. Finally, using the above mentioned phase diagrams, the interplay 

between superconductivity and spin density wave in the two band model high temperature FeBSC Ba1-xNaxFe2As2 has been 

demonstrated to be a very distinct possibility. The agreement of the current finding with the experimental observations is quite 

commendable.  
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122 families of superconductors have ThCr2Si2-type 

structure with tetragonal space group type iron arsenide [7, 

8].  

Superconductivity can also be induced in undoped and 

underdoped compounds by applying pressure [9]. With 

increasing temperature, the overall electron concentration 

is enhanced while the total hole concentration is mitigated.  

It shows that the electron-hole compensation, if it exists, 

can only occur in a narrow temperature range, and in most 

of the temperature range there is an electron-hole disparity. 

Therefore, in a given system the systematic studies with or 

without any impurities or charges in electronic structure 

have been extremely advantageous. The suitable and 

successful way to increase superconducting transition 

temperature in FeBSCs is by carrier doping or chemical 

substitution, which modulates the lattice parameters and 

introduces internal chemical pressure which has been 

proven to be a convenient and effective way to increase the 

superconducting transition temperature of the FeSCs. The 

invention of the magnetically-active superconductors, iron 

pnictides based on FeAs [1, 8] or Fe(Se,S,Te) [10, 11] has 

further enhanced the on-going researches about interplay 

between different ordered electronic states in materials 

[12-14]. In itinerant electrons systems, the interactions that 

lead to the establishment of superconducting (SC) and 

magnetic SDW orders, “pull” and “push” the same 

particles, and as a result influence each other. In particular, 

two orders may support each other and lead to similar local 

interplay between SC and SDW states; or one of them may 

completely suppress the other order, resulting in a state 

with spatially separated regions of “pure” SDW or SC 

orders. The phase transitions between various states may 

also be either continuous or abrupt. The result of this 

interplay depends critically on the properties of the 

interactions, such as symmetry of superconducting pairing, 

their relative strengths, and also on the properties of the 

Fermi surface (FS), such as its shape or the density of 

electronic states. 

Upon electron- or hole doping in Ba(Fe1-xCox)2As2 [15], 

or Ba1-xKxFe2As2[8] and Ba1-xNaxFe2As2[16] the 

antiferromagnetic(AF) order gets gradually suppressed 

and superconductivity emerges well before the magnetic 

order vanishes. In this under-doped regime the 

antiferromagnetism and superconductivity orders interplay 

and compete for the same low-energy electronic states [17-

19]. With these doping, the superconducting critical 

temperature, superconducting parameters and the 

condensation energy are enhanced whereas the 

antiferromagnetic order parameter is reduced. Most of the 

parent compounds of FeBSCs are magnetically ordered.  

These parent compounds experience a magnetic transition 

at a guaranteed spin density wave transition temperature 

leading to the formation of a SDW. The interplay between 

two or more order parameters in high temperature 

superconductors is fabulously decoder in condensed matter 

physics. Naturally, one order would inhibit the other 

phenomena, i.e. magnetism and superconductivity are 

mutually exclusive entities. Because of these relations, the 

spin density wave and superconducting order parameters are 

an essential issue in the present study on the FeBSCs. The 

interplay between the two orders has been the emphasis of 

many experimental and theoretical researches. Obviously, 

the, magnetic and structural transitions are detached and 

that magnetism and superconductivity interplay 

microscopically as depicted by spin rotation (SR) or 

nuclear magnetic resonance (NMR) measurements [20, 

21]. Furthermore, the microscopic interplay between SDW 

and superconductivity in Ba1−xKxFe2As2 was recently 

demonstrated by neutron diffraction [22, 23]. Thus, it is 

vital to comprehend whether this is a common 

phenomenon for all hole doped 122 materials or that K 

substituted compounds perhaps constitute exceptional case 

due to the closely analogous ionic size of eight harmonized 

Ba and K. There are analogous outcomes for the alternative 

hole-doped Ba1-xNaxFe2As2 compound in which the 

sodium ions are smaller than barium ions and described the 

magnetic and superconducting behaviors of these 

specimens [24]. The observed magnetic ordering and an 

orthorhombic structural distortion for x = 0.35 and bulk 

superconductivity for specimens within the range of 0.4 

≤x ≤0.6, with a maximum TC of 34 K occurs at x= 0.4. 

The iron based superconductor Ba1-xNaxFe2As2 is currently 

one of the most interesting materials for its large critical 

current. The interplay between superconductivity and 

SDW takes place in a certain temperature range and doping 

levels in some specified compounds as depicted by some 

investigator [25]. Experimental and theoretical testimonies 

are present that exhibit the availability of incongruity 

instigated by SDW unsteadiness and electron-doping by F 

mitigates the SDW unsteadiness and recovers the 

superconducting order. It is believed that, the 

La(O1−xFx)FeAs provides  a thrilling novel compound 

depicting contending states in layered compounds [26]. 

Furthermore, SDW occurs in the FeBSCs due to the 

nesting of electron and hole Fermi surfaces [27,28]. In 

FeBSC Ba1-xNaxFe2As2, the superconductivity and spin 

density wave states interplay for  0.25 <  x < 0.35 [29].  
In this research work, we propose a minimal two band 

model FeBSCs with inter-band interaction between the 
electron and hole bands. The essential characteristics of the 
minimal two-band unconventional FeBSCs is the presence 
of two energy gaps for electron (∆𝑒) for hole (∆ℎ) which 
both vanish at the same superconducting transition 
temperature (TC). The two-band model permits for the 
existence of both intra-band and inter-band 
superconducting interactions that couple the two bands. 
According to the microscopic theory of superconductivity, 
the occurrence of the two energy gaps is clarified by 
specific intra-band interaction “i” with coupling 
potential(Uii) in each band and the inter-band interaction 
with coupling potential(Uij)  between the two bands [27].  

The occurrence of inter-band interaction potential 
enriches the pairing capacity in the high temperature iron-
based compounds and also leads the electron and hole 
intra-band superconducting order parameters to vanish at 
identical critical temperature. The presence of two band 
models enables to capture the essential features of high 
temperature superconductivity and SDW ordering in Ba1-

xNaxFe2As2. The experimental values for the zero 
temperature superconducting energy gaps for the two band 
model high temperature iron based superconductor Ba1-

xNaxFe2As2 in the electron and hole Fermi surfaces are 
about 8.5meV and 2.6meV respectively [30].  
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2. SYSTEM OF HAMILTONIAN FORMATION IN 

TWO BAND MODEL FeBSC 

 
To study the interplay between superconductivity and 

SDW of FeBSC Ba1-xNaxFe2As2,  we consider a two-band 

model, which deals with the vital physics of the multi-band 

high temperature superconducting state and SDW order.  

The decoupled mean field system Hamiltonian of a 

superconducting state by considering the effect of 

magnetic interaction in the two band model FeBSC Ba1-

xNaxFe2As2 is given as [31-33], 

 

Ĥ = ĤBCS(e)
 + ĤBCS(h)

 + Ĥeh
 + ĤSDW

                           (1) 

 

where the first two terms are Hamiltonian for the electron 

and hole intra-bands respectively and the last two terms are 

the Hamiltonian inter-band interaction and the mean field 

Hamiltonian term for the SDW state respectively and are 

expressed as, 

 
 Ĥe
 = ∑ ∈𝑒 (𝑘)

 ĉkσ
+ ĉkσ

 −k,σ ∑ U𝑒
 (k, k′)ĉk↑

+ ĉ−k↓
+ ĉ−k′↓ĉk′↑         (2)k,k′                                                                         

 Ĥh
 = ∑ ∈ℎ (k)d̂kσ

+ d̂kσ
 −k,σ ∑ Uℎ(k, k

′)d̂k↑
+ d̂−k↓

+ d̂−k′↓d̂k′↑ k,k′      (3)                                                                      

 Ĥeh
 = −∑ U𝑒ℎ(k, k

′)(ĉk↑
+ ĉ−k↓

+ d̂−k′↓d̂k′↑ + d̂k↑
+ d̂−k↓

+ ĉ−k′↓ĉk′↑k,k′     (4)                                                                         

 ĤSDW
 = −ΔSDW∑ (ĉ(k+q)↑

† d̂−k↓ + d̂(k+q)↑
† ĉ−k↓)k                           (5)                                                                                          

 

where   

                                

{
∆𝑆𝐷𝑊 = ∑  USDW ≪k,Q d̂−k↓

+ ĉ(k′+q)↑ ≫

∆𝑆𝐷𝑊
∗  = ∑ USDW ≪k,Q ĉ(k+q)↑

+ d̂−k′↓ ≫
 

 

Now, substituting (2-5) into (1) we get  

 

 

Ĥ = ∑ ∈𝑒 (k)ĉkσ
+ ĉkσ

 
k,σ + ∑ ∈ℎ (k)d̂kσ

+ d̂kσ
 −k,σ

                     ∆sc(e) ∑ ( ĉk↑
+ ĉ−k↓

+
 

 
 +  ĉ−k′↓ĉk′↑)k,k′                 

                 −∆sc(h) ∑ (d̂k↑
+ d̂−k↓

+  +  d̂−k′↓d̂k′↑k,k′ ) −

                       ∑ (ĉk↑
+ ĉ−k↓

+  +  d̂−k′↓d̂k′↑) k,k′  

                 −∆sc(eh) ∑ (d̂k↑
+ d̂−k↓

+   +  ĉ−k′↓ĉk′↑)k,k′ −

                    ΔSDW ∑ (ĉ(k+q)↑
† d̂−k↓ + d̂(k+q)↑

† ĉ−k↓)k            (6)  

 

where, the first two terms are the energy of conduction 

electrons and holes respectively, the third and fourth terms 

involve superconductivity due to the intra-paring at the 

electron and hole Fermi surfaces respectively. The fifth 

and sixth are the terms involving superconductivity due to 

the inter-band between the two bands and the last term is a 

term involving SDW. ĉk↑
† (ĉ−k↓)  and d̂k↑

† (d̂−k↓)  are the 

creation (annihilation) operators in the electron and hole 

bands respectively having the wave number k and spin ↑ 
or ↓. ∈𝑒 (k) and  ∈ℎ (k) denote the single particle energies 

measured with respect to the Fermi energy in the electron 

and hole Fermi surfaces respectively Δsc(e)
 , Δsc(h)

 , Δsc(eh)
  

and ΔSDW have retained the definitions given earlier.    

 

2.1. EQUATIONS OF MOTION FOR INTRA AND 

INTER BANDS OF THE FeBSC Ba1-xNaxFe2As2 

By using the double time temperature dependent 

Green’s function technique, we determined the equation of 

motion for the superconducting correlation relation ≪

ĉk↑
† , ĉ−k↓

† ≫ in the electron band [34] which is expressed as, 

 

𝜔 ≪ ĉk↑
† , ĉ−k↓

† ≫= 〈[ĉk↑
† , ĉ−k↓

† ]〉+≪ [ĉk↑
† , Ĥ], ĉ−k↓

† ≫ 

𝜔 ≪ ĉk↑
† , ĉ−k↓

† ≫=≪ [ĉk↑
† , ĤSC(e)] + [ĉk↑

† , Ĥh] +

                                   [ĉk↑
† , Ĥeh] + [ĉk↑

† , ĤSDW], ĉ−k↓
† ≫     (7)  

 

Solving the commutation relations for [ĉk↑
† , Ĥe],  by 

applying the commutators and anticommutators rules we 

get,  

 

[ĉk↑
+ , Ĥe

 ] = [ĉk↑
+ ,∑ ∈𝑒 (k)ĉkσ

+ ĉkσ
 

k,σ

− ∆𝑠𝑐(𝑒)∑( ĉk↑
+ ĉ−k↓

+
 

 
 +  ĉ−k′↓ĉk′↑)

k,k′

] 

From which we obtain,
   

[ĉk↑
+ , Ĥe

 ] = −∈𝑒 ĉk↑
+ + ∆eĉ−k′↓                                      (8)  

 

Similarly, the commutation relation for [ĉk↑
+ , Ĥh

 ] becomes,   

   

[ĉk↑
+ , Ĥh

 ] = [ĉk↑
+ ,∑ ∈ℎ (k)d̂kσ

+ d̂kσ
 

k,σ

− ∆𝑠𝑐(ℎ)∑(d̂k↑
+ d̂−k↓

+  +  d̂−k′↓d̂k′↑
k,k′

)] 

[ĉk↑
+ , Ĥh

 ] = ∑ ∈ℎ (k)[ĉk↑
+ , d̂kσ

+ d̂kσ
 

k,σ

]

− ∆𝑠𝑐(ℎ)∑[ĉk↑
+ , d̂k↑

+ d̂−k↓
+ ]

k,k′

− ∆𝑠𝑐(ℎ)∑[ĉk↑
+ , d̂−k′↓d̂k′↑

k,k′

] 

Thus we get,   

 

[ĉk↑
+ , Ĥh

 ] = 0                                                                   (9) 

 

In the same way, the commutation relation for [ĉk↑
+ , Ĥeh

 ] is 

expressed as, 

 

 

[ĉk↑
+ , Ĥeh

 ] = [ĉk↑
+ , − ∆𝑠𝑐(𝑒ℎ) ∑ (ĉk↑

+ ĉ−k↓
+  +k,k′

             d̂−k′↓d̂k′↑) − ∆𝑠𝑐(𝑒ℎ) ∑ (d̂k↑
+ d̂−k↓

+   +  ĉ−k′↓ĉk′↑)k,k′ ] 

 

[ĉk↑
+ , Ĥeh

 ] = − ∆𝑠𝑐(𝑒ℎ) ∑ ([ĉk↑
+ , ĉk↑

+ ĉ−k↓
+ ]  +k,k′

 [ĉk↑
+ , d̂−k′↓d̂k′↑]) − ∆𝑠𝑐(𝑒ℎ)∑ ([ĉk↑

+ , d̂k↑
+ d̂−k↓

+ ] +k,k′

 [ĉk↑
+ , ĉ−k′↓ĉk′↑]) 

Hence, we get,  

 

[ĉk↑
+ , Ĥeh

 ] =   ∆𝑠𝑐(𝑒ℎ)ĉ−k′↓                                            (10) 
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Moreover, the commutation relation for [ĉk↑
† , ĤSDW] 

becomes, 

 

 

[ĉk↑
† , ĤSDW] = [ĉk↑

† , −ΔSDW ∑ (ĉ(k+q)↑
† d̂−k↓ +k

d̂(k+q)↑
† ĉ−k↓)] 

 

[ĉk↑
† , ĤSDW] = −ΔSDW ∑ ([ĉk↑

† , ĉ(k+q)↑
† ]d̂−k↓ −k

ĉ(k+q)↑
† [ĉk↑

† , d̂−k↓]) − ΔSDW ∑ ([ĉk↑
† , d̂(k+q)↑

† ]ĉ−k↓ −k

d̂(k+q)↑
† [ĉk↑

† , ĉ−k↓]) 
 

 

From which we get, 
 
 

[ĉk↑
† , ĤSDW] = ΔSDWĉk↑

†
                                                (11) 

 

 

Finally, using (8-11) into (7), the equation of motion for 
 
 

≪ ĉk↑
† , ĉ−k↓

† ≫  is expressed as, 

 

≪ ĉk↑
† , ĉ−k↓

† ≫=
∆𝑠𝑐(𝑒)+∆𝑠𝑐(𝑒ℎ)

ω+∈𝑒−ΔSDW
 ≪ ĉ−k↓, ĉ−k↓

† ≫              (12) 
 

 

Similarly, the equation of motion for
 
  ≪ ĉ−k↓, ĉ−k↓

† ≫ in 

the electron intra band is given by,  

 

 
𝜔 ≪ ĉ−k↓, ĉ−k↓

† ≫= 〈[ĉ−k↓, ĉ−k↓
† ]〉 + +≪

[ĉ−k↓, Ĥ], ĉ−k↓
† ≫ 

 𝜔 ≪ ĉ−k↓, ĉ−k↓
† ≫= 1+≪ [ĉ−k↓, Ĥe

 ] + [ĉ−k↓, Ĥh
 ] +

[ĉ−k↓, Ĥeh
 ] + [ĉ−k↓, ĤSDW], ĉ−k↓

† ≫                              (13)      
 

 

So, solving the commutation relation of (13), we obtain,  
 
 

 

[ĉ−k↓, Ĥe
 ] = [ĉ−k↓, ∑ ∈𝑒 (k)ĉk,σ

†
k,σ ĉ−k,σ −

                         ∆𝑠𝑐(𝑒)∑ (ĉk↑
† ĉ−k↓

† + ĉ−k↓ĉk↑)k ] 

 

[ĉ−k↓, Ĥe
 ] = ∑ ∈𝑒 (k)k,σ [ĉ−k↓, ĉk,σ

† ĉ−k,σ] −

                        ∆𝑠𝑐(𝑒) ∑ ([ĉ−k↓, ĉk↑
† ĉ−k↓

† ] + [ĉ−k↓, ĉ−k↓ĉk↑])k  
 

 

From which we get, 

 

[ĉ−k↓, ĤBCS(e)
 ] =∈𝑒 (k)ĉ−k↓ + ∆𝑠𝑐(𝑒)ĉk↑

†
                      (14) 

 

 

The commutating relation for [ĉ−k↓, Ĥh
 ] yields, 

 
 

 

[ĉ−k↓, Ĥh
 ] = [ĉ−k↓, ∑ ∈ℎ (k)d̂k,σ

†
k,σ d̂−k,σ −

∆𝑠𝑐(ℎ) ∑ (d̂k↑
† d̂−k↓

† + d̂−k↓d̂k↑)k ] 

 

[ĉ−k↓, Ĥh
 ] = ∑ ∈ℎ (k)k,σ [ĉ−k↓, d̂k,σ

† d̂−k,σ] −

∆𝑠𝑐(ℎ) ∑ ([ĉ−k↓, d̂k↑
† d̂−k↓

† ] + [ĉ−k↓, d̂−k↓d̂k↑])k  
 

 

Thus we get,  

 

[â−k↓, Ĥh
 ] = 0                                                              (15) 

 

Following similar procedure as above, commutation 

relation for [ĉ−k↓, Ĥeh] is given by,  

 

[ĉ−k↓, Ĥeh] = [ĉ−k↓, −∆𝑠𝑐(𝑒ℎ) ∑ (ck↑
† ĉ−k↓

† + d̂−k↓d̂k↑)k −

                           ∆𝑠𝑐(𝑒ℎ) ∑ (dk↑
† d̂−k↓

† + ĉ−k↓ĉk↑)k ] 

 

From which we obtain, 
 

[ĉ−k↓, Ĥeh] = ∆𝑠𝑐(𝑒ℎ)ĉk↑
†

                                               (16) 

 

Moreover, the commutation relation for  [ĉ−k↓, ĤSDW] is 

given by, 
 

 

[ĉ−k↓, ĤSDW] = [ĉ−k↓, −ΔSDW ∑ (ĉ(k+q)↑
† d̂−k↓ +k

d̂(k+q)↑
† ĉ−k↓)] 

 

[ĉ−k↓, ĤSDW] = −ΔSDW ∑ [ĉ−k↓, ĉ(k+q)↑
† d̂−k↓]k −

                      ΔSDW ∑ [ĉ−k↓, d̂(k+q)↑
† ĉ−k↓]k  

 

Hence we get,  

 

[Ĉ−k↓, ĤSDW] = −ΔSDWĉ−k↓                                         (17)         

 

Substituting  (14-17) into (13), the equation of motion for  

≪ ĉ−k↓, ĉ−k↓
† ≫ becomes, 

 

≪ ĉ−k↓, ĉ−k↓
† ≫=

1

ω−∈𝑒(k)+ΔSDW
+

∆𝑠𝑐(𝑒)+∆𝑠𝑐(𝑒ℎ)

ω−∈𝑒(k)+ΔSDW
≪ ĉk↑

† , ĉ−k↓
† ≫  (18) 

 

Now, using (18) in (12) we get,  

 

≪ ĉk↑
† , ĉ−k↓

† ≫=
∆𝑠𝑐(𝑒)+∆𝑠𝑐(𝑒ℎ)

(ω+∈𝑒(k)−ΔSDW)(ω−∈𝑒(k)+ΔSDW)−(∆𝑠𝑐(𝑒)+∆𝑠𝑐(𝑒ℎ))
2   (19)                                                                

 

Similarly, employing the same procedure as above, the 

equation of motion for the SDW correlation function 
 
≪

ĉ(k+q)↑
† , d̂−k↓

† ≫  can be expressed as, 

 

 
𝜔 ≪ ĉ(k+q)↑

† , d̂−k↓
† ≫= 〈[ĉ(k+q)↑

† , d̂−k↓
† ]〉 + 

                                        ≪ [ĉ(k+q)↑
† , Ĥ], d̂−k↓

† ≫   

𝜔 ≪ ĉ(k+q)↑
† , d̂−k↓

† ≫ =≪ [ĉ(k+q)↑
† , Ĥe

 ] + [ĉ(k+q)↑
† , Ĥh

 ] +

                            [ĉ(k+q)↑
† , Ĥeh] + [ĉ(k+q)↑

† , ĤSDW] , d̂−k↓
† ≫     (20)  

 

From which we obtain, 

 

[ĉ(k+q)↑
† , Ĥe

 ] = −∈𝑒 (k + q)ĉ(k+q)↑
† + ∆𝑠𝑐(𝑒)ĉ−(k+q)↓  (21) 

[ĉ(k+q)↑
† , Ĥh

 ] = 0                                                           (22) 

[ĉ(k+q)↑
† , Ĥeh] = ∆sc(eh)â−(k+q)↓                                   (23) 

[ĉ(k+q)↑
† , ĤSDW] = ΔSDWâ(k+q)↑

†
                                    (24) 

 

Using (21-24) in (20), the equation of motion for ≪

ĉ(k+q)↑
† , d̂−k↓

† ≫  is expressed as,  

 

≪ ĉ(k+q)↑
† , d̂−k↓

† ≫=
∆𝑠𝑐(𝑒)+∆𝑠𝑐(𝑒ℎ)

ω+∈𝑒(k)−ΔSDW
 ≪ ĉ−(k+q)↓, d̂−k↓

† ≫    (25)                                                                      

 

In the same way, the equation of motion for the SDW 

correlation function
 
 ≪ Ĉ−(k+q)↓, ĉ−k↓

† ≫  can be expressed as, 
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𝜔 ≪ ĉ−(k+q)↓, d̂−k↓

† ≫= 〈[ĉ−(k+q)↓, d̂−k↓
† ]〉+≪

[ĉ−(k+q)↓, Ĥ], ĉ−k↓
† ≫ 

𝜔 ≪ ĉ−(k+q)↓, d̂−k↓
† ≫ = 1+≪ [ĉ−(k+q)↓, Ĥe

 ] + [ĉ−(k+q)↓, Ĥh
 ] +

                           [ĉ−(k+q)↓, Ĥeh] + [ĉ−(k+q)↓, ĤSDW], ĉ−k↓
† ≫           (26) 

 

Furthermore, solving the following commutation relations 

we get,  

 

[ĉ−(k+q)↓, Ĥe
 ] =∈𝑒 (k + q)ĉ−(k+q)↓ + ∆𝑠𝑐(𝑒)ĉ(k+q)↑

†
    (27)                                                                                    

[ĉ−(k+q)↓, Ĥh
 ] = 0                                                         (28)                                         

[ĉ−(k+q)↓, Ĥeh] = ∆𝑠𝑐(𝑒ℎ)ĉ(k+q)↑
†

                                   (29) 

[ĉ−(k+q)↓, ĤSDW] = −ΔSDWĉ−(k+q)↓                             (30) 

 

Substituting (27-30) into (26), the equation of motion for 
 
 

≪ c(k+q)↑, ĉ−k↓
† ≫ becomes, 

 

≪ ĉ−(k+q)↓, d̂−k↓
† ≫  =

1

ω −∈𝑒 (k) + ΔSDW
+ 

                       
∆𝑠𝑐(𝑒)+∆𝑠𝑐(𝑒ℎ)

ω−∈𝑒(k)+ΔSDW
≪ ĉ(k+q)↑

† , d̂−k↓
† ≫       (31) 

 

2.2. SUPERCONDUCTING TRANSITION 

TEMPERATURE DEPENDANCE ON SPIN DENSITY 

WAVE ORDER PARAMETER FOR THE ELECTRON 

INTRA BAND 

Now, if we consider the electron intra-band pairing 

interaction only, the expression for ≪ ĉk↑
† , ĉ−k↓

† ≫ 

becomes,  
 

≪ ĉk↑
† , ĉ−k↓

† ≫= −
1

2
(

∆𝑠𝑐(𝑒)+ΔSDW

ω2−∈𝑒
2(k)−(∆𝑠𝑐(𝑒)+ΔSDW)

2 +

                                          
∆𝑠𝑐(𝑒)−ΔSDW

ω2−∈𝑒
2(k)−(∆𝑠𝑐(𝑒)−ΔSDW)

2)          (32) 

 

The superconducting order parameters in the electron intra 

band is expressed as,    

    

∆𝑠𝑐(𝑒)=
Ue

β
∑ ≪ ĉk↑

† , ĉ−k↓
† ≫k                                         (33)                                                                                           

 

where Ue is the electron intra-band interaction potential, 

 𝛽 =
1

𝑘𝐵𝑇
    and kB is the Boltzmann constant. 

Using (32) in (33) we get, 
 

∆𝑠𝑐(𝑒)= −
Ue

2β
∑ (

∆𝑠𝑐(𝑒)+ΔSDW

ωn
2−∈e

2(k)−(∆𝑠𝑐(𝑒)+ΔSDW)
2 +k,n

                              
∆𝑠𝑐(𝑒)−ΔSDW

ωn
2−∈e

2(k)−(∆𝑠𝑐(𝑒)−ΔSDW)
2)                    (34) 

 

Now, we use the expression  𝜔 ⟶ 𝔦𝜔𝑛 and the Matsubara 

frequency [35] is given by, 

 

ωn =
(2n+1)π

β
                                                                (35) 

 

Substituting (35) into (34) and rearranging we get,  

∆𝑒=
Ueβ

2
∑ (

∆𝑠𝑐(𝑒)+ΔSDW

((2n+1)π)2+β2(∈e
2(k)+(∆𝑠𝑐(𝑒)+ΔSDW)

2
)
+k,n

                       
∆𝑠𝑐(𝑒)−ΔSDW

((2n+1)π)2+β2(∈e
2(k)+(∆𝑠𝑐(𝑒)−ΔSDW)

2
)
)         (36) 

 

By changing summation into integration in the interval 

−ℏωF <∈e (k) < ℏωF and by introducing the density of 

state at the Fermi level,  De(0) we get, 

 

2

λe
= ∫

(

 (1 +
ΔSDW

∆𝑠𝑐(𝑒)
)
tanh (

β

2
√∈e

2(k)+(∆𝑠𝑐(𝑒)+ΔSDW)
2
)

√∈e
2(k)+(∆𝑠𝑐(𝑒)+ΔSDW)

2
+

ℏωF
0

(1 −
ΔSDW

∆𝑠𝑐(𝑒)
)
tanh (

β

2
√∈e

2(k)+(∆𝑠𝑐(𝑒)−ΔSDW)
2
)

√∈e
2(k)+(∆𝑠𝑐(𝑒)−ΔSDW)

2

)

 d ∈e (k)              (37)  

 

Where λe = De(0)U𝑒  and is the electron intra-band 

coupling parameter. 

We know that, as T ⟶ TC, ∆𝑠𝑐(𝑒)⟶ O, then (37) becomes, 

 
2

𝜆𝑒
= I1 + I2                                                                  (38) 

 

Where I1 and I2 are the integrals defined by, 

 

I1 = ∫
tanh (

β

2
√∈e

2(k)+ΔSDW
2 )

√∈e
2(k)+ΔSDW

2

ℏωF
0

d ∈e (k) +

          ∫
ΔSDW

∆𝑠𝑐(𝑒)

tanh (
β

2
√∈e

2(k)+ΔSDW
2 )

√∈e
2(k)+ΔSDW

2

ℏωF
0

d ∈e (k)              (39) 

 

And 
 

I2 = ∫
tanh (

β

2
√∈e

2(k)+ΔSDW
2 )

√∈e
2(k)+ΔSDW

2

ℏωF
0

d ∈e (k) −

          ∫
ΔSDW

∆𝑠𝑐(𝑒)

tanh (
β

2
√∈e

2(k)+ΔSDW
2 )

√∈e
2(k)+ΔSDW

2

ℏωF
0

d ∈e (k)              (40) 

 

Now, applying the Laplace’s Transform and after a couple 

of steps, the first integral in (39) yields,   

 

∫
tanh (

β

2
√∈e

2(k)+ΔSDW
2 )

√∈e
2(k)+ΔSDW

2

ℏωF
0

d ∈e (k)                  

                 = ln (1.14
ℏωF

kBTC
) −

7ΔSDW
2 β2ξ(3)

8π2
                   (41)                                

 

where ξ is  the Xi function and  ξ(3) = 1.202. 

Using L’Hopital’s rule and employing a couple of steps the 

second integral in (39) gives, 

 

∫ lim
∆𝑒→0

ΔSDW
∆𝑠𝑐(𝑒)

tanh (
β
2√
∈e
2 (k) + ΔSDW

2 )

√∈e
2 (k) + ΔSDW

2
d ∈e (k)

ℏωF

0

 

= −
βΔSDW

4
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
) − ∫

βΔSDW
2 tanh2 (

β

2
√∈e

2(k)+ΔSDW
2 )

2√∈e
2(k)+ΔSDW

2

ℏωF

0
d ∈e      (42)                                                                 
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Similarly, the integral in (40) becomes, 

 

∫
tanh (

β

2
√∈e

2(k)+ΔSDW
2 )

√∈e
2(k)+ΔSDW

2

ℏωF
0

d ∈e (k)                  

                    = ln (1.14
ℏωF

kBTC
) −

7ΔSDW
2 β2ξ(3)

8π2
            (43)                               

 

And 
 

∫ lim
∆𝑒→0

ΔSDW

∆𝑠𝑐(𝑒)

tanh (
β

2
√∈e

2(k)+ΔSDW
2 )

√∈e
2(k)+ΔSDW

2
d ∈e (k)

ℏωF
0

       =

         −
βΔSDW

4
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
) 

         − ∫
βΔSDW
2 tanh2  (

β

2
√∈e

2(k)+ΔSDW
2 )

2√∈e
2(k)+ΔSDW

2

ℏωF
0

d ∈e (k)         (44) 

 

Now, substituting (41-44) into (38) we get,  

 

1

λe
= ln (1.14

ℏωF
kBTC

) −
7ΔSDW

2 β2ξ(3)

8π2
 

 −
βΔSDW

4
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
)                                       (45) 

 

Now, if we consider small ΔSDW we can ignore the ΔSDW
2  

term.   

Therefore, (45) becomes,  

 
1

𝜆𝑒
= ln (1.14

ℏωF

kBTC
) −

ΔSDW

4kBTC
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
)                 (46) 

 

Rearranging (46), the expression for TC due to the electron 

intra-band is given by, 

 

TC = 1.14
ℏωF

kB
exp (−

1

𝜆𝑒
− 𝛾eΔSDW)                            (47)                                                           

 

Where 

 

γe =
1

4kBTC
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
) ,  D𝑒(0) = 0.0127 (meV)

−1, 

U𝑒 = 74.37 meV and  ℏωF = 7meV[36]. 
 

 

2.3. SUPERCONDUCTING TRANSITION 

TEMPERATURE DEPENDANCE ON SPIN DENSITY 

WAVE ORDER PARAMETER FOR HOLE INTERA 

BAND 

Furthermore, applying analogous procedure as for the 

electron intra-band, the expression for superconducting 

transition temperature for the hole intra-band is given as, 

 

TC = 1.14
ℏωF

kB
exp (−

1

𝜆ℎ
− 𝛾hΔSDW)                           (48) 

 

Where γh =
1

4kBTC
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
)  and 𝜆ℎ = Dh(0)Uh,

𝐷ℎ(0) = 0.0127 (meV)
−1, Uℎ = 41.15 meV and  ℏωF  = 

7meV [36].  

 
 

2.4. DEPENDANCE OF SUPERCONDUCTING 

TRANSITION TEMPERATURE ON SPIN DENSITY 

WAVE ORDER PARAMETER FOR THE INTER BAND 

BETWEEN THE ELECTRON AND HOLE BANDS 

The inter-band between electron and hole 

superconducting order parameter can be related to the 

Green’s function as, 

 

∆𝑠𝑐(𝑒ℎ)=
Ueh
2β
∑(≪ ĉk↑

† , ĉ−k↓
† ≫ +≪ d̂k↑

† , d̂−k↓
† ≫)

k

 

 

where Ueh is the inter-band interaction potential between 

the two bands. 

Applying a couple of steps, the transition temperature, 

TC due to the inter-band interaction can be expressed as,  

 

TC = 1.14
ℏωF

kB
exp (−

1

𝜆𝑒ℎ
− γehΔSDW)                        (49) 

 

Where γeh =
1

4kBTC
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
)  and 𝜆𝑒ℎ =

Ueh√De(0)Dh(0)   is the inter-band coupling parameter 

and
 
De(0)  and Dh(0)  are the density of states at the 

electron and hole Fermi levels respectively.  

 

2.5. DEPENDANCE OF SPIND DENSITY WAVE 

TRANSITION TEMPERATURE ON SPIN DENSITY 

WAVE ORDER PARAMETER 

Using (25) in (31) and rearranging, the Green’s function 

correlation for the SDW becomes, 

 

≪ ĉ−(k+q)↓, d̂−k↓
† ≫= −

1

2
(

∆SC+ΔSDW

ω2−∈k
2−(∆SC+ΔSDW)

2 +

∆SC−ΔSDW

ω2−∈k
2−(∆SC−ΔSDW)

2)                                                           (50)                                                       

 

The SDW order parameter can be related to Green’s 

function as, 

 

ΔSDW =
V

β
∑ ≪ ĉ−(k+q)↓, d̂−k↓

† ≫k                                 (51) 

 

where V is the spin interaction between charge carriers of 

electron and hole bands. 

Thus, we get, 

 

ΔSDW = −
V

2β
∑ (

ΔSC+ΔSDW

(ωn
2−∈k

2)−(ΔSC+ΔSDW)
2 +k,n

ΔSDW−ΔSC

(ωn
2−∈k

2)−(ΔSDW−ΔSC)
2)                                                        (52)                                                                                                     

 

Using the same procedure as above, we obtain,   

 

1

𝜆𝑆𝐷𝑊
= ln (1.14

ℏωF
kBTSDW

) −
7ΔSDW

2 β2ξ(3)

8π2
+ 

               
βΔSDW

4
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
)                                      (53) 

 

With small value of ΔSDW, the ΔSDW
2  term can be ignored.  

Hence, (53) becomes,   
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1

𝜆𝑆𝐷𝑊
= ln (1.14

ℏωF

kBTSDW
) +

ΔSDW

4kBTC
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
)        (54) 

 

From which we get the expression for TSDW to be,  

 

TSDW = 1.14
ℏωF

kB
exp (−

1

𝜆𝑆𝐷𝑊
+ 𝜇ΔSDW).                   (55)        

where 𝜇 =
1

4kBTSDW
ln (

ℏωF+ΔSDW

ℏωF−ΔSDW
)  and λSDW = D(0)V 

and is the SDW coupling parameter.  

 

2.6. DEPENDANCE OF SPIN DENSITY WAVE 

ORDER PARAMETER ON TEMPERATURE IN PURE 

SPIN DENSITY WAVE REGION 

The superconducting state does not exist in pure SDW 

region which describes the magnetic state only. So, the 

expression for the SDW coupling parameter with ΔSC = 0 

and ΔSDW ≠ 0 can be expressed as,       

 

1

𝜆𝑆𝐷𝑊
= ∫

tanh (
β

2
√∈k

2+ΔSDW
2 )

√∈𝑘
2+ΔSDW

2

ℏωF
0

d ∈𝑘                             (56) 

 

Thus, after a couple of steps we get,  

 
1

𝜆𝑆𝐷𝑊
= ln (1.14

ℏωF

kBT
) − ΔSDW

2 (
1

πkBTSDW
)
2
(0.1065)           (57)       

 

As ΔSDW → 0, T → TSDW in pure SDW region. Hence, (57) 

becomes, 
 

1

𝜆𝑆𝐷𝑊
= ln (1.14

ℏωF

kBTSDW
)                                              (58)                                                                                                             

 

Now, substituting (58) into (57) we get, 

 

ln (1.14
ℏωF
kBTSDW

) = ln (1.14
ℏωF
kBT

) 

                                      −ΔSDW
2 (

1

πkBTSDW
)
2
(0.1065)     (59) 

 

From which we get, 

 

ln (
T

  TSDW
) = −(∆SDW)

2 (
1

πkBTSDW
)
2

(0.1065) 

 

Now, using the relation ln(1 − 𝑥) = −𝑥 −
𝑥2

2
+⋯,  Eq. 

(5.248) becomes, 

 

ln (
T

  TSDW
) = ln(1 − (1 −

T

  TSDW
)) 

                 = −(1 −
T

  TSDW
) −

(1−
T

  TSDW
)
2

2
ln (

T

  TSDW
)                  

 = − (1 −
T

  TSDW
) − (1 −

T

  TSDW
) 

                   = −(∆SDW)
2 (

1

πkBTSDW
)
2
(0.1065)  

 

Finally we get, 

∆SDW(T) = 3.06kBTSDW (1 −
T

  TSDW
)
2

  

ΔSDW(T) = 3.06kBTSDW (1 −
T

TSDW
)
1/2

                     (60) 

 

where  TSDW  = 134 K.                  

 

 

3. RESULT AND DISCUSIONS 

 

In this section of the current research work, we  present 

the results we obtained in the previous sections and the 

analysis we made for the theoretical study on the interplay 

between superconductivity and spin density waves in two-

band model high temperature iron-based superconductor 

Ba1-xNaxFe2As2. By formulating a system Hamiltonian in 

two band model high temperature iron based 

superconductor and employing the temperature dependent 

Green’s function technique, we got the equations of motion 

for the dependence of TC and TSDW on ∆𝑆𝐷𝑊 for Ba1-

xNaxFe2As2. Now, by using (47-49) and applying some 

convenient plausible approximations, the phase diagrams 

of TC versus ΔSDW  for the electron and hole intra-bands 

and the inter-band between electron and hole bands are 

plotted for Ba1-xNaxFe2As2 as depicted in Fig. 1. As can be 

observed from the figure, TC decreases with increasing 

ΔSDW in each band for the material under consideration. 

This indicates that, the existence of magnetic ordering 

has resulted in the suppression of TC due to the presence of 

high spin scattering which flips the spins of the charge 

carriers and eradicates the singlet correlations which is 

accountable for the Cooper pairing interactions in Ba1-

xNaxFe2As2. 

Moreover, as shown in Fig. 2, the phase diagram of TSDW 

versus ΔSDW  is plotted using (55) for Ba1-xNaxFe2As2. 

From the figure, it can be observed that, TSDW increases as 

∆SDW increases the electron and hole intra bands  and  their 

inter-band interactions. Although the increment of TSDW 

for lower values of ∆SDW seems insignificant, its increment 

is significant for higher values of ∆SDW. In any case, our 

results show enhancement of TSDW as ∆SDW increases. 

 

 
 

Fig. 1. TC  versus ΔSDW  for the electron and hole intra-

bands and inter-band for the FeBSC Ba1-xNaxFe2As2. 
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Fig. 2. TSDW versus ΔSDWfor the iron based superconductor 

Ba1-xNaxFe2As2.  

 

 
 

Fig. 3. Interplay between superconductivity and SDW due 

to electron intra-band interaction for Ba1-xNaxFe2As2. 

 

Now, by merging Figures 1 (in the electron intra-band 
interaction) and 2, we depicted a region where both 
superconductivity and SDW interplay or coexist in the 
electron intra-band interaction as shown in Fig. 3 for the 
two band high temperature FeBSC Ba1-xNaxFe2As2. The 
figure demonstrates the strong competition between the 
superconductivity and SDW phases emphasizing the 
interplay between SDW and superconductivity at low 
magnetic order parameter. More precisely, an extended 
region of phase interplay or coexistence with ΔSDW and the 
maximum transition temperature inside this region of ~23 
K is observed. When the spin density wave order 
parameter (ΔSDW) is further increased we obtained pure 
spin density wave phase.  

Similarly, we have plotted the superconducting 
transition temperatures (TC) versus ΔSDW due to hole intra-
band interaction. This is done by merging Figures 1(in the 
hole intra-band interaction) and 2 for Ba1-xNaxFe2As2 as 
shown Fig. 4. Here we find that, the interplay between 
SDW and superconductivity phases at low magnetic order 
parameters for TC < TSDW [37]. In fact, the superconducting 
phase is dominant in the low spin density wave order 
parameter region whereas SDW phase is observed at large 
spin density wave order parameter values. The phase 
diagram shows the interplay between the SDW and 
superconducting phases in large region and the maximum 
TC  of  29 K. 

 
 

Fig. 4.  Interplay between superconductivity and SDW due 

to hole intra-band interaction for Ba1-xNaxFe2As2. 

 

 
 

Fig. 5.  Interplay between superconductivity and SDW due 

to inter-band interaction for Ba1-xNaxFe2As2. 

 

 
 

Fig. 6. ΔSDW versus temperature in the pure SDW region 

for Ba1-xNaxFe2As2. 

 

Furthermore, we have plotted TC versus ΔSDW due to 

inter-band interaction by merging Figures 1(in the inter-

band interaction) and 2 for Ba1-xNaxFe2As2 as shown Fig. 5. 

Here we obtained that, the interplay between the spin density 

wave and superconductivity phases at low magnetic order 

parameters for TC < TSDW [37]. In fact the superconducting 

phase is dominant in the low spin density wave order 
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parameter region where as SDW phase is observed at large 

spin density wave order parameter values. More precisely, 

the graph shows the interplay of the SDW and SC phases in 

large region and the maximum TC of 28 K.  

Finally, using (60), we have plotted the phase diagrams 
for ΔSDW  versus temperature (T) for FeBSC Ba1-

xNaxFe2As2 as shown in Fig. 6. As can be observed from 
the figure, the SDW order parameter decreases as 
temperature increases and vanishes at TSDW [37].  

 

 

4. CONCLUSIONS 

 
In the current work, we have demonstrated the interplay 

between superconductivity and SDW in two band model 
high temperature FeBSC Ba1-xNaxFe2As2. By formulating 
a model Hamiltonian and using Green’s function 
formalism, we got mathematical expressions which 
display the reliance of TC  on ΔSDW  for the electron and 
hole intra-bands and inter-band for Ba1-xNaxFe2As2. Using 
the obtained expressions, we have plotted phase diagrams 
of TC versus ΔSDW for the intra bands and inter band from 
which one can observe the suppression of TC as ΔSDW 
increases as shown in Fig. 1. The variation of TSDW 
on  ΔSDW  has been also plotted as depicted in Fig. 2 
showing the enhancement of TSDW  as ΔSDW increases for 
the system under consideration. Lastly, by merging the two 
phase diagrams we have demonstrated the interplay 
between superconductivity and SDW in the electron and 
hole intra-bands and the inter-band for the two band high 
temperature FeBSC Ba1-xNaxFe2As2 as shown in Figures 
3-5. Our study shows that TC decreases as ΔSDW increases, 
whereas TSDW increases as ΔSDW increases. From these one 
can comprehend that, the SDW and superconducting 
phases resist each other whereas TSDW  and ΔSDW reinforce 
each other. It is interesting that many of the 
superconductors with the highest TC values possess density 
wave (DW) instabilities. These are systems with large 
electron–phonon or electron–electron interactions leading 
to many different types of instabilities of the Fermi surface 
in addition to superconductivity. In the current study, the 
presence of DWs is likely to limit TC. This competition 
results in the appearance of the combined phases where 
DWs and superconductivity interplay and gives rise to a 
great many new and interesting phenomena regardless of 
the background microscopic instability mechanisms. The 
complexity of these competing instabilities lead to the 
wide diversity of non-trivial phenomena seen in many 
superconducting materials. We have also plotted the phase 
diagram of ΔSDW  versus temperature in the pure SDW 
region for Ba1-xNaxFe2As2 which shows the suppression of 
ΔSDW as temperature increases as demonstrated in Fig. 6. 
Our investigation shows that the interplay between 
superconductivity and spin density wave is a possible 
phenomenon and is in agreement with previous 
observations [38]. 
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