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ABSTRACT. From the mathematical and statistical point of view, a segment of a DNA
strand can be viewed as a sequence of four-state (A, C, G, T) trials. Herein, we consider
the distributions of runs and patterns related to the run lengths of multi-state sequences,
especially for four states (A, B, C, D). Let X1, X5,... be a sequence of four state inde-
pendent and identically distributed trials taking values in the set . = {A, B, C, D}.
In this study, we obtain exact formulas for the probability distribution function for the
discrete distribution of runs of B’s of order k. We obtain longest run statistics, shortest
run statistics, and determine the distributions of waiting times and run lengths.

1. Introduction

Runs and run related statistics have been extensively studied in literature due to
their wide range of applications in various areas including statistics (e.g., hypothesis
testing), engineering (e.g., system reliability, health services monitoring, and qual-
ity control), molecular biology and bioinformatics (e.g., population genetics, and
DNA sequence homology), physics, psychology, radar astronomy, computer science
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(e.g., encoding/decoding and transmission of digital information), and finance (e.g.,
financial engineering, risk analysis, and prediction). The significant progress made
in runs and related statistics during the previous few decades was been nicely sur-
veyed in [6] as well as in [14] and the references therein. More recent contributions
are exemplified by such papers as [5], [12], [17], [20], and [2].

There are two main types of problems concerning runs and related statistics.

(1) The number of trials until the first occurrence of a run or pattern (or until the
r-th occurrence of a run or pattern), which is called a waiting time problem.

(2) The number of occurrences of a run or pattern until the n-th trial.

Waiting time distributions have attracted a lot of interest in applied probability.
Consequently, the properties of waiting time distributions have been extensively
studied [10], [1], [7], [18], [4], [3], [16], [15].

The geometric distribution of order k is one of the best known waiting time
distributions. It is defined as the distribution of the number of trials until obtaining
the first consecutive k successes. This definition is due to [24]. It is clear that the
geometric distribution of order k reduces to the classical geometric distribution for
the case k = 1 with probability mass function (PMF) f(z) = ¢ 'p (z > 1) (the
number of Bernoulli trials needed to get one success).

Let X1, Xs,... be a sequence of four state independent and identically dis-
tributed (IID) trials taking values from a set . = {4, B, C, D} of four symbols.
For the number of trials W} until the first consecutive k successes we have the
following equivalent definitions of WF.

Wlk = mln{n : Xn_k+1 R n = 1}
:min{n: H X; :1}
n—k+1
min{n: Z Xjk}.
n—k+1

Various statistical properties of the geometric distribution of order k£ have been
applied to multiple areas, ranging from quality control to reliability. In particular,
the consecutive-k-out-of-n:F system (refer to [9], [8], [19], [L1], [27]) is very closely
related to this distribution. Another closely related random variable is the length
L, of the longest success run in n four state trials, as shown above. Because W{“ <n
if and only if L, > k, there is a relationship between the probability distribution
functions of W¥ and L, given by the identity P(WF < n) = P(L,, > k).

Let X1, X5, ..., X,, be independent random variables distributed identically as
WF. The distribution of the number W’ of trials until the r-th appearance of a
success run of length k is a negative binomial distribution of order k. This follows
from the fact that it is the distribution of the r-fold convolution of the geometric
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distribution of order k, namely

Wk = ZX
i=1

Some main aspects of occurrences of runs and patterns are: where, when and how
many times they occur. To study these, one defines statistics that count runs and
patterns according to various enumerating schemes. A classical counting scheme for
enumerating runs of fixed length was presented in[13]. Once k consecutive successes
are observed, the number of occurrences of k consecutive successes increases and
counting procedure starts anew. This is referred to as a non-overlapping counting
scheme. It follows a binomial distribution of order k. In another counting scheme,
we count only the number EF of the success runs of a length exactly k, preceded
and succeeded either by failures or by nothing ([21]).

In a sequence of n four state trials, we can define other statistics via runs
and patterns, such as the longest (maximal) run length and shortest (minimal)
run length (refer to [20]). It is obvious that the longest run and shortest run are,
respectively, upper and lower bounds of the number of consecutive successes that
appears in a sequence of n four state trials. These distributions can be applied in
DNA type sequence comparison by observing the frequencies of the longest runs of
matches or mismatches.

Sequences of categorical outcomes arise frequently in biomedical research, rep-
resenting, for example, deoxyribonucleic acid (DNA) strand segments or findings of
health care evaluations. They are typically analyzed by defining problem-specific
statistics involving runs and patterns. A molecule of deoxyribonucleic acid is a chain
or sequence of pairs of nucleotides with the four base structures adenine, cytosine,
guanine, and thymine, or A, C, G, and T. The occurrence of a specified sequence
of nucleotides in some portion of the chain is the event that the specified run of
A’s, C’s, G’s, and T’s occurs. Mathematically, a random DNA strand segment can
be viewed as a sequence of four-state (A, C, G, T) trials. We consider some distri-
butions of runs and patterns related to run lengths for multi-state, especially four
state trials.

For a sequence X1, Xo,...,X, of IID trials with values taken from a set of
symbols . = {A, B, C, D} with probabilities P(A) = P,, P(B) = P,, P(C) = P,
and P(D) = Py, such that P,+ P,+ P.+ Py = 1, we consider the following stochastic
variables.

e Let N* denotes the number of the non-overlapping runs of B’s of order k in
n independent trials,

e Let EF denotes the number of the runs of B’s of exact length k, preceded and
succeeded by A or C or D or nothing,

e Let W denotes the waiting time for the first occurrence of a run of B’s of
length &,
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e Let Wk denotes the waiting time for the 7-th occurrence of run of B’s of
length k,

e Let L, denotes the maximum length of a run of B’s (longest run statistics),
e Let M,, denotes the minimum length of a run of B’s (shortest run statistics),

e Let NL, denotes the number of times a non-overlapping run of length L,
appears,

e Let NM, denotes the number of times a non-overlapping run of length M,
appears.

To illustrate the above mentioned quantities, we consider the runs of B’s in the
following example for n = 40.

DAAABBBBBCAABBBCCADBBBBCCDABBBBBBCACCDBB,

for which one can check N2, = 9, Nj) =5, Lyo = 6, My = 2, E3) = 1, B3, = 1,
Eio = 1, EEO = 1, EA?O = 1, NL40 =1 and NM40 =1.

In this study, we are obtain probability distribution functions for runs and
patterns in four state IID trials in terms of multinomial coefficients. The exact
PMFs are derived via combinatorial analysis. In Section 2, we obtain the PMF of
a binomial distribution of order k and distribution of runs of a length exactly k. In
Section 3, we obtain PMFs of a geometric distribution of order k and a negative
binomial distribution of order k. In Section 4, we obtain the PMFs for longest and
shortest runs.

2. Discrete Dstribution of Order k

We consider a sequence X7, X, ..., X, of multistate trials defined on the state
space . = {A, B, C, D} with probabilities P(A) = P,, P(B) = P, P(C) = P.
and P(D) = Py, such that P, + P, + P. + P; = 1. In this section, we obtain the
PMFs of a binomial distribution of order k, and the distribution of runs of length
exactly k£ using combinatorial analysis.

2.1. Binomial Distribution of Order k&

First, we consider the number NF of runs of B’s of length & in n IID four
state trials. We establish the PMF of the random variable N* using combinatorial
analysis.

Theorem 2.1. The PMF of N¥, for 0 <z < [%}, is given by

&
Zt 1 $t+yt+zt)+ P, PO

P(N, =) =Py} E(E

( ’ (‘rl;“ 2k, T Pb

P sThy Yty ooy Yky Ry e -y

Pc Z?:1 Yt Pd Z’::l 2t
) E)T
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where the inner summation ), is over all nonnegative integers x1,...,Tk, Y1, .-,
Yks 215 - - - , 2 for which Zlet(xt—&-yt +z)+kx+i=mn, fori=0,1,...,k—1.
Proof. Let B---BA=0;, B---BC =Ji,and B---BD =T;, where 1 <t<k A
— —— —
t—1 t—1 t—1
typical element of the event {N,’f = x} is a sequence

1 2 T
@ B... B @ B... B @ B... B ~-~@~-B...B,
k k k i

where i € {0,...,k—1}, and represents any combination of the strings Oy, J;,
and T} appearing altogether x;, y;, and z; times, respectively, in the sequence,
satisfying

Zt(xt—&—yt—l—zt)—l—kx—&—i:n.
t=1

The number of different ways of arranging this sequence equals

k k k
(Zt_l Ty + Dy Yo T D 2t x>

LTisee s ThsYly-- -y YksyZ1ls-- -3 Rk, T

Because of the independence of the trials, the probability of the above sequence is

PaZ:f;l Tt szzf;l(t_l)($t+yt+zt)+kwpczzf=1 Yt sz:ic=1 Zt.

The probability of the run of B’s of length i at the end of each of these sequences
is P{ (0 <i < k), which leads to the overall probability

S me oty (=) (@it yitz) Fhati 5Y 5, Y pXb_y 2t
Pa t=1 Pb t=1 PC t=1 Pd t=1 .

Summing over ¢ = 0,1,...,k — 1 the result follows. O

Remark 1. For P, = ¢, P, = p such that p+¢ = 1, P. = P; = 0 and
Yis- s Yks 21, - - » 2k = 0, Theorem 2.1 reduces to Theorem 2.1 of [25].

2.2. Distributions of Runs of Length Exactly &

In this subsection we consider the number E¥ of runs of B’s of length k in
n IID four state trials. We establish the PMF of the random variable EF using
combinatorial analysis.
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Theorem 2.2. The PMF of E¥, for 0 <z < [”—H] , 1S given by

k+1
P(EF =2) =
n—x(k+1) —z(k+1 —z(k+1 —z(k+1
S s [T S
b i—0 (i) L1y oy Tn—z(k+1)> Y1y - - s Yn—x(k+1)) 15 - - -y Pn—x(k+1)
Pa :1,:—1.7:(k+1) o PC :,:—1.7:(1«+1) " Pb Z:Lz—lm(k+1) 2z
>< —_— — —
(Pb) (Pb) (Pd) } 7
where the inner summation Z*Um‘) is over all nonnegative integers xy, ...,
. —z(k+1
xnfz(k+1)7 Y1, - oy ynfzr(k+1); Zly vy anz(kJrl) fOT which E?:lw( * )t(xt+yt+zt) =
n—1i and

T ifi#£k,
R I R Ty

Proof. Let B---BA=0;, B---BC = Jy,and B---BD =Ty, fort =1,2,...,n —
N—— S—— S——
t—1 t—1 t—1
z(k +1). A typical element of the event { EX = x} is a sequence

1 T
"Rt""O or J, or T) "O or J or T ‘BB
- k+1 k+1 k+1 k41 k41 k41 )

i

where 0 <i <n-—2z(k+1), and represents any string Oy, Jy, and T} appearing
Ty, Yi, and z; times, respectively, in the sequence, satisfying

n—z(k+1)
Z tH(wy +ye + 2¢) = n — 1,
t=1
. .. if 4
subject to the condition zg11 + Y41 + 2k+1 = { i_ 1 ;z f Z’ The number of

different ways of arranging the sequence equals

(l’l +o 4+ Tp—ax(k+1) +yr 4+ Yn—a(k+1) A e e an(k:+1))
Tiyeo s Tn—z(k+1)r Y1y -+ s Yn—x(k+1)1 %1y - -+ y Zn—x(k+1)

Because of the independence of the trials, the sequence has probability

Ti+ o+ Tp ok Y1+ FYn—z(k zZ1t ot zZn g
Pa 1 (k+1)Pc 1 Y (k+1)Pd1 (k+1)

« P(m2+y2+22)+2(1‘3+y3+23)+"'+{n_z(k+1)_1}(mnfz(k+1)+yn7m(k+l)+znfm(k+1))
b .
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The probability of the run of B’s of length i € {0,1,...,n —2z(k+ 1)} at the end of
each of these sequences is Pg, which leads to the overall probability

L1t ot Ty g +FYn—a 21tz o
Pa 1 (k+1)P§/1 Yy (k+1)Pd1 (k+1)

% P($2+yz+22)+2($3+y3+z3)+"'+{”*$(k+1)*1}(wn—m(k+1)+yn—m(1«+1)+Zn—m(k+1))+i
A .

Summing over i = 0,1,...,n — z(k + 1), the result follows. a

3. Waiting Time Distributions

We consider a sequence Xi, Xo,... of multistate trials defined on the state
space . = {A, B, C, D} with probabilities P(A) = P,, P(B) = B,, P(C) = P,,
and P(D) = Py, such that P, + P, + P. 4+ Py = 1. In this section, we obtain PMFs
for the geometric distribution of order k and the negative binomial distribution of
order k, by employing combinatorial analysis.

3.1. Geometric Distribution of Order k

First, we consider the waiting time W for the first occurrence of a run of B’s
of length k. We establish the PMF of the random variable W} using combinatorial
analysis.

Theorem 3.1. The PMF of W{ is given by

P(Wf =n)=

k k k
e e N S C G
b P— Llyeoe sy LThsYlye ooy Yky 21y -5 Rk Pb Pb Pb ’
where the outer summation Y., is over all nonnegative integers xi,...,Zr, Y1,

e Yks 21, - - 2 for which Zlet(xt—i-yt—l-zt) =n—k.
Proof. Let B---BA = 0Oy, B---BC = J;, and B---BD =Ty, t = 1,...,k. A
S—— N—— ——

t—1 t—1 t—1
typical element of the event {VV{c = x} is a sequence
............ B...B],
—_—
k

where represents any string Oy, Jy, and T; appearing z;, y:, and z; times,

respectively, in the sequence, satisfying Zle t(xy + y+ + z¢) = n — k. The number
of different ways of arranging the sequence equals

Sy (e + e + 22)
T, s Rk ’

"'7zk7y1)""yk)zl7"'
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Because of the independence of the trials, the probability of the sequence is

Pazltczl Tt szltc:1(tfl)($t+yt+zt)Pch:1 Yt szle 2t

The probability of the run of B’s of length k at the end of each these sequences is
Pbk, which leads to the overall probability

P()Z’::l Tt szltczl(tfl)($t+yt+zt)+kpcz:f:1 Yt sz:,tczl 2t

O

Remark 2. For P, = ¢, P, = p such that p+¢ = 1, P. = P; = 0 and
Yly- s Yky 21, - - -, 2k = 0, Theorem 3.1 reduces to Theorem 3.1 of [23].

3.2. Negative Binomial Distribution of Order k

Let W} be the random variable denoting the waiting time for the r-th occur-
rence of a run of B’s of length k. We establish the PMF of random variables W}
using combinatorial analysis.

Theorem 3.2. The PMF of Wk in n four state IID trials is given by

k
E_ N _ pn (e +ye+2¢) +r—1
PW, =n)=F Zz(m, 2e, T — 1

* =1 e Ty Yty - Yk 215 - -
y <P(L)Zflxt (H>Zflyt (Pd>2f1zt
P, Py P, ’
where the outer summation ), is over all nonnegative integers &1, ..., Tk, Y, .-, Yk,

21y..., 2k for which Zle t(xy + yr + 2¢) + kr = n.
Proof. Let B---BA = Oy, B---BC = J;, and B---BD =Ty, t = 1,...,k. A
S—— S—— ——
t—1 t—1 t—1
typical element of the event {W,’? = :c} is a sequence

1 2 r—1 T

@ B. .. B @ B. .. B @ B. .. B @ B...B],
k k k k

where represents any string Oy, Jy, and T} appearing x;, y;, and z; times,

respectively, in the sequence, satisfying Zle t(z: + yr + 2¢) + kr = n. The number
of different ways of arranging the sequence equals

( S (gt z) 1 )
xla

"'axk7y1a"'7ykazl7"'azlﬂr_1
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Because of the independence of the trials, the probability of the sequence is
Pazle Tt szle(t_1)(mt+yt+zt)+k(r_l)PCZ}tc:1 Yt szle 2t

The probability of the run of B’s of length k at the end of each of these sequences

is Pg’“, which leads to the overall probability

P@X:le Tt Pbe:1(tfl)(1t+yt+zt)+krpczzf:1 Yt PdX:le .

O

Remark 3. For P, = q, P, = p such that p+¢ = 1, P. = P; = 0 and
Yly ooy Yks 21, - - -, 2k = 0, Theorem 3.2 reduces to Theorem 3.1 (a) of [22].

4. Distributions of Run Lengths

We consider a sequence X1, Xo, ..., X, of multistate trials defined on the state
space . = {A, B, C, D} with probabilities P(A) = P,, P(B) = P,, P(C) = P,
and P(D) = Py, such that P, + P, + P. + P; = 1. In this section, we obtain the
PMFs of the distribuions of the longest and shortest runs and establish the PMF's
and their joint distributions using combinatorial analysis.

4.1. Distribution of Tehe Longest Run Length

Let L,, be the maximum length of a run of B’s in n four state IID trials, which
is called longest run statistics. We establish the PMF of the random variable L,
using combinatorial analysis.

Theorem 4.1. The PMF of L,, is given by

¢ 041 S m
Zt—l (ZEt + Yt + Zt) Pa t=1
P(L,=0)=P3Y ~
( 2 b (!E1,~ 2041 P,

i—0 % c WAL YLy e Y15 21 -
Pc Zi:i Yt Pd Zf:i Zt
>< ey Bl )
Py Py
where the inner summation Y.  is over all nonnegative integers x1,...,Te41,

Yly- ooy Yoil, Z1y---,2041 Such that Zfii tae+ye+2e) =n—i, for 0 < i < ¢,

and satisfying at least one of the conditions xe11 > 1, yoy1 > 1, ze41 > 1, and

i=4.

Proof. Let B---BA = Oy, B---BC = J;, and B---BD = Ty, where t = 1,...,
N— — —_—

t—1 t-1 t—1
min(¢+ 1,n). A typical element of the event {L,, = £} is a sequence

~~~~~B~‘~B,
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where represents any of the strings Oy, J;, and T} appearing x4, y;, and z; times,

respectively, in the sequence, satisfying ng tre+ys+2:) =n—i,for 0 <i <4,
and satisfying at least one of the conditions: xy11 > 1, ye41 > 1, 2p41 > 1, and
1 = £. The number of different ways of arranging the sequence equals

+1
( e (Tt + e + 2t) >
T1ye ooy T4+, Y1y o o5 Y415 215 - -5 241

Because of the independence of the trials, the probability of the above sequence is
prii e pRiti (=D (et pYitive pyili =
The probability of the run of B’s of length ¢ (0 < i < ¢) at the end of each of these
sequences is Py, which leads to the overall probability
pritin pEiti(t-D eyt + pSitive pSiti s

Summing over i = 0,1, ..., ¢ the result follows. o

4.2. Joint Distributions of Maximum Length and Number of Times

Let L,, denote the maximum length of runs of B’s and N L,, the number of times
a run of length L, appears in a sequence of size n. We establish the joint PMF of
the random variables L,, and N L,, using combinatorial analysis.

Theorem 4.2. The joint PMF of L, and NL,, is given by
P(L,=¢ANL,=xz)=

L
Y2
=0 *

($1+"'+$€+1+y1+"'+y€+1+21+"'+Z€+1>

Llyee oy ToH1 Y1y o5 Y415 215+ -5 ZU41
P Ti+-+Topr P Y1+ +Ye+a P, zZ1+t+zeg1
a C
>< ey = ey b
(Pb> (Pb> (Pb>

where the inner summation Yy, is over all nonnegative integers x1, ..., To41, Y1, - - -,
Yer1s 21, -« -5 2041 for which Zfi_} t(xy + ye + 2¢) = n — 4, and satisfying at least a
conditions

Toy1 > 1 or

Yet1 = 1 or

zZe+1 2> 1 or

i=4and 0 <i<min({,n —x({ + 1)),
subject to

T ifi £ ¢,
MHJF‘WHHZ“:{ e
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Proof. Let B---BA=0y, B---BC = J;,and B---BD =T;, where 1 <t < {4+ 1.
N—— ~—— N——
t—1 t—1 t—1
A typical element of the event {L,, = ¢ A NL, =z} is a sequence

1 T
"Rt""O or J, or T, "O or J, or T, ‘BB
- 241 241 241 241 241 241 9

i

where 0 < ¢ < min(¢,n — z(£ + 1)), and | R; | represents any string Oy, J;, and T}
appearing z;, ¥, and z; times, respectively, in the sequence, satisfying

0+1

t(xy +yp + 2¢) = n — 1,
1

+

t

x ifi £ ¢,

1 ifieg The number of

subject to the condition z¢41 + Yrr1 + 2e41 = {

different ways of arranging the sequence equals

<l’1+"'+$e+1+y1+"'+ye+1+21+'“+ze+1)
Tlyee s Tp41,Y1y -+ -5 Y415, 215 - -+ 2041

Because of the independence of the trials, the probability of the above sequence is

pritetTen pyitetyes P;1+"'+Zl+1 Pb(m-‘ryz-*-zz)+2(m3+y3+23)+"'+l(re+1+Z/z+1+zfz+1)
a C .

The probability of the run of B’s of length 4 for 0 <4 < n — x(¢ + 1)) at the end of
each of these sequences is Pf, which leads to the overall probability.

Ppritotzess pyittyesn pAtetaen p@atyatea) t2(@stystzs) b (@ ety taen)
a c d b '
Summing over ¢ = 0,1,...,n — z({ + 1) the results follows. ]

4.3. Distribution of The Smallest Run Length

Let M,, denote the minimum length of a run of B’s in n IID four state trials.
We establish the PMF of the random variable M,, using combinatorial analysis.

Theorem 4.3. The PMF of M,,, for 0 < s < n, is given by
P(M, =s)=

ZZ (xl +Zop1+ o+ T+ +ys+1+"‘+yn+21+2’s+1+"'+2n>
i « L1, Ts+1y-- 3 Tns Y1, Ys+1s- - Yny 15 Bs41y -+ -5 2n

y & T1+Tsy1t o+ Tn—s & Y1+yYs+1++Yn—s & Z1+2s41+t+2n—s
Py By By 7
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where the summation Y, is over all nonnegative integers x1,Tsi1,...,%Tn,Y1,
Yst1se e Yny 215 Zs41s - - -5 Zn Such that (x1+y1 +21) + (8 + 1) (sqp1 +Ysi1+ 2s41) +
o+ (T + Yn + 2n) =n— 1, where i € {0,8,8+ 1,...,n}, satisfying at least one
of the conditions: 541 > 1, ys41 > 1, 2s41 > 1, and i = s.
Proof. Let B---BA = Oy, B---BC = Jy, and B---BD = T;, where t =
—— —— ——

t—1 t—1 t—1

1,s+1,...,n. A typical element of the event {M,, = s} is a sequence

~~~~~~B--~B,

where represents any of the strings O;, J;, and T; appearing x;, y;, and z
times, respectively, in the sequence, satisfying (x1 +y1 +21) + (s +1)(Ts41 + Yst1 +
Zst1) + o+ n(xn +yn +20) =n—i, fori € {0,s,5+1,...,n}, and satisfying at
least one of the conditions: xs41 > 1, ys41 > 1, 2541 > 1, and ¢ = s. The number
of different ways of arranging the sequence equals

<501 +$s+1+"'+$n+y1+ys+1+"'+yn+z1+2s+1+"'+2n)

Ty Loty ey Ty YLy Ystls- - s Yns 21y Zstls - -+ Zn '

By the independence of trials, the probability of the above sequence is given by
Paxl_mﬂ_l_._i.._mn_sP;(acs+1+ys+1+zs+1)+(s+1)(ws+2+ys+z+zs+2)+~~+(n—1)($n+yn+2n)

X PCZJl+ys+1 +FYn—s P;l+zs+l+"'+zn—s )

The probability of a run of B’s of length i € {0,8,s+1,...,n} at the end of each
of these sequences is Py, which leads to the overall probability

Pm1+x5+1+-.<+zn_sPs(ms+1+ys+1+zs+1)+(s+1)(ms+2+ys+z+zs+2)+~~-+(n—1)(mn+yn+zn)+i
a b
y1+y +otyYn—s pFLtEsy1tt2n—s
X PC 1 s+1 n Pd .

Summing over i = 0,s,s + 1,...,n the result follows. O

4.4. Joint Distributions of Minimum Length and Number of Times

Let M, denote the minimum length of a run of B’s and NM,, be the number
of times a run of length M,, appears in a sequence of size n. We establish the joint
PMF of the random variables M,, and N M,, using combinatorial analysis.

Theorem 4.4. The joint PMF of M,, and NM,, for 0 <s<n, 0 <z < {ZI”,

is given by
P(M, =sANNM, =x) =

l
anzz<x1+x3+1+---+xn+y1+ys+1+---+yn+z1+zs+1+~--+zn>
=0 %

L1, Ts+1y--+3Tns Y15 Ys+1s- -+ Yny 215 Bs41y -+ -5 2n
(Pa)21+ﬂ?s+1+---+17n (Pc)y1+ys+1+-~~+yn (Pb )21+Zs+1+'“+zn
>< —_— JE— JE—
P, Py Py 7
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where the inner summation Y, is over all nonnegative integers 1, Tsi1, ..., Tn, Y1,
Yst1s- -1 Yns 215 Zof1s - - - 2n for which (x14+y1 +21) + (s + 1) (Toq1 + Y1 + 2s41) +
ot n(xp+ynt+2n) =n—i, fori € {0,s,s+1,...,n—x(s+ 1)}, while satisfying
at least one of the conditions: xs41 > 1, ys4+1 > 1, 2541 > 1, and i = s, and subject

T if 1 £ s,
10 Tst1 + Ys+1 + Zs41 :{ z—1 Z?zis
Proof. Let B---BA =0, B---BC = Jy,and B---BD =T, where s +1 <t <n.
N—— N—— N——
t—1 t—1 t—1

A typical element of the event {M,, = s A NM,, = z} is a sequence

1 T

-l Ry ’O 1 or Jgiq or T, 1"0 1 or Jgiq or T, 1‘......3,”3
- s+ s+ s+ s+ s+ s+ 5

i

where i € {0,s,s+1,...,n—z(s+ 1)}, and represents any string Oy, J;, and
T;, appearing z, y; and z; times, respectively, in the sequence, satisfying

(xl + Y1 +Zl) +(S+1)({E5+1 + Ys+1 +Zs+1)+"'+n($n +yn+zn) =n—1,

x if i # s,

P The number of
z—1 ifi=s.

subject to the condition 541 + Ys41 + 2541 = {
different ways of arranging the sequence equals
(z:l+zs+1+~-~+xn+y1+ys+1+~-+yn+zl+zs+1+~-~+zn>
L1, Ls41yerTns Y1, Ys+1s-+-3Yny 21y Zs+1s- -5 2n
By the independence of trials, the probability of the above sequence is given by
Fast1t e pYLtyst1teotyn pAtistitotan
Pgl Tst1++T Pcyl Ys+1+ Y le Zs+1 z
« P;(ws+1+ys+1+zs+1)JF'"+(n71)($n+yn+zn).
The probability of the run of B’s of length i € {0,s,s+1,...,n} at the end of each
of these sequences is Py, which leads to the overall probability
+Tag1++Tn PYLHYsp1tHYn pAIFEst1tt e
Paml Ts41 x Pcyl Ys+1 Yy Pdl +1

Ps(ws+1+ys+1+zs+1)+"'+(n_1)(xn"l'yn"l'zn)"!‘i
X b .

Summing over ¢ = 0,s,s + 1,...,n the result follows. |
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