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ABSTRACT. In this study, we establish some new characterizations for a class of anisotropic
Herz spaces in which all exponents are considered as variables. We also provide a descrip-
tion of these spaces based on bloc decomposition. As an application, we investigate the
boundedness of certain sublinear operators within these function spaces.

1. Introduction and Preliminaries

The aim of this paper is to establish a characterization of the anisotropic variable
Herz spaces K;((.‘))’Q(')(A;R”) associated with non-isotropic dilations 4 on R” in
terms of block decompositions. All exponents in the considered spaces are variable.
First, we define the set of variable exponents as follows:

Po (R™) := {p measurable: p(-) : R" — [¢,00) for some ¢ > 0}.

The subset of variable exponents with a range of [1,00) is denoted by P(R™).
For p € Py(R™), we introduce the notation

p~ =essinfp(z), p" = esssupp(z).
reR™ rER™

Now we give the definition of variable Lebesgue spaces.

* Corresponding Author.

Received October 7, 2023; revised March 23, 2024; accepted April 1, 2024.

2020 Mathematics Subject Classification: Primary 46E30, Secondary 42B35, 42B20.

Key words and phrases: Anisotropic Herz space, variable exponents, bloc decomposition,
sublinear operator.

This work was supported by the General Direction of Scientific Research and Technological
Development(PRFU Project No. CO0L03UN280120220008).

245



246 A. Djeriou and R. Heraiz

Definition 1.1. Let p € Po(R"). The Lebesgue space LP()(R"), with a variable
exponent is the class of all measurable functions f on R™ such that the modular

o) = [ 7@ ds

is finite. This space is a quasi-Banach function space equipped with the norm

£l := inf {u >0: Qp(->(if) < 1} .

If p(x) = p is constant, then LP()(R™) = LP(R") is the classical Lebesgue space.
We refer to the monographs [3] and [1] for further details and references on recent
developments on variable Lebesgue spaces.

We present the most important condition on the exponent in the study of vari-
able exponent spaces.

Definition 1.2. We say that a function g : R™ — R is locally log-Hd6lder continuous
if there exists a constant cjog > 0 such that

Clog
9(x) —g(y)| <
K S VIEEET)
for all x,y € R™. In particular, if
Clo,
lg(z) = g(0)] < .

= log(e +1/]x)

for all € R™, then we say that g is log-Holder continuous at the origin (or has a
log decay at the origin). Additionally, if there exist go € R and ¢jog > 0 such that

Clog
T) — —F——A—
for all z € R™, then we say that g is log-Holder continuous at infinity (or has a log
decay at infinity).

For some examples of a function locally log-Ho6lder continuous, see E. Nakai and
Y. Sawano [7, Example 1.3].

The sets PiE(R™) and P8(R™) consist of all exponents p € P(R") that have a
log decay at the origin and at infinity, respectively. The set P'°8(R") is used for all
those exponents p € P(R™) that are locally log-Ho6lder continuous and have a log
decay at infinity, with poo := lim|;| o p().

It is well known that if p € P°8(R"), then p’ € P°8(R"), where p’ denotes the
conjugate exponent of p given by 1/p(-) +1/p'(:) = 1.
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Definition 1.3. Let p,q € Po(R™). The mixed Lebesgue-sequence space £9) (LP())
is defined on sequences of LP()-functions by the modular

. f’l)
qu(-)(Lp(-))((fv)v) = Zlnf {/\v >0: Qp(-)(W) <lp.

v

A (quasi)-norm is defined from this as usual:

. 1
A0 Nl =i {7 > 05 o gy (D) <1}
If q(-) satisfies ¢* < oo, then we can replace (1.4) by the simpler expression

Qf‘l(‘)(LP('))((f’U)v) = Z H|fv‘q()

() "
q(-)

If E C R™ is a measurable set, then |E| stands for the (Lebesgue) measure of
FE and yg denotes its characteristic function.

In the following, we introduce some basic notation and definitions of non-
isotropic spaces associated with general expansive dilations.

Definition 1.5. A dilation is n X n real matrix A, such that all eigenvalues A\ of
A satisty |A| > 1. We suppose A1, Ag, ..., \,, are eigenvalues of A so that 1 < |A\q] <
. < |An|. Let A_, Ay be any numbers so that

1< Ao <M <o < A < A4
A set A C R" is said to be an ellipsoid if
A ={zxeR":|Pz| <1}

for some nondegenerate n x n matrix P, where |- | denotes the Euclidean norm in
R™.

In [2, Lemma 2.2|, it is demonstrated that for a dilation A, there exists an
ellipsoid A and r > 1 satisfying

(1.6) A CrA C AN, where |A|=1.

For convenience, we set
By = AFA for k € Z,

then, by (1.6) we obtain
By C rBy C By, |Bk| = bk,

where b= |det A| > 1.
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Definition 1.7. A homogeneous quasi-norm associated with a dilation A is a mea-
surable mapping o4 : R™ — [0, 00), so that

o4 (x)>0forxz#0,

e 04 (Ax) =boa (x) for all z € R™,

e there is ¢ > 0 so that o4 (x +y) < c(oa (x) + 04 (y)) for all z,y € R™.

For a fixed dilation A, we define the “canonical” quasi-norm o.
Definition 1.8. Define the step homogeneous quasi-norm ¢ on R™ induced by the

dilation A as o \
_ J if xze Bj+1 Bj, j e Z
”(‘T)_{ 0 if x=0.

For any x,y € R™, we have
o(x+y) <V (o(x)+a(y)),
where 6 is the smallest integer so that
2B, C A’By = By.
Also, we use the following notation
Ry := By, \ Bx—1 and xx = XRr,, k€Z.
Now, we define the anisotropic Herz spaces with variable exponent.

Definition 1.9. Let p,qg € Po(R") and o : R® — R with a € L*(R"). The
homogeneous anisotropic Herz space K;((_'))’q(‘) (A;R™) associated with the dilation

A is defined as the set of all f € LP) (R™\ {0}) such that

loc

||f||K§<(‘-)),q(-)(A;Rn) = H (b’m(‘)ka)

<
keZ 116aC) (Lp())

The non-homogeneous anisotropic Herz space K;Y((:))’Q(') (A4;R™) associated with the

dilation A consists of all f € L") (R") such that

loc

11l ka0 (agony 2= 1 X8l + || (8570 )

<
k>1 H(-)(Lp(-))

Clearly, Kgéﬁ(') (4;R") = K:gg))(') (A;R™") = LP0O) (A4;R™). Recall that the
anisotropic Herz spaces Kg((,'))’q (A;R™) and K;((")Lq (A;R™), where ¢ is constant,
are introduced by H. Wang in [8]. A detailed discussion of the properties of these
spaces may be found in [9] and [10].

By the same argument used in [6], we can establish the next result, which will
be useful in the sequel.
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Proposition 1.10. Let « € L*°(R"™) and p,q € Po(R"). If a and q are log-Holder
continuous at infinity, then

a(+),q() . — XoorGoo .
KOO0 (AR = K250~ (4 R™).

Additionally, if o and q have a log decay at the origin, then

-1

a 0 1/‘1(0) e . - 1/qe0
1l a0 cagony = (20 IO rxally) (M= rxnlliy)

k=—o00 k=0
Recall that the expression f < g means that f < cg for some independent
constant ¢ (and non-negative functions f and g), and f ~ ¢g means f S g < f.
2. Some Technical Lemmas

In this section, we introduce several lemmas used to prove the main theorems
in sections 3 and 4. In the following, we denote by ¢ as a generic positive constant,
i.e. a constant whose value may change from line to line.

The following lemma plays an important role in the proof of the main results.

Lemma 2.1. Let p € P(R?) and Ry := By \ Br_1,k € Z. Ifb¥ > 27" and p is
log-Hélder continuous at infinity, then we have

k.
Xk lp() = bPe<
with the implicit constants independent of k.

Proof. Our proof based on an idea from [I, Lemma 2.2] where the case of the
Euclidean ball was studied. First, we have

_k
Ixkllp() = 0P,

which is equivalent to
k.
1677 Xk lp() =~ 1.

In particular, we will show that
—= — —= () g
0p() (b7 P X&) = b~ 7o x () [P dy
Rn
Poo—p(y)
(2.2) = b*’“/ b (5 )dy Se
Ry,
o . k(‘“@*@(y)) .
for some constant ¢ > 0. For that, it is sufficient to prove that b Poo is

bounded, i.e. k:(p"‘%p(y)) logb < ¢ for all y € Ry. Since p is log-Hélder continuous
at infinity, then (2.2) is bounded by

(¥)—Poo
(23) bik|p TS | S b_klog(elﬂy\) S b—k/log\y|7 Yy € Rg.
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We can distinguish two cases as follows:
Case 1: For every integer k > 0, due to [2, Lemma 3.2] and Definition 1.8, we
deduce that

bklogA,/logb < |y| < Q(m)logA+/logb _ bklog)\+/logb for k > 07

for all y € Ry. This implies that (2.3) is bounded by

- =k log A
bklog(b)(logk+/logb) — ¢ Togb ,S c.

Case 2: Considering the case [— niggz] <k < —1,ie 27" < bF < 1, we have (2.3)
bounded by

N

_k’p(y)—poo log b

1
P Ip(y) — Poo|log o

< 2npTlog?2
S e

In either case, we obtain that (2.2) is bounded by

b_k/ dy < c.
Ry

Now, we show that bres < |IXk|lp(y- This is a consequence of Holder’s inequality
k

and the estimate x|, () S b7 which was already proved. In fact, we have

_k _k 7/L
bres = broo k/ Xk(W)dy <26 75 (Ixkllpe) Xkl o) S lxellpe)-
This finishes the proof. O

Remark 2.4. It is known that for p € P'°%, we have

Ixsllpe) IXBlly ) ~ B
Also,
Ixsllp) ~ |BI77, € B,
for small balls B C R™ and
Ix5llu) = |BI7=

for large balls (]B| > 1), with constants only depending on the log-Holder constant
of p. See, for example, [3, Corollary 4.5.9].

The next lemma is a Hardy-type inequality which is easy to prove.
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Lemma 2.5 ([5]). Lety > 1, x >0 and 0 < ¢ < o0o. Let {ex};c; be a sequence of
positive real numbers, such that

H{Ek}kezueq =1 <oo.

Then, the sequences

J<k Jjzk
belong to €9, and
{0k kezll oo + Hm ezl oo < 1,
with ¢ > 0 only depending on v and q.

The following lemma presents the Holder inequality in LP(") (R™).

Lemma 2.6 ([3]). Let p € P(R™). Then, there exists a constant ¢ such that for all
f e LPOR™) and g € LPO(R™), f - g € L' (R™), and

1 gl < ellfllye lall,

3. Bloc Decomposition of Anisotropic Variable Herz Spaces

Now, we establish characterizations of the spaces K;(SS)’q(') (A;R™) and

K;‘((,'))’q(') (A;R™) in terms of central bloc decompositions, which will be convenient
for the study of the boundedness of operators on these spaces.
Let us first recall the definition of bloc decomposition.

Definition 3.1. Let o € L>°(R™), be log-Hdlder continuous, both at the origin and
at infinity and p € P(R™). A function ay is said to be a central (a(-), p(-))-bloc, if
(i) suppar = {x € R : ai (z) # 0} C By.

(i) flagl, ) < b0, k<0

(iti) llakl,., < b Faes, k> 0.

A function aj on R™ is said to be a central (a(-), p(-))-bloc of restricted type, if
it satisfies the condition (ii7) and supp ay C By, k > 0.

Remark 3.2. If @ and p are constants, then we recover the classical case.

One of the main results of this paper will be the following theorem. It generalizes
Theorem 2.3 of H. Wang [38] by taking ¢ as a constant.

Theorem 3.3. Let a € L¥(R"),p € PP°5(R") and q € Po(R"). If a and q are
log-Holder continuous, both at the origin and at infinity with a(0), s > 0, then
the following two statements are equivalentes
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(i) f € Kol (ARm)
(ii) f can be represented by

(3.4) fa)=Y" Brax ()

k=—oc0

where B = 0, each ay is a central («f-), p(+))-block with support contained in By
and

0) ) e
( Z 187 ) (Z|5k|q ) <C||f|\Ks((_«)mm(A;Rn)~

k=—o0

Moreover, the norms || f|| ;. and

a(-),q() n
2090 (ARrn)

inf(( > 16 |q<0>>qm (gjo|ﬁk|q°°)q;>

k=—o0

are equivalent, where the infimum is taken over all decompositions of f as in (3.4).

Proof. The idea of the proof is borrowed from [5], where the variable Herz-type
Hardy spaces case is studied.

First, we show that (i) implies (ii). For every f € K;‘((_'))’q(') (A;R™), we have

S @) v (@)

f@) =
k=—oc0
_ bka) (
3 0l e . - % A,
where
f (@) xx (z)

= o0 d = S EIXeND)
B H Fxe () an ag (1‘) kua(,)kaup()

It is obvious that suppay C By and

bha(0) if k< —
larllyy > pokon " ik >0
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Thus, each ay, is a central («a(:), p(-))- bloc with the support By and

(Zw o) +(Z|ﬁk|q°°)§
k=—o00
(3 [=onalfi) ™+ (Sl ) *

(Zbkam el )™+ (e Ul )™

Hf||K§(<_»)),q<.>(A;Rn)-

Q

Q

It remains to prove that (ii) implies (i). For this purpose, let f(z) = Y72 Brax (z)
be a decomposition of f that satisfies the hypothesis (ii) of Theorem 3.3, by the
Minkowski inequality, we obtain

(oo}

(3.5) 1 X510y < D 1Bkl llakll,,  for each j € Z.
k=j

From this, (3.5), and Proposition 1.10, it follows that ||f||Ka( )40 ( 4R is bounded
by

ra0)a(0) a(0)\ 7oy
o 3 peou (ana;up()) )

k=—o0
doo\ 7o
re(S e (S5l ) ') =+
k=0 j=k

Then we deal with I; and Io, separatly. For I;, we divide the sum Z;’;k -+ - into

two parts,
1

j=k j=0
I is bounded by I{ + I?, where

—1 1

i 3 (R0 el )

k=—o00 j=k
and 1 o0 2(0)\ (0
Bi=e( Y (O Bl lasl, ) )™

3=0

k=—o0
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Since 0 < a(0) < oo, then by Lemma 2.5 (with v = b*(®) > 1), we get

-1

a - r—G—k)a©@) 1) 7 . (0) ) 7@
i< 30 (LIapomm0) )T <o 3 180 0)

k=—oc0 j=k

By Holder’s inequality in ¢! with q%w + q,i = 1 and since «(0), @y, > 0, we obtain

i S c- _ a(0)\ oy
B o 30 o0 (3 jle=) )
h=roo 5=0
< c(kgoobka(o)q(o)> o (g |ﬁj|q°°> = (g}b‘jamq;@) +
e -1
< C(ZLleqoo)‘lio
i=0
<

C||f||K§(<.->>,q(->(A;Rn)-
Thus, we have the desired estimate for I;.

Next, we deal with I,. We have

B o= (X (0 S el ) )
k=0 j=k
< <i(i|ﬁj|b—(j—k)am>%0)é.
k=0 j=k

Since 0 < o < 00, then by Lemma 2.5 (with v = b*= > 1), we deduce that

00 Bl
I, < (ZWM%)M

k=0

-1

< ( > \ﬁk|q(0))ﬁ + (i |ﬁk|qm)i-
k=0

k=—oc0
This finishs the estimation of I; and the proof of Theorem 3.3. O

Remark 3.6. A non-homogeneous counterpart of Theorem 3.3 is available. Since
KZ'((_'))’Q(') (A;R"Y) = K;“(‘f;’q“ (A;R™), its proof is an immediate consequence of |3,
Theorem 2.5].
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4. Some Applications

The next result concerns the boundedness, on anisotropic variable Herz spaces,
of some sublinear operators T satisfying the size condition

lf ()l
4.1 Tf(x 5/ ——>—dy, x¢suppf
(11) Tl [ St o
for integrable and compactly supported functions f.

Theorem 4.2. Let a € L®(R"),p € P(R"),q € Po(R"), and if a,p and q are
log-Hdlder continuous, both at the origin and at infinity such that

0<a(0)<1—-1/p(0) and 0< s <1—1/ps.
Then every sublinear opemtor T satisfying (/. 1) which is bounded on LPC)(R™) is
also bounded on K ( (A R™) and Ka( () (A;R™), respectively.

Proof. 1t suffices to prove that 1" is bounded on K () (A R™). The non-
homogeneous case can be proved similarly. We must show that

||Tf||K§(<.-)>,q<->(A;Rn) <c ||fHK;((.-)>,q<->(A;Rn)

for all f € Ks(_')”(') (4;R™). Thanks to Theorem 3.3, it holds that

)
f=Y Biai

where 8; > 0 and a;’s are (a(-), p(+))- bloc with suppa; C B;. Hence, we obtain

-1

= 4(0)y 1/4(0)
||Tf||K:(<_~)>,q<~>(A;R,L) ~ ( > bka(o)q<0)< > B ||Tai'Xk||p(.)) )

k=—oc0 e
Goo I/QOC
(Zbk‘aoo(Ioc( Z BlHTaZ Xka( ) )
k=0 =00
1 k—0-1
q(0)y 1/4(0)
< ( Z pral O)q(0< Z Bi | Ta; - Xka( ) )
k=—o00 =
o q(0)y 1/4(0)
+< Z pra(0)q( 0)( Z Bi | Ta; - Xk||p( ) )
i=k—0
k k—0—1 oo\ 1/9o0
k=0 i==o0

oo 00 oo\ 1/o0
+<Zbkaooqoc( Z Bi | Ta; 'Xka(~)) )
k—0 i=k—0

= J1+Jo+ J3+ J4.
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First, we estimate J;. Since
o (x) <V (o(z—y) +a(y),
and taking x € Ry,y € B; with k > i+ 6+ 1, then « € B;y941\Bito, and we get
olz—y) > bl (x)—o(y) =b%(x)—b!
= b (z) — b~ lo(z) = b—9(1 - %)U(x).
The condition (4.1) gives

. o)
< o / la: (4) dy.
B;

By Lemma 2.6 and the condition (ii) in Definition 3.1, we get

Ta; ()| b7  Nlaillyey Ixa (.

S
< cb—}’c—i(a((])—1—|—1/p(0))7
which implies that

1Ta; - Xkl < D | PR S
< /PO (a1 +1/p(0)).

By Lemma 2.5 (with y = p=*(0+1=1/P(0) > 1) we have

Ji S ( i (k—za:Llﬂib(ki)(a(())Jd1/p(0)))q(0)>1/q(0)
b0 ie—oo
S > 390 1/a(0)
(2 )
<

ch”Ks((;)):Q(')(A;Rn)'

To estimate Jo, we distinguish two cases, k — 6 < 0 and k — 6 > 0. Here we assume
that kK — 0 < 0. The other case will follow in the same way.
We divide the sum > ;~, ,-- - into two parts
—1 oo
>y
—k— i

ce
6 =0

?
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then J, is bounded by J$ + J3, where

-1

-1
q(0) 1/4(0)
Jo o (Z bka(o)q(o)( Bi ||Tai-Xk||p(.)> )
oo i=k—0
—1 St
q(0)\ 1/4(0)
Bo= (3 OO (N g Ta ) )
k= —o00 =0

For J¢, the numbers k and i are negatives numbers. Then, by the LP()(R")-
boundedness of T, Definition 3.1 and Lemma 2.5 (with v = b*(®) > 1), we deduce
that

—1 —1
a(0)\ 1/4(0)
g < ( 3 bka(O)Q(O)( 3 s ||a¢||p(.)> )
k=—oc0 1=k—0
—! —! , q(0)y 1/4(0)
S (2 (3 awemo)
k=—oc0 i=k—0
—! 1/4(0)
s (X8
k=—o0
<

C”f||K§<(.'))’Q(')(A;R")'

For J§, we have k¥ < —1 and i > 0. By the LP()(R")-boundedness of T and
Definition 3.1, we have

71 o0
q(0)\ 1/4(0)
sz — ( Z pra(0)q(0) (Zﬂ’ |Ta; - chHp(.)) )
k=—00 =0

3 S (0)x 1/4(0)
(5 (St )
S < i bka(O)Q(O)(iﬁib_mw)q(o))l/q(o).

k=—00 =0

By Holder’s inequality in ¢! with q%.o + q,i =1 and since a(0), ay > 0, we obtain

JQb < (k;w bka(o)q(o)>1/¢Z(0)(iﬁgOO)l/qoo (ib_mmq,w)l/qu
- L\ e
< (X
<

ch”K;‘((_'))vQ(') (AR™)
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Next, we estimate J3. We distinguish two cases, k —0 —1>0and k—6 —1 < 0.
Here we assume that k — 6 — 1 > 0. The other case follows similarly.

Let us decompose the sum

k—

0—-1

1=—00

-1

PORREEDY

1=—00

-+ - into two parts

k—0—-1

0—
=0

Then J; is bounded by J¢ + J¢, where

00 1 Gooy 1/
Jg (Z phoroedoe ( Z Bi |T@i'Xk||p(-)> ) ’
k=0

i=—00

00 k—6—1 Goo 1/ro
i <zbmqw(zW,Xk,p(.)) ) -
k=0

=0

For J¢, we have k > 0 and ¢ < —1. By the condition (ii) in Definition 3.1 and

Lemma 2.1, we obtain

[T 'Xka(.)

which gives

> -1
Jg < (Zbk(aoo—l-'rl/poo)‘hm( Z Bib—z‘(a(O)—1+1/p(O)))qm)1/%0.
k=0 Pl
Thanks to Holder’s inequality in ¢, with ﬁ + Wlo) — 1, we easily obtain
o e 1 N .
Jg5 (optem e )T (3T g 0) (3T i@t 0)
k=0 = e
< ( i 54(0)>1/q(0)
~ i
<

C||f||K§(<l-)>,q<->(A;Rn)-

S
S

b=k =1H1/POD Y 1y 1)

bk(—1+1/1700)_i(a(0)_1+1/p(o))’

1
q’(0)

Concerning J¢, where k and i are non-negatives numbers, we have by the condition
(iii) in Definition 3.1 and Lemma 2.1

[T'a; 'Xk”p(g

<
S

b,kfi(aoc*1+1/p°°)) X Hp(')

bk(_1+1/p00)_i(aoc_l+l/p00)7
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which gives

. < k—0-1 oo\ 1/ 4o
J o= (Zb “*”"qm( Z 5z‘HT‘Ii'X’€Hp(~)) )
k=0 =0
k=0 = =0

by Lemma 2.5 (with v = b~®>~*+171/P=~ > 1) we obtain

> 1/ds
J3 < (ZBZoC) < C||f”1'<§(<j)>v‘1<'>(A;Rn)'
k=0

Finally, we estimate Jy. In this case k and ¢ are non-negatives numbers, then by
the LP() (R™)-boundedness of T, the condition (iii) in Definition 3.1 and Lemma 2.5
(with v = %= > 1), we easily obtain that

hs (ib’“’*qw(i Bellaly ) )
A

k=0 2

e > (k) Y5 1/4
< (S5 )
< (iﬁkw)l/qoe

k=0
<

CHfHKZ((_‘))v‘I(‘)(A;Rn)'
Combing the estimations of Jy, Jo, J3 and Jy, we finish the proof of Theorem 4.2. [

Remark 4.3. We would like to mention that if ¢(-) is constant, then the statements
corresponding to Theorem 4.2 can be found in Theorem 3.1 of [3].

Acknowledgements. The authors are deeply grateful to the referees and the edi-
tors for their kind comments on improving the presentation of this paper.
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