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ASYMPTOTIC BEHAVIOR FOR STRONGLY DAMPED
WAVE EQUATIONS ON R® WITH MEMORY

XUAN-QUANG Bui, DuoNGg ToAN NGUYEN, AND TRONG LUONG VU

ABSTRACT. We consider the following strongly damped wave equation on
R3 with memory

upt — alAug — BAu+ Au — / &' (8)Au(t — s)ds + f(zx,u) + g(x,ut) = h,
0

where a quite general memory kernel and the nonlinearity f exhibit a
critical growth. Existence, uniqueness and continuous dependence results
are provided as well as the existence of regular global and exponential
attractors of finite fractal dimension.

1. Introduction

The main goal of this paper is to discuss the long-time behavior of the weak
solutions for the following strongly damped wave equation with memory on R?,

uy — Auy — AU+ Au — / wu(s)An'(s)ds
0
(1 1) +f(x,U)+g(x,ut):h(x), l’ERB, t>07
u(z,t) = uo(z,1), reR3 <0,
lim wu(z,t) =0, t>0,
|| =00

where o and 3 are positive constants, p is a summable positive function, and
(1.2) n' =n'(z,s) = u(x,t) —u(z,t —s), seRT.

Now, we define the strictly positive non-increasing function

k(s) =B+ /OO w(r)dr, s €[0,+00).
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The above equation reads
ug — aAuy — k(0)Au + du — / K (8)Au(t — 8)ds + f(x,u) + g(x,u) = h,
0

that is, a semilinear wave equation with a strong damping and convolution
terms.
In (1.1), with x4 = 0, we obtain the usual strongly damped wave equation

(13) Ut — OéA’U;t — ﬁAU + f(,u) + g('7ut) =h.

Well-posedness and long time behavior (in terms of attractors) of solutions for
equation (1.3) on bounded domains have been investigated by many authors
(see, e.g., [7,8,20-22] and references therein). Besides, equation (1.3) on un-
bounded domain (on RY) has been also studied in [5,9] and some references
therein.

The problem (1.1) in the case of bounded domains, without g(+, u;) and when
the memory kernel 1 does not vanish (which reduces to a strongly damped wave
equation with memory effects), has been studied in [2,10,14], for a subcritical
nonlinearity and the following assumptions imposed on the memory kernel

W (s) +dou(s) <0, Vs >0,

for some § > 0. Besides, in [11], under the much weaker condition on the
memory kernel,

ulr + ) < Ne~97p(s)

for some N > 1, § > 0, every r > 0, and almost every s > 0, Plinio, Pata
and Zelik pointed out the existence of global attractors of optimal regularity
for both critical and supercritical nonlinearities.

Recently, [19] also considered equation (1.1) in the case of time-dependent
memory and without g(-, u;). In this situation, the well-posedness, the existence
and the regularity of the time-dependent global attractor have been proved.

However, to the best of our knowledge, up to now, although there have been
several results on attractors for a strongly damped wave equation with memory,
hardly any of the previous studies deal with the equations on unbounded do-
mains and memory kernel effects. More specifically, we consider this equation
in the case of containing critical nonlinear term which makes the model more
complex.

The novelty of this paper is that it overcomes the essential difficulties: “both
the Sobolev embedding on R? and the critical growth of f cause the lack of com-
pactness, as well as the complexity of the model caused by the memory term”
and establishes the well-posedness, the existence of the global and exponential
attractors for the equation with memory and critical nonlinearity.

To study problem (1.1), we assume that the nonlinearity f,g, the external
force h, and the memory term satisfy the following conditions:



(H1)
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The convolution (or memory) kernel x is a nonnegative summable func-
tion having the explicit form

= [ "y,

where 1 € L' (RT) is a decreasing (hence nonnegative) piecewise abso-
lutely continuous in each interval [0, 7] with 7" > 0. In particular, p is
allowed to exhibit (infinitely many) jumps. Moreover, we require that

(1.4) w(s) < Ou(s)
for some 6 > 0 and every s > 0. As shown in [13], this is completely
equivalent to the requirement that

(1.5) u(r +5) < Neo7u(s)
for some N > 1, § > 0, every r > 0 and almost every s > 0. As a
consequence,

k(s) < Ce 0.
(H2) The nonlinearity f € C*(R® x R, R), with f(-,0) = 0, satisfy for some
C > 0 the growth bound
(1.6) [folzw)| < C(L+[u),  |fi(2,u)] < Cluf,
F
lim inf M >0, uniformly as z € R?,
|u|—o00 u
(1.7)
—d F
l\inlﬂ inf uf (@) 2d1 (z,) >0, uniformly as z € R® and for some d; > 0,
u|—o0 u
where F(z,u) = [ f(z,s)ds is a primitive of f.
(H3) Let g € CY(R3 x R,R) with g(-,0) = 0, satisfy for some C > 0 the
growth bounds

(1.8) |9 (z,m)| < C(L+ |m|*),
along with the dissipation conditions

(1.9) ‘linllinfg;n(z,m) > —A.

m|—0o0
(H4) The external force h is in L*(R3).

Remark 1.1. The main difficulties when we study the asymptotic behavior of
the problem are the lack of compactness caused by the unbounded domain, and
the fact that the nonlinearities f and g exhibit critical growth.

It is noticed that the condition in (H1) of the memory term is weaker than
the usual condition in [3,4] in the sense that p can be weakly singular at the

origin. For instance, we can take u(s) = % with ¢ > 0 and a,b > 0.
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We infer from (H2) that for every v; > 0, i = 1,2,3, there exists C,,, > 0
such that

(1.10) (f (2, u),u) — dy (F(z,u), 1) + vy ||Jul|®> + C,, >0,
and
(1.11) (F(x,u),1) > —wy||ul]® — C,,.

It is obvious that (1.9) implies that there are A > 0 and C) > 0 such that
(1.12) (g(z,7) = Xr,r) > X||7||> = Ch.

2. Notations and preliminaries

In this section, we recall some notations about function spaces and prelimi-
nary results.

We introduce the Hilbert spaces Hy = L?(R?®), Hy = H*(R3), and Hy, =
H?(R3). Let (-,-) and || - || denote the L?(R?)-inner product and L?(R?)-norm,
respectively. Besides, (-,-),, b=0,1,2 and | - || denote the Hy-inner product
and Hp-norm, respectively.

In view of (1.5), let L2 (R"; Hp) be the Hilbert space of functions ¢: Rt —
H;, endowed with the inner product

(o1, @2y = / " uls) (1(8), a(5))y ds,

and let [|¢l5,, denote the corresponding norm. We introduce product Hilbert
spaces

Hi=Hy x Hy x L3,(RT; Hy), Ho=Hy x Hy x L,(RY; H).
We begin with rephrasing (1.1) as an autonomous dynamical system on a

suitable phase space. To this aim, as in [6], a new variable that reflects the
history of equation (1.1) is introduced, that is to be,

n'(z,s) = u(x,t) —u(z,t —s), se€RT.

Notice that n' satisfies the boundary condition n?(0) := lims_,on'(s) = 0 and
formally fulfills the equation

(2.1) (2, 8) = =@, 8) +ue(w, 1),

with 7°(s) = 10(s).
Taking for simplicity & = 8 = 1, the first equation of (1.1) can be trans-
formed into the following system

(2.2) utt—Aut—Au—F)\u—/Ooo w(s)An'(s)ds+ f(x,u)+g(z,us) = h(z),

n = —nk+ ug.
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The associated initial-boundary conditions are

u(z,0) = up(x), r € R?,
(2.3) ug(z,0) = vo(x), r € R3,

n°(x,8) = no(x,8) = up(x,0) —up(x, —s), (x,5) € R x R,
Denote

Z(t) = (U(t), ut(t)v nt)a 20 = (u07 Vo, 770)
To estimate the nonlinear term, we use the decomposition of ¢ as follows.

Lemma 2.1. For every fixred A\ > 0, the decomposition

g(z,r) = d(a,r) — Ar + ¢c(x, 1)
holds for some ¢, . € C*(R) with the following properties:
(1) ¢ is compactly supported with ¢.(x,0) = 0;
(2) ¢ vanishes inside [—1,1] and fulfills for some ¢ > 0 and every r € R
the bounds
0 < ¢'(z,7) < clr|h.

Proof. By (1.9), we can see that ¢'(z,m) > —A, for all |r| > k for k > 1 large
enough. Choosing then any smooth function ¢ : R — [0, 1] satisfying

0 if|r| <k,

rd (z,r) >0, 9= .
1 if|r|>k+1.

It is immediate to check that
¢z, r) =z, r)[g(x,r) + Ar],
pe(x,r) = [L =Dz, r)][g(x,r) + Ar]
comply with the requirements. O

Due to Lemma 2.1, the function on H; given by

Dy(w) = 2/]Rg /Ow o(z,r)drdz

fulfills for every w € H; the inequality
(2.4) 0 < @o(w) < 2(p(z, w), w).
Besides, since
[z, w)|F = [$(z, w)[F(z, w)]| < clwllé(z, )],
we can get that for all C' > 0 sufficiently large
(2.5) lp(z,w)|, g < Clb(x,w),w)s, Yw e Hy.

We conclude the section by recalling a Gronwall-type lemma needed in the
sequel.
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Lemma 2.2 (see [7]). Given k > 1 and C > 0, let A, : [0,00) — [0,00) be a
family of absolutely continuous functions satisfying for every € > 0 small, the
following inequalities hold

1
EAO <A <EkAy and %As +eA. < CePA2 4 C.

Then there are constants 6 > 0, R > 0, and an increasing function Q > 0 such
that
AO S Q(AQ(O))ei& —+ R

The plan of the paper is as follows: In Section 3, we discuss the well-
posedness of the Cauchy problem (1.1). In Section 4, we establish the exis-
tence of a global attractor and its regularity. Finally, in Section 5, we study
the exponential attractor.

3. Existence and uniqueness of weak solutions

We first define the solution for (2.2) with initial-boundary condition (2.3) as
follows.

Definition 3.1. A triplet form z = (u, u;, n') is called a weak solution of prob-
lem (2.2) for T > 0 with the initial datum 2(0) = zo € H; if z € C([0,T]; H1)

and
T T T
/ / utt<pd9:dt+/ / VuthodxdtJr/ / VuVedzdt
R3 R3 R3
/ / $){(Vn(s V<p>dsdt+)\/ / updzdt
R3
+/ f(x,u)cpdxdt+/ / g(x, u)pdadt
0o JR3 0o JR3
T

= / /]R'f hedxdt,
/ / s)(Vnt, VE (s) dsdr+/ / s)(Vnt, Ve (s))dsdr

/ / $)(Vuy, VE(s))dsdr

for every test functions ¢ € Hy and &' € L2(R*, Hy), and a.e. t € [0,T].

The following result on the existence and uniqueness of weak solutions to
the model (1.1)-(1.2) (also (2.2)) was proved by a Faedo-Garlerkin.

Theorem 3.2. Assume that hypotheses (H1)-(H4) hold. Then for any zo =
(ug,v0,m0) € Hi, problem (2.2)-(2.3) has a unique weak solution z = (u,us,n")
on the interval [0,T] satisfying

2 e C([0,T]; Hy).
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Moreover, the weak solution depends continuously on the initial data on H;.

Proof. Existence. For each integer n > 1, we denote by P,, and @,, the projec-
tions on the subspaces

span(@i, ..., pn) C Hi, span((y,...,(,) C Li(R*,Hl),

respectively. Consider the approximate solution z,(t) = (uy (t), Oyun(t), 0% (s))
in the form

Z an] @Ja atun Z an] QDJ ) 77n Z bn] CJ

j=1
where an(t) and b,,;(t) are determined by the system of second order ordinary
differential equations

<Za Sok7§0j> <Z (e + Na )SOk7<PJ>
k=1
<Z Vi (t <P1m<Pj> + <Z bnk(t)Ck>Cj>
k=1 1

k=1
(3'1) = <h7(p_7>7 j? k: 1727"')
with the initial data
(3'2) (u’m atuna 772) ‘t:O = (PnUOa anOa an0)~

Since det({p;, ¢x)) # 0 and the nonlinear functions f and g are continuous, by
the Peano existence theorem, there exists at least one local solution to (3.1)-
(3.2) in the interval [0,7},). Thus this allows constructing the approximate
solution 2, (t). Multiplying the equation (3.1); by the function a,;(t), summing
from j =1 to n, we have

1d
2 |

[V Ohun? + / () (Vi (), Vorun)ds + (g, Dy ), By
0

10un* + [V un|* + Mua|* + (F (2, un), 1))

Using (2.1) and then integrating by parts, we have

3

w(s)(Vnt (s), 0:Vuy,)ds

[
|

1)V, (s), Ve, (s))ds + /OOO p() (Vi (s), Vs, (s))ds
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-1 ( | u<s>||Vnz<s>||2ds) - [ WP

Besides, from conditions (H3), (1.12) and the Cauchy inequality, we can see
that

(3.4) - / /() |V (s)]%ds > 0,
0
(3.5) (9(x, Oruy), Opun) > 2)\”815“””2 — Chy,
1
(3.6) 2(h, Oyu,) < thn? + M| 0yun |2

On the other hand, by multiplying the second equation of (2.2) by 7% in
L2 (R*, Hy), we get

o0

d oo o0
G| e tds=2 [l Pds=2 [ us) i s), B ds
0 0 0

_(0)

(3.7) <=

JACITARCSY R
0

Therefore, summation of (3.3) and (3.7) and combining all the above estimates,
we get

ol + IV 4 Aluall + 2, + (F (1), 1)
+ [ Vun[|? + A|Oyun | *ds
< 0 [T we g s + P +-c.
Thus,
1d 2 2 2
0 0) 4 IV D+ AlDyuallPds < COy(1) + OB +1),
where

y(t) = [0run® + [|Vun|* + Munl® + 14113, + (F (2, un), 1),

and ||z, [%, < Cry(®).
Applying Gronwall’s lemma, we deduce that

y(t) < e“Ty(0) + CeT (IR + 1) ,
where y(0) < Ca(||2013,, + lluol|F). This inequality implies that
(3.8) {u,} is bounded in L*°(0,T; Hy),

(3.9) {n;,} is bounded in L>(0,T; L, (RT, Hy)).
Integrating from 0 to ¢, we obtain

(3.10) {0yu,} is bounded in L*(0,T; H,).
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1"
nj

Now, multiplying the equation (3.1) by the function a
7 =1ton, we get

(t), summing from

d
2[|Buun® + < Q) = 2L, (2, wn)Orttn, Orun) + 2]V Opup||* + 2X[| Oy |*

(3.11) +2/ w(s)(Vornl, Voyuy,)ds,
0

where

Q(t) = Hvatun”2 + <vuna Vatun> + A<Uf’n7 8tun>

+2 /00 w(s)(Vomt, Vosun)ds + (f(x,uy), Optty)
+ (G?m,@tun), 1) — (h(x), Opun).
Using (3.8), (3.9), and (1.6), we obtain
(fu(, un)Oetun, Opun) + 2/ Vue|* < 20|f, (2, un) | Lo/ | Orun | 2o + 2(V Oy |
(3.12) < O+ JlunlD0runl? < Cllpunlli,

and
oo

\]

p()(V1ii (s), VOruy)ds

oo

I
O

hﬁc\c\

w(s)(Vosnt — Vowu,, Voyu,)ds

IN
b

() IV 0, (3)|[V Ouun||ds + 26(0) ||V Dy ||*

o

<2 us)[[VOsn;,(s)|Pds + C Vo,

(313) < —-jﬁ ()90 () | 2ds + C|yun] 2.

Combining (3.11), (3.12) and (3.13), then integrating over (0,7"), we get
T

T
/H%%WWM+MﬂSQ@+/I@wWﬁM
0

0
where Q(0) < C(]|20]|2,). This inequality implies that

(3.14) {O1un} is bounded in L?(0, T; Hp).

Combining (3.8), (3.9), (3.10) and (3.14), we deduce that there exists a sub-
sequence of {u,} and {Oyu,}, {n%} (still denoted by {u,}, {Oyu,} and {n}})
such that

u, — u weakly-star in L>°(0,T; Hy),
Oy, — Opu weakly in L2(0,T; Hy),
sty — Oyyu weakly in L2(0,T; Hy),
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(3.15) nh, —n' weakly-star in L(0,T; L2 (R", Hj(9))),
and

Au, — Au weakly in L*(0,T; H '(R?)),

Adyu, — Adyu weakly in L?(0,T; H *(R?)),
(3.16) Anl, = An' weakly in L*(0,T; L7, (R*, H~'(R?))).
Using (H1), we have

6/5
1 @ )55 < € (Hunll + lun

2e) <€ (14 Juall})
and
g, drun) 55 < € (10uwnll + 19unl 3 ) < € (14 |0unll})
Using (3.8), (3.9), and (3.10) once again, we have
{f(z,u,)} is bounded in L%°(0,T; L% (R%)),
{g9(z,u,)} is bounded in LS/5(0,T; L%/5(R?)).
Thus,
f(x,un) — x1 weakly in LS/5(0,T; L%/5(R?)),
(3.17) gz, Byun) — o weakly in LY/5(0,T; L%/ (R?)).

In addition, for each m > 1, we denote B,, = {z € RV : |z| < m}. Let
¢ € C1([0,+00)) be a function such that
0<¢p<1, 9lpoy=1 ¢(s)=0 foralls>2.

For each n and m we define
|| |z

Unm(@,t) = & (m2 ) Un(,),  Ovnm(a,t) =0 <m2 > Byt (, 1),

From (3.8), (3.9), and (3.10), for all m > 1, we have the sequences {vy, m }n>1
and {0;vym n>1 are bounded L2 (O,T; H&(Bgm)). Since Ba,, is a bounded
set, then HE(Bay,) < L?(Bay,) compactly. Then, by in [17, Theorem 13.3 and
Remark 13.1] we can deduce that

{04y, m } and {v,, ,} are precompact in L*(0, T; L?(Bam)),
and thus
{0unlp,, } and {u,|p, } are precompact in L* (0,T; L*(B,,)) .

By a diagonal procedure, using (3.15), we deduce that there exists a subse-
quence of {u,} (still denoted by {u,}) such that

(Un, Opupn) = (u,u) a.e. in By, x (0,T) asn — oo for all m > 1.
Then, since f(-,-) are continuous,

f(z,up) = f(z,u) and g(z, Opuy,) — g(x,uy) a.e. in By, x (0,7T),
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and since {f(z,u,)} and {g(z, dyu,)} are bounded in L%/>(0,T; L%/°(B,,)), by
[15, Chapter 1, Lemma 3.1], we get

F(yun) = f(u) and g(-, dyun) — g(-,ug) in L9°(0,T; L°(B,y)).
From (3.17),
FCun) = Xil B x 0,1y and g(-, 0un) = X2l B, x(0,r) in L¥?(0,T; L5/*(B,y)).
Therefore,

x1 = f(z,u), x2=g(x,u) ae. in By x (0,T) forallm>1,
and thus, taking into account that | J,°_; By, = R3, we obtain
(3.18) x1 = f(@,u) x2=g(z,u) ae. in R®x (0,7).

Now combining (3.15), (3.16), (3.17), and (3.19), we see that z, = (un, Optn, 1)
satisfies

Uy — Aug — Au+ Au — / w(s)An'(s)ds + f(z,u) + g(z,u) = h,
0

in H~'(R?) + L2 (R, H'(R?) for a.e. t € [0,T]. By standard arguments, we
can check that z satisfies the initial condition z(0) = zg, and this implies that
z is a weak solution of problem (2.2).

Uniqueness and continuous dependence. We assume that z; and z5 are two
solutions subject to initial data z;(0) and 22(0), respectively. Denote (w, ') =
(u1 —u2,mf — n3), we have

wy — Awg — Aw + dw — / p(s)Aq'(s)ds
0

(3.19) + flz,ur) — fx,uz) + g(x, dyur) — g(x, pusz) = 0.

Taking the inner product of (3.19) in Hy with w, then using assumptions (2.1)
and (1.9), we see that

d o _
& (Lo 3ol + 19l + [ 7wVt o)ias)

2 Ve + / 1 ()97 ()| 2ds

< 2\ Jwe|l* + 20 (1 + llualzo + [luzllze) l[wl] o |lwell o.

Therefore,

d o _

& (ol Al 4 val? + [ w19 o)as)
(3200 <2040l + Ol
where

2C (1+ |lurllze + lluzlzo) lwlzelwell e < Clwlf + llwell + [Vwe|?,
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and -
—/ ()| V7 (s)]2ds > 0.
0

On the other hand, as in (3.7), multiplying the second equation of (2.2) by 7*
in L2 (RT, L*(R?)), we get

(3.21)

d o) - 0o - (0 0o -
S| s —2 [l pas < S [T it as + Aol
0 0 0

Summation of (3.20) and (3.21), we get
ol + Nl + [Vl + 1 (5) 3.,
< Cllwel* + Mlwll* + [Vl + 17 ()13 ,)-
By the Gronwall inequality, we obtain
lwell® + Allwl® + [|Vew]* + [7° ()]
(3.22) < T (we (0)]* + Mlw(0)[* + [[Vw(0)|* + [72° ()11 ,)-

This proves the uniqueness (when z;(0) = 22(0)) and the continuous depen-
dence on the initial data of the weak solution. This completes the proof. [

4. The global attractor and its regularity

Theorem 3.2 allows us to define a continuous semigroup S(¢) : H; — Hy
associated to problem (2.2) by the formula

S(t)zo = 2z(t),

where z(-) is the unique global weak solution of (2.2) with the initial datum
zo € H1. The aim of this section is to prove the existence of a global attractor
for S(t) on H;, namely, to prove the following theorem.

Theorem 4.1. Assume that (H1)-(H4) hold. Then the semigroup {S(t)}i>0
possesses a compact global attractor in Hy.

To prove this theorem, by the classical abstract results on the existence
of global attractors (see e.g. [18, Theorem 1.1]), we need to show that the
semigroup S(t) has a bounded absorbing set By in H; and S(t) is asymptotically
compact in H;.

4.1. Existence of an absorbing set

Lemma 4.2. The following inequality holds

FUO+ 11, =2 [ n(s) 0 (s) ut)ds,

where W (t) = [7° k(s)||n'(s) — u(t)||3ds > 0. Moreover,
U(t) < Co (In'lIF , + llu(®)1F) -
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Proof. By direct calculations and using the equations 9;n* — u; = —9,n* and
K'(s) = —u(s), we have the equalities

Gv0 =5 ([ w6~ utotas)

=9 /00 n(s)(@mt(s) — Opu(t), nt(s) —u(t))1ds
0
=2 [ k)@ (), o (5) — ult)ds
- / ()0 (), ()15 + 2 / " h()(0u' (), ult))nds
— [ g s +2 [ o) 3 0 (0), s

S

-/ ()t 2ds — 2 / R () 0 (s), u(t)rds

(oo}
=l R +2 [ ). ultnds
On the other hand, from (1.4), we learn that
U(t) < Co (In'Ii, + lu@®)]F) -
The proof is complete. O

Lemma 4.3. Let the hypotheses (H1)—(H4) hold. Then there exists a bounded
absorbing set in Hy for the semigroup S(t).

(4.1) 213, < QUlzolls,)e™ + R
for every zo € H1. Moreover,
(4.2)

T oo
sug/ (ut(r)H? + (P, ur), ue) — / /14/(8)|77T|%d8) dr <C+C(T —1t)
z€ ¢ 0
forallT >t >0.

Proof. For a € [0, 1) to be fixed later, multiplying the first equation of (2.2) by
ut(t) + au(t) in L?(R3), we obtain

1d &

3d <||Ut||2 + A1 = a) [l + (1 + a) [ Vul* + /0 p($)[IVn' |2 ds
+ <F(I7U), 1> + 2a<uta U>>

+aMull® +al[Val* = A+ a)Juel|* + [ Ve |* + (o, ue), u)

- / W)V ()]s + alf (. u), )
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(4.3) = —a(d(uy),u) — a/ooo w(s)(Vn'(s), Vu)ds + (q, us + au),

where g(l‘,’U/t) = ¢($,Ut) - A’U,t + (z)C(xaut)’ q= h — ¢C('7ut)7 and
[t vugas = 34 ([ wonenitas) - [t
0 0 0

Using (1.10), we have and
a(f(z,u),u) > dia{F(z,u),1) — vial|ul|®* — C,,.
Besides, using Lemma 2.1 and Young inequality, we get
2q, ue + au) < 2([|B] + Ige (-, ur)[]) (allull + [luel)
< v (allul|® + [lu][?) + Co,
where ¢ € L= (R™; Hy).
Multiplying the second equation of (2.2) by jn' in L2 (R*, L*(R?)), we get

d  [* B Y
el / p(s)|ln*|[*ds — 25 / 1 (s)|ln'|Pds = 2]/ p(s) (' (s), ue)ds
0 0 0

(4.4) < gkl + 5 | " (st 2ds.
Putting
Eja(t) = Judll? + A1 = a)[Jull® + (1 + a)||Vul
+f " W) G + IV 12)ds + 20(up, ) + (F(@,w),1) + Coy.
From (1.11) and the estimation
2a(ut, ) < Aaljul + 5 luc],

there exist positive constants dy small enough such that

Eult) > b (utuz Tl + / u(s) G + 190'1) ds)
and
(4.5) Ejg(t) < 2Eja(t) < 4Ej0(t).

Summation of (4.3) and (4.4) and plugging all the above inequalities into (4.3),
it follows that

d
7 Pia + 2a(X = v1)[[ull® + 2al|Vul* + (A = v1)llue|* + 2] Ve ||
1

2ol F().1)+ g (0o )u) =2 [ G6) (1P + 199 1P) s

20 [ o)), Tuyds
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< = 20(0(,ue). )+ gkl P+ " (s s + K,
where
K= % +Co + 2d1aC,,, {(P(z,ur), us) > 2M|ug|* — 2C).
Now we define the functional
Aja(t) = Eja(t) + aW;(t).
Using (4.5), (2.5) and Young inequality, we have
Ejo(t) < Ajo(t) < 2Aa(t) < 4Ajo(t),
and
—2a(p(x, up), u) < 2all@(w, ur)|| ors ||ull s < Cald(a,ug),ue)®Cluly
< i(gb(a:,ut),ut) + CaGA?

From Lemma 4.2, by choosing v > 0 which is small enough, we obtain

d 1 1
o+ 207Ag0 + Sl + (8, e, w)

- / () Gt + 19 ]2) ds
< Ca'Nl, =207 [ (o' (s)u)ds+ bl + 7 [ o)’ s+ C:
Thus,
a
dt

+ %<¢(‘Taut)aut>

< Ca®A%, + jk (|ludl)? + allull?) + j(a + 1) / u(s)In'|2ds + C
0

1 o .
Mo+ 20950 + gl = [0 G+ [9517) s

(46) < C’aGA?a + jk’A]‘O + C,

where
o0

o0
24 / ((s), wyds < jaklull® + ja / ()|l 2ds.
0 0

From (4.6), let j = 0 and then applying Lemma 2.2, there are constants y > 0,
R >0, and an increasing function Q@ > 0 such that

Aoo(t) < Q(Ago(0))e " + R
< C (20ll3, + 2dalluol|Ss) e + R
(4.7) < po.
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Besides, considering (4.6) for j # 0, then using (4.7) and Lemma 2.2, we
obtain

A1p(t) < Q(A10(0))e™ " + Ry
< (l20ll3;, + 2dzlluolizs) e + Ru.
Hence there exists p; > 0 such that
(4.8) 12113, < o1

for all zo € B and for all t > Tz, where B is an arbitrary bounded subset of H;.
Finally, integrating (4.6) on (¢, T') and using (4.8), the proof is completed. [

To prove the asymptotic compactness in the next section, we must use some
of the following lemmas:

Lemma 4.4 (see [7, Lemma 6.2]). If By is an invariant absorbing set, then
B = S(l)B() C By

remains invariant and absorbing, and any (bounded) function A : By — R
satisfies

sup sup A(S(t)z0) =sup sup A(S(t+ 1)zp) < sup A(S(1)z).
t>0 zp€B1 t>0 zpE€By 20€Bo

Lemma 4.5. There ezist an invariant absorbing set B1 and a constant C =
C(B1) > 0 such that, for all initial data in By,

1
sup [ (8)] < C, / Jue(8)]? < C.
t>0 0

Proof. Now, we consider the initial data zy € By. Taking the inner product in
Hj of (2.2) and uy, and adding to both sides the term 2{u,u:), we get

d
T (I@ttll2 +HIVuell? + 2®0(ur) + 2(f (2, u), ur) + 2(Vu, Vuy)

+ 2/ M(S)<Vnt(s),vut>ds> + 2|t ||
0
= 2(f1(z, w)ug, up) + 2| Vg |2

(49) 42 / ()T (s), Vug)ds + 2, ug) + 2q, use)

where ¢ = h + Aug + ¢ (-, ur) and Pg(uy) is defined as in (2.4).
Using (4.8), (1.6), and Lemma 2.1, we obtain
(fulz, wue, ue) + 20| Vue|* < 201 (@, ) gz uell7o + 2[ Ve
< O+ [lulD)llueli < Cllue?,

2(u, ue) + 2(g, ure) < 2[|uflue]l + 2llglllueell < |luee]* + C,
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and
2 [ (o) (Tk(s), Tuds =2 [ (s)(Vuls) = Vur, Vur)ds
0 0
32{4 1(5) [V () [ el s + 26(0) | Ve |2
s/ 1(3) |Vt (5) s + C[ Vg |
0

(4.10) :—A W ()90 () |2ds + Cllu 2.
Now we define the functional

A= A(S(t)20) = lluell® + [[Vuel* + 2@ (ur) + 2(f (2, w), ue) + 2(Vu, Vi)
2 [ () (V' (9) Vur)ds + K.
0
fulfils for sufficiently large K = K (By, C,,) > 0 so that

el < 24 < O+ [uellf + 2(p(ue), ue)).-

In particular, we deduce from (4.2) that

/ A(S(t)20 dt+/ / s)|Vn'(s)||*dsdt < C.

Combining (4.9)-(4.10), we obtain
@A + [luee|* < —/0 # IV (s)|Pds + Cllue} + K.
Thus,

d o0
(4.11) DA fua? < CA—/ 1 ()| V (s)|2ds + K.
0

dt

813

Therefore, multiplying at every fixed time ¢ € [0,1] both terms of (4.11), we

get
: dual<cn- / )Vt (s)|%ds + K,

and subsequent integration on [0, 1] gives

Zo <C/ zodt+C<C
Hence, we can choose
By = S(I)BQ C By
and applying Lemma 4.4, we have

sup sup A(S(t)zg) < sup A(S(1)z0) < C,
t>0 zo€B: z0€Bo
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establishing the desired bound

sup sup |Ju(t)]]1 < C.
t>0 zo€ B

On the other hand, for initial data zo € Bj, the inequality (4.11) improves to

d o0
Gl < = [ W @Ivae)Pas+ C.
0
Integrating the above inequality over [0, 1], we provide the remaining integral
control. (]

Lemma 4.6. There exists an invariant absorbing set By satisfying
t+1
sup sup (a0l + sl + [ Ju)ar ) <.
t>0 zpE€By t

Proof. Taking initial data zg € B, with Bj is the invariant absorbing set of
the previous lemma.

Differentiating (2.2) with respect to time and then multiplying both terms
by 2uy, we get

d
T (e |? + [[Vae || + Mlue|?) 4 2 Vuel|* + 206" (2, we) e, wee)

= *2/ 1()(Vn (), Vuge)ds —2( fr, (2, w)ue, wee) +2{ e — G (@, we Juse, e
0

Since ¢ (x,u;) > 0,
2(¢" (z, ug)ugs, uge) > 0.
Using Lemma 4.5 and (4.1), we can see that
=2(fo (@, w)ug, uge) < || fo (@, w)llpsse luel| o el 2o
< luwel + C.
Besides,
2(Auge — ¢, ue)uee, ure) < Clluge||* + C,
and

9 / " (s) (Vi (5), Vuge)ds

= — 2/000 w(s)(Vuy — Vnk(s), Vuy)ds

IN

d o)
GE2RONTul) +2 [ ()97 Vi

A

d o0
= 2(0) [V ||* - /0 1 ($)Vn' (s)[1ds + [| Ve ||*.
Summarizing, we arrive at

d oo
(412) A+ (V] + ua] ) < CA - / ()|’ (s)]Pds + C,
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where
A = [fuge|* + (14 26(0))[[Vae | + Allue|*.
Using Lemma 4.5, we get

1
/ A(S(t)zp)dt < C.
0
Therefore, multiplying by ¢ and integrating on [0, 1], we obtain
A(S(1)zp) < C.

Putting
B =S(1)B;, C By,
we deduce from Lemma 4.4 that

sup sup([[ug (¢) 17 + [|ueel|*) = Sup sup A(S(t)z0) < C.
t>0 zeB >0 zeB

Now, choosing initial data zy € B, we can rewrite (4.12) as follow:

Al < =¢ [ W) elPds .

Integrating from ¢ to ¢ + 1 and using (4.2) the proof is over. O
4.2. Asymptotic compactness

One of the main difficulties of the problem is, of course, that the Sobolev
embeddings are no longer compact.

For any r > 0 introduce two smooth positive functions ¢% : R3 — R*, for
1 =0, 1, such that

O2x) +pr(z) =1 for all x € R?,
and
PRa)=0 if |z <m,
ol(x) =0 if |z| >r+1.

To make the asymptotic regular estimates, we decompose f and define
h;, i = 0,1, as follows:

—f(JZ, m) + h(ﬂi‘) - QSC(J:’ ut) + g(x, O) = _fO('Tvm) + hO - fl(xvm) + hla
where
ho = (h(l‘) - ¢c(xa ut) + g(xv 0))(,02(%),
hi = (h(z) = ¢e(, up) + g(2,0)) oy (),
and f; € CY(R,R), fo(x,0) = 0 such that

fo(l’,m) = (f(x7m)+(1/1 +d11/2)m—|— =

fl(xam) = f(x,m) *fO(‘T,m)a

Cy, +d1C,, ) o(m),
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with ¢ : R — [0,1] is a Lipschitz function where o(m) = 0 if |m| < 1 and
o(m) =11if |m| > 2.
Therefore, for some C' > 0, the nonlinearities f; satisfy

@) im0, R = [ fody>o
0
(4.14) [fo(z,m)| < Clml°,
(4.15) [fi(w,m)[ < C(1+ |m]),
and finally,
(4.16) hi1=0 formeR, |z|>r+1, || =0 asr— oo

Now, we decompose the solution S(t)zg = z(t) of problem (2.2) as follows:
S(t)ZO = Sl(t)ZO + Sg(t)ZO,

where S1(t)z0 = 21(t) and Sa(t)zo = 22(t), that is, 2 = (u,us, n') = 21 + 22,
with

u=vtw, o =€+
21 = (’U7vta§t)a 2 = (w7wta<t)7
solve the following problems:
Opv — Adyv + Aoy — Av + Ao — / p(s)AE (s)ds + fo(z,v)
0
(4.17) + ¢(x,ur) — ¢z, we) = ho,
€' = =08 + vy,
(U(O)7Ut(0)7£0) = 20,
and
Opw — AOpw + Mwy — Aw + Iw — / p(s)ACt(s)ds
0
(418) + fO(xa 7_1,) - fo(l‘,’l)) + ¢(x>wt) =hy + Ay — fl(xa ’U,),
O0iC = —0s¢ + wy,
(w(0)7 wt(o), CO) = (03 O, 0)

By the standard Galerkin method, problems (4.17)-(4.18) are easily seen to
satisfy existence and continuous dependence results analogous to those of The-
orem 3.2.

We will establish some a priori estimates about the solutions of (4.17) and
(4.18). Firstly, we have some preliminaries lemmas.

Lemma 4.7. The uniform bound

MM+MW+A ()| Vet |2ds < ©
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holds, along with the integral estimate
oo
(4.19) / o (O)|2dt < C.
0

Proof. Multiplying the first equation of (4.17) by 2v; we get

a7 (11 AP+ 19001+ [ o198 s + 200,01 )

+ 22w (D)1 +2[[ Vo ()] — 2/0 W (s)IVE'|*ds

+ 2<¢(x7ut) - ¢(x7wt)7vt>
= 2<h0,1}t>.
From (2.4), (H1) and applying the Young inequality, we get
(4.20)  2(p(x,up) — Sz, wy), ve) = 2(¢ (z,uy + Ow)vg,v) >0, 0<0 <1,
a2 —2 [ s)|vePas >0
0
(4.22)  2(ho, vr) < CllholI* + Allve (1)

Thus, we get

a7 (11 = AP + 1900l + [ o108 s + 20 (o)1) )
+al o)}
< Cllhol?

implying that

vwm%wwmﬁ+AMMQv€2w+Anwmﬁm
éc(hum2+MWWW+»VNWP+/WM@MV€W%+2MMLMJO
0

t
+/mmmwsa
0

Since t > 0 is arbitrary, we are finished. O

Collecting Lemma 4.6 and (4.19) we draw an immediate corollary.

Corollary 4.8. There is M = M(p2) > 0 such that, for any time T > 1, the
estimate

[wi(tr)[lr < M

occurs for some tr = tr(z) € [T — 1,T].

Lemma 4.9. The uniform bound ||w:||x < C holds.
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Proof. Multiplying the first equation of (4.18) by 2wy we get
d

th + 2/lwe||? < 2(h1 + Ay — fr(2,u), wie) + 2wy

+ 2(fo(a, wyug — fo(a, v)ve, we)

w2 [T WV v,
where

A= Muwe|? + [ Ve[| + @o(we) + 2X(wy, w)
+ 2(Vwe, Vw) + 2(fo(z,u) — folz,v),ws) + K
and K = K(p1) > 0 large enough in order to have
lwellf < A < O+ [lw]f).
Indeed, thanks to Lemmas 4.6 and 4.7,
2/(fo(z,u) = fo(x, v), we)| < 2[| folz,u) = folz,v)|ess|lwellLe
<l +,

and
lwell < llvellf + [luelld < llvell + C,
the right-hand side is controlled by

2|1l + Mgl + 1L s )| aoee] + 2l
+ 2 (1 ) s el zo + 1155 )| sz el o) el o
1o / () [V C [ Vawne s
0
< fuwne]]? + Clwrl|? + Clloell fawels + €
< 2||wttH2 + CH’Ut”% + C.
Thus, we obtain
d
(4.23) ZA < Clluillt +C.

Integrating (4.23) over [¢t,T], T > 0, for some positive ¢ > T — 1, and using
(4.19), we get
we(T)|F < 2A(T) < C +2A(t) < C(1+ [Jwe$).

If T'< 1 we choose t = 0, otherwise we choose t = tp as in Corollary 4.8. In
either case, the desired bound follows. ([

Combining Lemmas 4.3, 4.6 and 4.7, we get
(424)  Jlull? +1ollf + wlld + lull + ol + llwel[§ + I ()11, < C.

Firstly, we prove that the solution v becomes small as r — oo and t — o0.
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Lemma 4.10. Assume that hypotheses of fo, ¢ and hg hold. Then the solutions
of equation (4.17) satisfy the following estimate: for every w > 0 there exist
T, > 0, r, > ro and a constant v > 0, such that the solution v to (4.17),
corresponding to r = r,, fulfills the inequality

151(t) 2013, < llz0llmse™ ™" +w  for all t > 0.

Proof. Multiplying the first equation of (4.17) by v; + av and adding to both

sides the term
d ) o0 ) o]
G [ nlePs =2 [ s Pas
0 0

.y / " ()€ (5), ve)ds
< k(B2 + J / s s) s,

we get

d
T B+ All@” + 22| VoO)* + Mo @)* + 2] Vi #)]*

+ 2a(fo(z,v),v) + 2(¢(x,ur) — ¢(x, i), vy)
< COllholl* + jk|lve(8)]1? +j/0 u(s)IE (s)1Pds — 2a{p(x, ur) — ¢z, wy),v),

where

Ejo = [ve()II* + A1+ a)[v@®)* + (1 + a) [ Vo))

/Ou YGIE )P+ IVE (9)]*)ds + 2(Fo(x,v), 1) + 2alur, u).

Using (4.13), (4.14) and (4.24), we get
(4.25) 121113, < 2Ejo < 4Eja < 8Ejo < Cllz1;l3, -
From Lemma 2.1 and (4.24), we get
2(p(x, ut) — o, we), ve) 2 0,
and
2a{p(x, ur) — ¢z, w), v) < 2al[p(x, ur) — Gz, we)l|poss 0] Lo
< Callvela[lvlly
< Ca' 2|y} + Ca®v]3.
Now we also define the functional
Aja(t) = Eja(t) + a¥; (),

where

U(t) = /OOO K(s)(IIE () — v@®I* + IV (" (5) — v(®))l[*ds > 0.
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Using (4.25), Lemma 4.2, and Young inequality, we have
1215113, < Ajo(t) < 2A4a(t) < 4Mjo(t) < Oll2 %,

and the inequality

d > t t
%‘P(t)Jr/o pu(s)GlIE N + Ve |*)ds

s /O " ()7 (E 0} + (VE', s

1 [~ ) .
< 5/0 () GIIEN + IVE*)ds + 2k (jllol* + [ Vol?).
Therefore, there exists a positive constant « such that
d )
(4.26) aAja +29Ajq < 4kjAjo + C|lhol*.

Putting j = 0 in (4.26) and subsequently substituting the result into (4.26)
with j = 1, we obtain

lo@IZ + o)1 + IE IR0 < 120l e + o,

where the constant w depends on ||hg| with ||ho|| — 0 as r — oo. This
completes the proof. O

Given R > 0, we shall denote B(R) = {r € R3 : |z| < R}. Based on
Lemma 4.10, any solution (w,w, () to (4.18) solves the Dirichlet problem
on the bounded domain B(R), in the time interval [0, 7T,]. Namely, for every
te0,T,],

(w(t)7wt(t)7ct(5))|6B(R) = 0, Vs > 0.

Next, we prove that the solution (w,wy,(*) to (4.18) identically vanishes
outside the set B(R) x [0,7T,,]. Asin [1], given p > 0, we introduce the function
¥, : R® —[0,1] as

0, lz] <p+1,
Yple) = {sin? [2 (L —1)], pr1i<lal<2p+2,
1 |z| > 2p+ 2.

Therefore, we can easily obtain the following estimates hold for all z € R

(427) Vep@) < 50

(4.28) Vi) < (o),
2

(4.29) |AY,(x)] < 2(p3T1)2'
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Lemma 4.11. There ezist R > 0 and T,, > 0 such that the solution (w,wy, (")
to (4.18) identically vanishes outside the set B(R) x [0,T,], in the sense that
fulfills the inequality

[pwl$ + 1wl + ¢t I3, Sw  for allt > T,

Proof. Taking the product in Hy of (4.18) and u)ﬁwt, and adding to both sides
the term

o0

D o)t 2ds — 2 / () bt Pds = 2 / () (V3G (5), wy) ds
0 0 0

1d S o 0 .
2dt< o ¥, lwi olﬂc—k)\/]R3 Yolw|*de + | w(s)llvpCtl|*ds

| et Pas e [ il [ s
R3 R3

0

_/]RS withwtdx—/o u(s) /R3 withgt(s)dxds—&—/RS P2 (x, wy)weda
= [ we) [ Coptudeds — [ vRfo(ew) — folaeo)ds
0 R3 R3
+ [ R+ = i)
R3

Applying the Holder, Young inequalities, and (4.24), we obtain

|t [ uctspundeds < [ ) [ 021 @ lhordzas
< [t [ wictPasas+k [ oo,

2 2 2
1/1 wAwdr = 75%/ V5| Vw|“dr — / ViowVwde

<_,i _r
i / v2Ivul? dx+p Jwell [ el

C

and

/ Yrw Awyde = — / P2V [*de — / Viiw,Vwde
R3 R3 R3
- [ wivulae 25 [ el Vel

2

A(p+1)?

7 lwell?

/ V2|V Pde + ———
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C
< _ 2 2d -
~ /stp|th‘ $+p+1

Note that hy(z,t) =0 for m € R, |z| > r +1, so we get [ps ¥2hjwidz = 0.
Applying Lemma 4.10 and (4.15), we obtain

/ ¢§f1(x,u)wtdaj§0/ 1/)§(|v|+\w|)\wt|dx
R3 R3
§C/ 1/)§|wt|2dx+0/ 1/)§|w|2dx+aw,
R3 R3
/szutwtdx:/ wz)\vtwtd:er/ 2\ w,|?dx
RS RS RS
<C [ wElwlPdta [ v2oPde
R3 R3

SC/ wﬁ|wt|2d$+aw,
R3

and
- s 2w ACt(s)dzds
| o) [ vuacsina
- —/0 w(s) /]1&3 Vwiwtvct(s)dmds—/o w(s) /11&3 ¢§thvct(s)da:ds

™
p+1

[t [ o

1d

| [ wdwdve @idrs = 55 [ nts) [ wpivctsPass

IN

IN

2 oo
T 2 ot 1o
4(p+1)2||wt” +/0 1(s) /R3 VoIV (s)["dzds
1d [~

53 [ ) [ v e

IN

c > 2 t 2
g ) [ eRve ) Peas

1d [~

53 [ ) [ e

where
[ o [ svee)Pdads <o.
0 R3
Using (1.6) and (4.24) and Lemma 2.1 we get
[ 43 atann) = folw, 0)urds
R3

< O llulli + oD Iepwll [pwells
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< 2 2d C/ 2 2d
_/ngprt\ x + Rzz/)pr\ $+p+1,

and
/ VEo(x, we)wydz > 0.
R3
Summarizing, we arrive at
d C
—y(t) <Cy(t)+ —— +2
dty()_ y()+p+1+ aw,

where
y(t) = /R wﬁ\wt\zder/R wﬁ(/\|W|2+|V’LU|2)dJU+/ u(s)Pa (I PV 1?)ds.
3 3 0
Applying the Gronwall lemma on [0, T,,], recall that y(0) = 0, we obtain
C
T,) < T,eTe [ —— .
o(l) < Toe (p+1 +aw>
We can easily see that
[pwe|* + l[pwl + 11pC ()15
<O+ [ 190 Ve@)Pde+ [ uts) [ [96,PI9¢™ (5) Pdads,
R3 0 R3
On the other hand, using (4.27), we get
e C
[V PIve@Pde + [ uls) [ V0 PI9CT () deds < S
R3 0 R3 p+1

Thus, we conclude that

C w

[Ypwel® + [[Ypwll§ + 19,¢ ()T, < PR 3
for fixed C' = C(w), independent of p, and a small enough. Choosing p > r,
large enough such that p% < g we are done. O

To state the next lemma, which provides the compact part in the decompo-
sition of the solution, some definitions are needed. Let B C R? be a smooth
bounded domain. Define the linear operator

Aw = —Aw, D(A)= H?*(B)NH}(B).

Moreover, introduce the Hilbert spaces V,, = D(A%/?), endowed with the inner
products (-,-) = (A%/2, A*/?) and norms || - ||. Putting H, 11 = Vy41 x Vi X



824 X.-Q. BUI, D. T. NGUYEN, AND T. L. VU

Li(R+,Vy+1) for 0 < v. By virtue of Lemma 4.11, any solution w of (4.18)
solves the Dirichlet problem on a fixed bounded domain

wy + Aw, + Aw + /OOO w(s)AC (s)ds

+ fo(z,u) = fo(z,v) + d(x, we)

(4.30) =hi+ vy — Aw — fi(z,u) on B(R) x [0,T,],
¢ = —0s¢ + wy,

(w,we, ¢Mlonr) =0,

(w(0),w:(0),¢°) = (0,0,0).

To prove the compactness of S(t), we replace (1.8) with the more restrictive
assumption as follows:

(431) g (z,m)] <CA+mP7Y), 1<p<5,  |gp(z,m)] < Clmf".

Lemma 4.12. There exists a positive constant N,, > 0 such that the solution
w to (4.30) at time T,,, corresponding to r = r,,, fulfills the inequality

(4.32) [(w(#), we(t), ¢ 3, ., < Noo
for every zg € H1 and 0 < v < %

Proof. Multiplying the first equation of (4.30) by AYw;(t), we have

d o
77 Ulwells + o lBy + 112 41,0) = 2/0 W SIS ()51 1ds + 2llwel3 44
< = 2(folz,u) — folz,v), A"w) — 2(p(x, wy), A”wr)
+ 2(h1 + Ay + 2w — fi(z,u), A%wy).
On the other hand, using (4.24) and the embedding H}(B(R)) < L°(B(R))

1—v

and D(A*Z") < L5219 (B(R)), we have
2(p(z, wy), A¥wy) < CHthZ%HA”th

6
L3-2(1—v)

< CllwellFlwellv
< Jluliz o+ C.
Using (4.1), the condition (1.7) and v < X} as 0 < v < 1, we get
2(fo(z, u) = fo(x,v), Awy)
<O [ @t ol A" d
B(R)

<C / 1+ Jul* + [v[*) 2 dz / |w| 770 d
B(R) B(R)

2 3—2(14v)
3 6
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X / | A w| 3T dy
B(R)

< O+l + ool o 1A%l e

< OO Jlulli + ol D llwllrlwellu

3-2(1-v)
6

A

IN

1
Z\thllfﬂ + C(p)llwl2 41,
and

2(q, A"wy) < 2|g[|| A" w|
1
< §||wt||3+1+C, where ¢ = hy + Avy + Aw — fi(x, u).

Notice that — [ 1/ (s)]|¢(s)]|21ds > 0, so we can omit this term in the above
inequality. Thus,

d
5 (
Hence, the conclusion is drawn from the Gronwall lemma. O

well5 + 20wl g1 + 1 D 11,.) < C (lwelly + 20wy + 1¢1511,) + C-

In addition, for any (g € Li (R*, Hy), the Cauchy problem (see e.g. [2,16])
{atgf — —0,Ct+wy, >0,

CO = CO = 07
has a unique solution ¢* € C((0,00); L2, (RT, Hy)), and
Co(s —1) = Co(0) + w(t) —w(0), s>t

Thus, thanks to ¢°(x, s) = 0, we have
w(t) —w(t —s), 0<s<t,
Ct(s):{m (t=5)

(4.33) w(t), s>t

Let By be the bounded absorbing set obtained in Lemma 4.3, we now prove
the following result.

Lemma 4.13. Setting

K1 = PS3(T)By
for T > 0 large enough, where {Sa(t)}i>0 is the solution process of (4.30),
P : Hj(B(R)) x L*(B(R)) x LZ(R", Hj(B(R))) — L2(R*, Hj(B(R))) is the
projection operator. Then there is a positive constant Ny = Ni(||Boll3,) such
that

(1) K is bounded in L, (RT,V,11) N HL(RY; Hi (B(R))),
(2) SUP¢ercr HS(S)H?{(%(B(R)) < N1
Moreover, Kt is relatively compact in Li(R*,H& (B(R))).-
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Proof. From (4.33) we have

w(t—s), 0<s<t,
0, s>t

05€"(s) = {

which, combining with Lemma 4.12, implies claim (1).
After that, using (4.33) once again, we can easily deduce that

T 2
1€ (a2 (R

T
{fos |w(T — r)||?{&(B(Rw))dr < fo |w(T — r)||fqé(B(Rw))dr, 0<s<T,

< T 5
fo Hw(T_T)HHUl(B(RW))dr, s>T.

By virtue of (4.32), we know that claim (2) holds. Because V,+1 < Hg(B(R,))
compactly, we conclude that ICr is relatively compact in Li(R*, H}(B(R.)))
thanks to the following lemma. O

Lemma 4.14 (see [16]). Assume that p € C1(RT) N LY (RT) is a nonnegative
function and satisfies the condition: if there exists so € RT such that p(sg) = 0,
then wu(s) = 0 for all s > so. Moreover, let Xy, X1, X2 be Banach spaces, here
Xo, Xo are reflexive and satisfy

XO — X1 — XQ,
where the embedding Xo — X3 is compact. Let C C Li(R*, X1) satisfy

(1) C is a subset in L%(R*, Xo) N H}(RT, X5);
(2) sup,cc ()%, < h(x,s),Vs € RY, where h € L},(R").

Then C is relatively compact in LIQL(RJF, X1).
Proof of Theorem 4.1. By Lemma 4.3, the family of semigroup S(¢) has a
bounded absorbing By in H;. Moreover, S(t) is global asymptotically compact

in H; due to Lemmas 4.10, 4.12 and 4.13. Therefore, the family of semigroup
S(t) has the global attractor A4 in H;. O

In the next sections, we will prove the existence of exponential attractors of
equation (1.1). This requires that the solutions of system (1.1) have higher-
order regularity, on this account, we need to show that u(¢) and n* are bounded
in Hg.

4.3. Higher-order regularity

From Theorem 4.1, we immediately obtain the following regularity result.
Lemma 4.15. The attractor A is bounded in H,41 for all i <v< %

To prove A is bounded in Ho, we argue as follows. For zg € A, we split the
solution S(t)zp = z(t) into the sum Sy (t)zo + S2(t)zo, where S1(t)zp = v(t) and
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Sa(t)zo = w(t), instead of (4.17) and (4.18) solving, respectively,
(o)
8ttv—A8tv+)\vt—Av+)\v—/ p(s) AL (s)ds+¢(x, us) —d(x, wi) = ho,
0

Dyt = —0sE" + vy,
(v(0)7vt<0)a§0) = 20,
and

Opw — Adyw + Awy — Aw + Aw — / wu(s)AC(s)ds
0

(4.34) + f(z,u) + ¢z, we) = hi + Ay,
3tC = 7854 + wy,

(w(0),w(0),¢%) = (0,0,0).
As the particular case of Lemma 4.10, we know that
(4.35) [1S1(t)z0ll5, < Ce " +w forall t > 0.
Besides, as in Lemmas 4.3, 4.6 and 4.7, we also obtain
(4.36) [[ull2 + o2 + awll2 + ell2 + ool + el + 7 ()12, + leel|? < C

Lemma 4.16. There exist T,, > 0 and p > r, such that the solution w to
(4.34) at time T,,, corresponding to r =1, fulfills the inequality

[bpwll3 + Ipwell? + 9ol S w,  VE 2T
Proof. Taking the product in Hy of (4.18) and —12Aw, we get

s ([ orwwpae s [ otiawpan s [Tue) [ olacpass)
+ [ wtawParex [ vwPas— [T [ aacspds
R3 RR3 0 R3
+/RB Vi wy Vwyds — /R P2 (x, wy) Awydw — /R P2 f (2, u) Awyde
= —)\/R3 Vz/)ithwtdx — )\/]R3 Vd)ﬁwdex — )\/IRS 1/)§Vwthdm
(4.37)  + /R ) P2 (h + Aug) Awyd.
Applying the Holder, Young inequalities and (4.36), we obtain
/Rg V2w Vide < L/ by lwi| |V, | da
< [ wivuld (pf )anttn

/ P2 | Vwy|*da + —



828 X.-Q. BUI, D. T. NGUYEN, AND T. L. VU
—)\/ V2w, Vuwyde < —— / Wby |we| [V, | da
R3 g P +1 R3

C
< 2 2
_/RSwPIth\ dx+p+1,

A [ VPwVwd <L/ Vuwld
. Yow wx_p+1 R3¢p|w|| wl|dx

c
S
—2) w§Vwthdx§/ w§|th\2dx+)\2/ V2| Vw|*dz.
R3 R3

R3

Note that hy(x,t) = 0 for m € R, |z| > r+1, we get [, p2hiwde = 0. Using
(4.35) and (4.36), we obtain

=2\ | lugAwpdr < 2/ V¢§|ut||th|dm+2/ V2| V|| Vwy | dae
R3
p+1/ wp|ut|‘th|dx+2/ wQIV (vt + wy)||Vwy|de
2 2 O
Y R I

<3 2\ Vw2
/1/)| wel?dz + w + —— P

Applying (4.36), Lemma 4.15 and noting that D(A™>") < L'2, 1 <1 < 1, we

deduce that [[ul|}3, < Hu||7_LV+1 <C.

—/RS 2 f (1) Awyd
< [ eVl Vade + [ 11 )| Vs
+ [ ViRl ds
<0 [ G+ T+ )| Vilde +C [ g+ o) Vulds
+O/ VYo (1 + |ul®)| V| da
o
< C’w+%/RS 1/1§|Awt|2dx+C/Ra w§|th\2d:c+C’/RS V2| Vwl’de + %.

Using (4.31), (4.36), and since — [p5 920}, (2, w;)|Vw|*dz < 0, we have

_/3 1/Ji¢(x,wt)Awtdx = /3 qpf)gb;t(x,wt)\thﬁdm—k/s wﬁdfm(m,wt)th\dm
R R R
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+ / V¢§¢(m7 wy ) Vwgdx
RS

IA

C
2 4
C/R3 '(/}pl’wt‘p|th|dl‘ + m /]R3 1/)p|wt| |th|dl'
1 C
< - 2| Awy|2d C/ 2 2de + ——.
<1 iauidec [ wivefa s
Plugging all the above inequalities into (4.37), it follows that
Lty <oyt + € (—— +w
at\ =Y pt1 ’
where
o)) = [ wiVuilde s [ wdlauPdos [ apelacPs
R3 R3 0
Applying the Gronwall lemma on [0, T,], and recalling that y(0) = 0, we obtain

1
4, T,) < CT,eC™ | — :
(1.39) W) < OT™ (o)

Combining (4.38) and Lemma 4.11, we conclude that
IppwellT + pwll3 + vn (5113, < Cw
for fixed C' = C(R), independent of p. O

Lemma 4.17. Under the assumptions (H1)—(H4) (in (H3), (1.8) is replaced
by (4.31)), the following estimate holds:

(4.39) 152(t) 2013, < Mo
for some My > 0.

Proof. For a € [0,1) to be fixed later, multiplying the first equation of (4.34)
by wy(t) — aw(t) in L?(R3), and adding to both sides the term

d o0 o0

G e =2 [ WO =2 [ () (), wids,
0 0 0

and as in the proof of Lemma 4.12, we get

(4.40) [(w,we, (N3, <N for some N > 0.

Besides, multiplying the first equation of (4.34) by —Aw,(t)—aAw(t) in L*(R?),
we obtain
1d

1% (IIthII2 + (1 +a)|Aw|? + A1 + a) | Vo *

4 / () |AC Pds + 2a(Vy, Vw>>
0

+ (A= a)[Vw | + [Awe]|* + aA[ Vol + af| Aw]|?
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a - w)ds — - '(s UOIRE
o [ ulsac Aujds — [ u1ac(o)Pd
+ (f(z,u), —Aw; — aAw) + (¢, (x, w) Vwy, Vwy)

= —a{¢y, (x,w;)Vwy, Vw) — (¢} (z,w:), Vw + aVw)
(4.41) + (h1 + Aug, —Awy — aAw).

Applying Lemma 4.2, we have
d o0 oo
GV +a [ AP =20 [ (s8¢ (s), Aujds
0 0

<2a | p(s)[|AC||Aw]ds

1

(4.42) a? [ p(s)IACHPds + a2 | Aw| |,

No\
? 8

Using Lemma 4.15 and Sobolev embedding D(A ™= = ) — L9
deduce that

<v <1, we

lullzio < flull3,,, <€, - <v<l

1
5
Therefore
a(f(x,u), = Awy — alw) < C(1+ [lullZa0) ([ Awe ]| + all Awl])
1
< SllAw* + a*|lAw]* + C.
Exploiting Lemma 2.1 and (4.31), (4.40), we get
—a{@ly, (z, we) Vwe, Vw) < Callgy,, (2, w)| por2 || Vwel| o] [ V]| o

1

< 7(1Aw|” + @®|Aw]?) + C

A / 2 1 A 2 2 A 2
(05 (@, we), Vo + aVw) < || (2, we)llze/s + 7 ([Awe " + a7 Awl]%)

1
< 712w |* + @®|Aw]) + C

and
<¢21)t (.’17, wt>th7 th> Z 0.
Finally,
1
<h1 + Aug, —Awy — aAw) < Z”thg 4 a2||w||§ +C.
Putting

A(t) = [Vwl* + 1+ a) [ Aw]* + A1 + o) [Vwl* + / pu(s)IAC|*ds
0
+ 2a(Vwy, Vw) + a¥(t),



STRONGLY DAMPED WAVE EQUATIONS WITH MEMORY 831
we get
o0
[Vwel* + [|Aw]? + X[V + / () 1A |2 ds
0
A(t)

IA

<2 (ITwl? + 8wl + AIVulP + [ o) laciPas)
0
(

Summation of (4.41) and (4.42) and then combining all the above inequalities,
we arrive at

1
(4.43) DA +aA () + 1A < €

By the Gronwall lemma, and using (4.36) and Lemma 4.2, we can get (4.35)
immediately. This completes the proof. (I

Now, we have the following lemma.

Lemma 4.18. For any bounded set B in Ha, the following estimate holds:
(4.44) sup sup H(u(t),ut(t),nt(s))H?_[2 <C.
t>0 20€B

Moreover, for every ti,to > 0, we have

to
(4.45) / | A () |2dr < C.

t1
Proof. Let z = (u,ut,n"') be a solution of (1.1) with initial data zop € B. Now
recasting the proof of Lemma 4.17, we end up with an inequality analogous
to (4.43) and (u,us,n') in place of (w,wy, (). Since the initial data belong to
B € H,, applying the Gronwal lemma, we obtain (4.44). Besides, integrating
(4.43) from ¢; to t2 and using (4.44) we get (4.45). O

We have the following regularity result.

Theorem 4.19 (Regularity of the global attractor). Under the assumptions of
(H1)-(H4) (with (1.8) by (4.31)) for the memory term and the nonlinearity,
and the assumption of (4.35), the global attractor A is bounded in H.

Next, we can take a compact set By C Ha, such that B = Us>7, S(1)B; is a
compact positive invariant set in Ho under S(¢).

5. Exponential attractors

Despite the existence of an exponentially attracting set, quantitative infor-
mation on the attraction rate of the global attractor is usually very hard to find.
To overcome this difficulty, it was introduced in [12] the concept of exponential
attractor.

Definition 5.1. A compact set £ € H; is called an exponential attractor or
inertial set for the semigroup S(t) if the following conditions hold:
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(1) & is positively invariant, i.e., S(t)€ C & for every t > 0;
(2) € has finite fractal dimension in Hq;
(3) & is exponentially attracting for S(t).

Recall that the fractal dimension of a compact set K in a metric space X is
defined by

) ) log N (g, K)
5.1 dimx K = limsup —————=
(5.1) X 207 log(1/e)
where N (e, K) is the smallest number of balls of radius e necessary to cover
K. The main result of this section is the following.

)

Theorem 5.2. The semigroup S(t) acting on Hi possesses an exponential
attractor € contained and bounded in Hs.

As a byproduct, we have the following.

Corollary 5.3. The global attractor A of S(t) has a finite fractal dimension
m 7‘[1 .

Now, we will make use of the projections P; and P» of H; onto its compo-
nents Hy x Hy and L2 (R*, Hy), namely

Pi(z) = Pl(uvutant) = (u,us), Pa(z)= P2(U,Ut,77t) = ﬁt-

Lemma 5.4. Let the following assumptions hold:

(1) There exists R, > 0 such that the ball By = By, (Ry) is exponentially
attracting.

(2) There exists Ry > 0 with the following property: for any given R > 0,
there exists a nonnegative function ¥ vanishing at infinity such that

[1S(t)z0lle. < (t) + Ra

for all zo € B(R).
(3) For every R >0 and every 0 > 0 sufficiently large,

20
/9 100 (u(t), Byt |21, st < Q(R +6)

for all (u,ur) = P1S(t)20.
(4) For every fited R > 0, the semigroup S(t) : B — B admits a decom-

position of the form S(t) = S1(t) + Sa(t) satisfying for all initial data
20i € B(R),

(151 (201) = S1(202) [l < ¥(t)l|201 — 2021341
and

152(201) — S2(z02)[12, < Q(t)l|z01 — Z02/|7,
for both @ and the nonnegative function ¥ vanishing at infinity. More-
over, the function

’I_]t = PQSQ(t)Zol - PQSQ(t)ZQQ
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fulfills the Cauchy problem
o' = 05" +wi(t), 7°=0
for some w satisfying the estimate
[o@)]lr < Q1201 — zo2la, -
Then, S(t) possesses an exponential attractor £ contained in the ball B(Ry).

Proof of Theorem 5.2. The proof amounts to verifying the four points of the
above Lemma 5.4. Indeed, combining (4.35), Lemma 4.16 and Lemma 4.17
we get (1) and (2). Besides, (3) is an immediate consequence of Lemma 4.6.

Accordingly, we are left to show the validity of (4).

For every initial data zo = (ug,v0,nm0) € B, denote S1(t)zo = z1(t) the

solution at time ¢ to the linear homogeneous problem
Opv — Adyv — Av + Av — / w(s)AE(s)ds = 0,
0
0" = —0.E" + vy,
(’U(O), Ut(0)7 EO) = 20,

and let
SQZ() = Sl(t)ZO - S(t)ZO = Zg(t)

Let R > 0 be fixed, and let zp1, 292 € B. We decompose the difference
(u(t), u(t),n") = S(t)zo1 — S(t)z02 = (v(t), 0e(t), ") + (w(t),we(t), ("),
where
(0(t), 0e(t),&") = S1(t)zo1 — S1(t)z02,
solve the problems
O — AOU — AV + A\ — / w(s)AE (s)ds = 0,
0
0 = 058" + vy,
(’U(O),"Ut(o)afo) = Zo1 — 202,

(w(t), e (t), (") = Sa(t)z01 — Sa(t)z02

and
Opw — A0y — Aw + Iw — / w(s)ACt(s)ds
0

+ f(xaul) - f(x7u2) + g(.’l?, Btul) - g(m7atu2) = 07
at( = 8SC + w,
(w(0),w(0),¢°) = (0,0,0).
We first note that, on account of (2),

15(t)z0ill, < C.

(5.2)
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On the other hand, as the particular case of Lemma 4.10, we get
[1S1(t)201 — S1(t)z02]l34, < Ce™ " ||201 — 20234, -
Now, for a € [0,1) to be fixed later, multiplying the first equation of (5.2)
by w;(t) — aw(t) in L?(R3), and adding to both sides the term
d [* . > = = o)
G| et =2 [ ctPds =2 [ u(e)C ). wds,
0 0 0
and as in the proof of Lemma 4.12, we get
| (w, @, (3, < No  for some Ny > 0.
Next, multiplying the first equation of (5.2) by —Aw;(t) — aAw(t) in L?(R?),

we obtain

1d _ _ _
52 (IVi]? + (1 + )| Aa]? + [V

[ ()AL P ds + 2a(Vi, Vi)
0

—a|[Va|? + [Awe ]| + aA[Vol? + af| Aw]*

o[ uEAC (). Aads — [ (9)]A () s
= — (flz,wm) — f(z,u2), —Aw; — aAw)
—{(g(x, Orur) — g(x, Opusz), —AW; — aAD).
Due to (1.8) and the Agmon’s inequality,
llg(@, Opur) — gz, Opus)|| < ClOpur — dyus||.
Thus
—(g(x, Opuy) — g(x, Opus), — AWy — aAw) < Cl|u]|||ws + ad||2.
Besides, by (1.6),
—(f(z,u1) — f(z,ug), —Aws — aAw) < C||al|1||ws + aw]|s.

A final application of the Holder inequality entails

d ) _
A < al(t) + C(lall? + ),

where
A= IIthHQ+(1+a)l\AwH2+AIIV®H2+/ u(s)|AC 1P ds + 2a(Viy, V),
0

and ||(@, @y, ¢")|[3,, < A < 2||(w, @, ¢")I[3,-
Arguing as in the proof of (3.22), we obtain

1alF + l|ael® < Ce“lzo1 — 2023,
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Since A(0) = 0, an application of the Gronwall lemma provides the sought
inequality

A(t) SC/O (a1 + lla(r)|*)dr

< Ce“ 201 — 202||%.¢1~

In particular, we learn that

(@, e, CI3, < Celz01 = 20213,

which is exactly the last point of (4) to be verified. O
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