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ON TRIPLE SEQUENCES IN GRADUAL 2-NORMED
LINEAR SPACES

ISIL AQIK DEMIRCI* AND GULSUM DERMENCIOGLU

Abstract. The concept of lacunary statistical convergence of triple se-
quences with respect to gradual 2-normed linear spaces is introduced in
this research. We learn about its link to some inclusion and fundamental
properties. The notion of lacunary statistical Cauchy triple sequences is
introduced in the conclusion, and it is demonstrated that it is equivalent
to the idea of lacunary statistical convergence.

1. Introduction

Fast [12] independently created the idea of statistical convergence in 1951
using the concept of natural density. It is then analyzed in more detail in
relation to summability theory and sequence space in ([15], [21], [29], [36],
[37], [38]). For a comprehensive analysis of statistical convergence, one can
reference several studies of other mathematicians from different countries ([1],
[23], [30]). The notion of lacunary statistical convergence was first developed
by Fridy [16] in 1993 as one of the extensions of statistical convergence (for
further information on statistical convergence, please refer to [15]).

A lacunary sequence is an increasing integer sequence f = (k”)nENU {0}
satisfying kg = 0 and h,, = k,, — k,—1 — 00, as n — co. A real-valued sequence
(z) is lacunary statistically convergent (abbreviated Sp-convergent) to a real
number [, if for any ¢ > O,Iimnﬁ Hkel,:|zky —1| >¢}| = 0, when I, =
(kn—1,kn). The symbol for I in this context is Sy — lim (z) = [ or ap —
1(Sp), and it is known as the lacunary statistical limit of the sequence (zy).
Additionally, Sy denotes the collection of every statistical convergent lacunary
sequences associated with the lacunary sequence 6. Comparison of statistical
convergence and lacunary statistical convergence was demonstrated by Fridy
and Orhan in [17]. Freedman et al. [14] investigated the connection between
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the two sequence spaces |o1| and Ny in defined as follows:

1 n
= : f leR,lim— —I=0
lo1] {(mk) or some ! € R, lim — Z |z, — | }

k=1
and

Ny = {(o:k) : for some [ € R,limi Z lep — 1| = O} ,
n hy,
kEl,

In [27], [31], [40] numerous further references may be found for more details
on lacunary convergence and its generalizations.

Géhler [18] introduced the 2-metric in 1963. In the progress of his research,
Gaéhler [19] introduced the mathematical structure of 2-normed spaces, a gen-
eralization of normed linear spaces. Researchers have been studying this issue
for decades and have discovered a variety of intriguing aspects of it (see, [20],
[21], [22], [24], [26], [35]).

In 2008, as components of fuzzy intervals, gradual real numbers were ini-
tially introduced by Fortin et al. [13]. Gradual real numbers are essentially
understood by the assignment function that corresponds to them, which is de-
fined in the range (0,1]. Therefore, it is possible to think of each real number
as a gradual number with a constant assignment function. While maintaining
all of the algebraic characteristics of classical real numbers, these gradual real
numbers have applications in computation and optimization issues. The idea
of gradual normed linear space first came up in 2011 by Sadeqi and Azari [33].
They examined a variety of features of the space from both topological and
algebraic viewpoints. One may consult [6], [25], [41] for a thorough research of
gradual real numbers. The exploration of sequences convergence within gradual
normed linear spaces remains relatively unexplored, still in its nascent stages.
The existing body of research, however, demonstrates a notable resemblance
in the convergence behavior of sequences within gradual normed linear spaces.

Ettefagh and his colleagues [11] recently introduced the concept of sequence
convergence in gradually normed linear spaces. Their work included the inves-
tigation of various topological properties (as detailed in [10]). In a separate
work by Choudhury and Debnath ([2], [3]) the notion of sequence convergence
in gradual normed linear spaces was extended to ideal convergence and lacu-
nary statistical convergence. Consequently, we can state that the logical and
natural next step of the research is the lacunary statistical convergence of triple
sequences in gradual 2-normed linear spaces.

2. Preliminaries

Definition 2.1. [13] An assignment function, represented as Ay : (0,1] —
R, describes a gradual real number, denoted as . G (R) denotes the set that
contains all gradually increasing real numbers. A gradual real number 7 is
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considered non-negative when for every £ € (0,1], Az¢) > 0. G*(R) stands for
the set of all gradual real numbers that are not negative.

The following definitions describe the gradual operations for elements in

G(R):

Definition 2.2. Assuming * represent an arbitrary operation within the
real numbers set R, and given 71,72 € G(R) with assignment functions. Ag,
and Ag,, we define 71 * 7o € G(R) using the assignment function Ay, .s,, as
Specjﬁed by Afl*f’Q (6) = Af‘l (f) * A'FQ (6)7V€ € (07 1]

The gradual summation of 71 and 79,71 + T, is determined as Az, 47, (§) =
Azq (&) + Ar, (€) and the gradual scalar product with ¢ (where ¢ € R), is
determined as Aci (§) = cAr (§) for V€ € (0, 1] [13].

For each V¢ € (0,1], the constant gradual real number p is defined. Its
identity is represented by the constant assignment function Aj (§) = p, which
represents a real number p € R.

Specifically, the constant gradual numbers 0 and 1 are defined by A5 (€)=0
and Aj (§) = 1, respectively. It is simple to demonstrate that G(R) becomes
a true vector space when equipped with gradual addition and gradual scalar
multiplication.

Definition 2.3. [33] Consider X as a real vector space. We define the
function |.||; : X — G*(R) as a gradual norm on X if, for any ¢ € (0,1], for
any x,y € X, the first three requirements are true:

(G1) Az, (&) = A (§) if and only if z = 0;

(G2) Az, (€) = [MA)z), (§) for any X € R;

(G3) Ajatylg (€) < Ajz)g (€) + Ay ()

Gradual normed linear space (GNLS) is a term used to describe the pair
(X [-ll)-

Example 2.4. [33] Consider a space X = R™; so x = (z1,Z2,...,Tm) €
R™ ¢ € (0,1], define ||.|| by

Ajapl,, (€) = €° Z |:] -
i=1

In this context on R™,||.|| is a gradual norm and (R™,|.||) is a GNLS.

Definition 2.5. Suppose we have a sequence (x},) within the GNLS (X, ||.||5)-
We say that (xy,) is gradually bounded if, for any & € (0, 1], thereis B = B () >
0 such that for all k € N, Ay, . < B holds true.

Definition 2.6. Consider a sequence (x)) within the GNLS (X, ||.||5). We
can state that () gradually converges to x € X, for all £ € (0,1] and € > 0,
by asserting that for Ay, |, (§) <e&,Vk > N, there exists N(= N. (£)) € N.
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Definition 2.7. Consider a sequence (xy) within the GNLS (X, ||.||5). We
can state that (xy) is gradually Cauchy, for all V¢ € (0,1] and ¢ > 0, by
asserting that for Ay, .| (§) <&,Vk,j > N, there exists N(= N. (§)) € N.

Theorem 2.8. [11] Any sequence that converges gradually in X is by def-
inition a gradually Cauchy sequence if we consider (X, ||.||) to be a GNLS.

Definition 2.9. [3] Take (xj) stands for a real-valued sequence and 6 =
(k) for a lacunary sequence. We express (xy) as lacunary statistically Cauchy
or Sp-Cauchy if there exists a (Ty(n)) subsequence of (xy) satisfying the fol-
lowing three conditions:

(i) kt (n) € I, for every n;

(i) (xk,(n)) — z(n — 00);

(iii) For every ¢ > 0,lim,, hi" {k € @t |zr — gy | > e} =0.

Theorem 2.10. Sp-convergence is a prerequisite for the real-valued se-
quence (z},) and sufficient condition for it to be Sp-Cauchy.

Definition 2.11.

loy (G)] = {(mk) : for some x € X and V¢ € (0,1] hm (ZAL” ol ( ) = 0}

and

Ny (G) = {(xk) : for some x € X and V¢ € (0,1] hm (Z Ajzp—ale ( ) = 0}.

kel

(X, []ll¢) might be any GNLS. As mentioned above, the new sequence spaces
lo1 (G)| and Ny (G) are defined.

Definition 2.12. Consider a sequence (xy) in GNLS (X, |.||). For every
¢ € (0,1] and e > 0, when the natural density of the set {k: EN: Az, 2y, &) > 5} =
0, we specify that the sequence (xy) is gradually statistically convergent to
x € X, so we denote it as S (G) convergent. Representing, S(G) —limzy, =z
or , — x (S (Q)) is written. Additionally, the collection of all gradually sta-
tistically convergent sequences in X is denoted by S(G).

Definition 2.13. X is a vector space on the real space R with dimension
greater than 1, when the following conditions are satisfied on the function
H7H X x X —)RZO :

(i) For every z,y € X, ||x,y|| = 0 if and only if x and y are linearly depen-
dent,

(i2) ly, z[| = ||z, y|| for all z,y € X,

(#37) || ||z, y|| = ||, y||, whenever a € R and x,y € X,

() lly + =z, 2[| <y, 2l + ||z, z[| for all z,y,z € X.

The pair (X, ||-,+||) is called a 2-normed space [18], [19].
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Example 2.14. Let us take X as the Euclidean plane R?, where the metric
used is the area of the parallelogram formed by the 2-norm ||z,y|| := = and y
vectors. This norm can be explicitly defined by the formula:

llz,yll = [z1y2 — z2y1], where x = (z1,%2),y = (Y1,%2)-

Pringsheim [32] provided the definition of the convergence of double se-
quences in 1900. The other researchers continued Sahiner et al. [34] initially
suggested the idea of triple sequences (see [5], [7], [8], [9], [28]). Recall the
concept of statistical convergence for triple sequences:

Definition 2.15. Let K (n,m,0) be the number of (j, k,l) in K such that
j<mn,k<mandl <o, and let K C N? be a three-dimensional set of positive
integers. Hence, the three-dimensional analog of the natural density is defined
as follows:

A set K C N3’s lower asymptotic density is denoted by the symbol 65(K) =

P —liminf,me % So when (%) has a limit in the sense of Pring-

sheim, K is said to have a triple natural density and is defined as 63 (K) =
. K(n,m,o0)

P — hmnmo hmo

Definition 2.16. A real (complex) triple sequence x = (xjx;) is the name
given to the function z : N> — R(or C). Given that |z, — L| < € whenever
jyk,l > N, there is N € N such that for all ¢ > 0. Thus a triple sequence
x = (x;x) converges to a number L in Pringsheim’s sense.

Definition 2.17. The space of all P-convergent sequences will be repre-
sented by the symbol ¢®. A bounded triple sequence is one for which |zje| < M
for all (j,k,1) exists as a positive number M and denotes such bounded triple
sequences by ||z|| o 3) = Sup;jp [zjm| < co. We will also use the symbol 13 to
indicate the set of all bounded triple sequences. A P-convergent triple sequence
need not be bounded, in contrast to the situation for a single sequence.

Definition 2.18. If for every ¢ > 0, &5 ({(j, k,1) € N* : |z — L| > €}) =
0, then a real triple sequence x = (xjk) IS statistically convergent to L in
Pringsheim’s sense.

Definition 2.19. By triple lacunary sequence, we mean an increasing se-
quence 03 = 0.5 = {(Jr, ks, 1)} of positive integers satisfying: jo = 0,h, =
Jr—Jr—1 > 00 asr = o00,kg = 0,hs = ks — ks_1 — 00 as s — oo and
lo=0,hy =1 —l;_1 > 00 ast — .

Note that k.s; = jr-ksly, hrst = hrhshy and 6.4 we denote the intervals
as{ follows: Irst = {(]7k7l) :jr—l < .7 S jrvks—l <k § ksalt—l <l S lt} yqr =

r — _ks — —
j571 s = 1t = 7 and Grst = qrqsqt-

Lt
t—1
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3. Main results

Throughout the article, X,z = {z;i} and 05 = {0,,,} will be taken as a
real vector space, a triple sequence and any triple lacunary sequence in the G2-
NLS (X, ||, -||) , respectively. To keep things simple, we refer to the m-tuple
(0,0,...,0,0) as 0.

Definition 3.1. If for every £ € (0, 1] and for any x,y,z € X, the function
Il : X x X = G* (R) is determined to be a gradual 2-norm on X. These
conditions are met:

(G2,) Ale,zll, (&) = A (€) iff x and z are linear dependent;

(G22) |>\| Al\z,z\lc (f) = AHAm,zHG (f) whenever \ € R;

(G23) Ajysaz)g (©) < Ajyzps (€) + Ajaz (6

When the pair is (X, |-,|) it is called a gradual 2-normed linear space
(G2-NLS).

Definition 3.2. Suppose that X is a d-dimensional space with 2 < d < oo.
A 2-norm on X is a function ||-,-|5 : X x X = G* (R). Then, if for any z €
X,e >0 and § € (0,1], it says that {5} is statistically gradually convergent
to R e X.

03 ({(],k,l) S I’nop : AH%‘M—R,Z”G (f) > 5}) =0.
Thus, we can write stz (G2) —limx, = R or x5 — R{sts (G2)}.

Definition 3.3. Let X be a d-dimensional space with 2 < d < co. A 2-
norm on X is a function ||-,-||o : X x X — G* (R). For each z € X,e > 0 and
£ € (0,1], it is said that {x;i} is gradually Sp,-convergent to R € X

lim
nop

{G8.1) € Tnop Ay rci, (€) 2 €} = 0.

nop

In this case, we write Sp,(G2) —limz;, = R or xj; — R{Sp, (G2)}. Addi-
tionally, let the collection of all Sy,-convergent triple sequences in X be known
as Sy, (G2).

Example 3.4. Take X = R™ and |-, || to be the 2-norm as defined in
Example 2.1.

0, nop =0

310 pop >1 The triple sequence {z;i} € R™

Defined by 8,,p = {
was then defined as

| (0,0,...,0,m), ifj=rtk=s%1=1t% (rst)eN?
Tkt = (0703"'7030)7 otherwise

is gradually Sp,-convergent 0 in R™.
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We have, for all z € X

lim
nop Npop

‘{(],k‘,l) S Inop : AHmjklfO,zHG (5) > 5}‘
— 3xlmo {je (@3], ke (3713 ,1e (3" "3 :

nop 3nop

AHIJ‘M*O’Z”G (€)= EH

< 3lim o ({5 <8 k<3S Ao, (€) 2 <
< 3t VP
nop  nop

where the greatest integer “ < rst” is denoted by [rts].
Hence we conclude that x5, — 0 {Ss, (G2)}.

Example 3.5. Take X = R and also take |-||, be the norm defined as
Alry, = e® |R| for any R € R. Consider the triple sequence 03 = {0,,,,} defined
in Example 3.1. Then z defined as x;;; = j2k*I? is not Sp, (G2)-convergent.

Rationale: For every R € R, take R < 0 or R > 0. In all of the ensuing
circumstances, « will not Sy, (G2)-converge to R.

Situation-I : Whenever R < 0, get € = %eg. Next, we’ve got

lim
nop hnop

H(j,k,l) € Inop : Ajuj—R,2, (§) 2 6}‘

: 3 . n—1 qn o—1 qo p—1 ap 1 3
= i . . >
lim nop {g € (353" ke (371,31 e (3",37] : Ajopep—rzy, (€) = 5¢
= ]‘7
for all z € X.

Situation-I1 : If R > 0, then there are (jo, ko, lo) € N? such that z;,5,1,—1 <
R < Ljokolo -

Subsituation-I : Whenever 0 < R < 1, get ¢ = %min {R,1—R}. The
ability to illustrate the following is therefore easy:

limy,ep 7 H(j,k,l) € Lnop : Ajayne, () = 5}‘ —1, forallzeX.

Subsituation-I1 : If R > 1, then choose € = % min {R — Zjykelo—1: Ljokolo — L) -
The ability to illustrate the following is therefore easy:

limgp 7 H(j,k,l) € Lnop : Aay—ra), (6) = 5}‘ —1, forall z€ X.

J
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Definition 3.6. We define the new sequence spaces |o1,1,1 (G2)| and Ny, (G2)
as follows:

|0'17171 (G2)| = {{xjk'l} : for some R € X and Vf S (O, 1] s
lim — Ajaju-Ryz| (€) | =0
nop nop G.k,1=1,1,1 ’ ¢
and
Ny, (G2) = {{zjm}: for some R € X and V¢ € (0,1],
e D Amu-ralg (O] =00,
P\ 4,k )T,
for all z € X.

Theorem 3.7. The following applies:

(1) If 25y — R{No, (G2)}, then xji; — R {Sy, (G2)} but the reverse is not
true.

(1) If {zr1} is gradually bounded, the reverse of (i) holds.

Proof. (i) Assume ¢ > 0 be arbitrary and =5 — R{Ng, (G2)}. Then, we
shall write

Z AHI]’krR,ZHG (5)

(J:k,)€E€lnop

Z A”Ijkl*R,ZHG (3

(Giks1)ETnop
| (&)>e
G

v

P

> € ’{(J}k‘,l) € Inop t Ajaj—Roz|, (§) = E}

Next, we create a counterexample while taking into account the gradual 2-
normed space (R™, [-,-||;), where [-, || is the 2-norm defined in Example 2.1.

1 2 3 o [Yhuop] 0
2 2 3 o [Yhnop| 0

for all z € X.

)

Let 03 be given and x be ; h:nop [/ Tonop] O
0 0 0 - 0 0

[39]. Then, we have for any ¢ > 0 with 0 < ge® <1,

[/ o]

nop

lim
nop Npop

{8, € Tnop Ao, (€) 22| = lim

nop
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for all z € X.
So, zjr — 0{Sp, (G2)}. And on the other side,

. 1
lrg% h Z AHZL’J‘M*O,ZHG 3]
nop G D)€L nop
= lim [i/h""p] ([Q/h’”ol’] ([€/h7Lop] + 1))
nop thop
1
= 5 # 07

for all z € X, therefore x5 - 0{Sp, (G2)}.

(1) Assume xji; — R {Sp, (G2)} and z is gradually bounded, say thus, if x is
gradual bounded, it signifies the presence of a positive constant B = B (§) > 0,
satistying A|z,,, g, < B for every z € X and (j,k,1) € N3. Then for any
e > 0, we have

1

Y Au-relg O] = > Alajia—Rozl ()
hnop . hnop .
4,k 1) EInop N (ch,l)EIm,E, .
[ S
1
+7 > Aleju-Rozll g (§)
nop (k1) €l nop
A e
Jesea=rs] O
< ‘{(]ka) € Inop : AHij—R,zHG (6) > 5}‘
nop
+e,
for all z € X, which consequently implies that x ;1 — R {Np, (G2)}. O

Theorem 3.8. zi; — Ry {Sp, (G2)} for a fixed 65. Then R; is unique.

Proof. If possible suppose x5 — R1 {S¢, (G2)} and x5 — R2 {Sp, (G2)} (Ry #
Rs) in X. Tt follows that

lim {6 k) € Inop + A e, (§) 2 2} =0
and

tim {7, 5,0) € Tnop Ay 21, (€) 2} =0,

nop Npop

for all £ € (0,1],& > 0 and 2z € X. Therefore,

M = {(J)kvl) € Inop : Achjkl—Rl,leG (E) < 6}ﬂ{(j,k,l) € Inop : AH‘T]‘kL_RQVZHG (E) < 5} 7é g.
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Choose ¢ = AH ry—ry 1 (§). Then, for these r,s,t € M,

? ||G

2 = A”Rl_R27zHG ©)
< Ajz—Rizlg &) + Az —Ro 2 (§)
< e+e=2 for all z € X,

we have a contradiction. So, R = Ry must be. O]

Theorem 3.9. Take {z;1;} be a triple sequence and other {y;x;} be a triple
sequence in the G2-NLS (X, ||-,||) . Then,

(’L) ikl + Yjr — B+ R {593 (GQ)} and

(¢1) For any c € R, cz ;i — cRy {Sp, (G2)}.

Proof. i) When ;i — Ri{Se, (G2)} and y;ii — R2{Se, (G2)}, so for
every ¢ € (0,1] and ¢ > 0,

1 1
(3.1) lim |Cy] =0 and lim W

nop Nnop nop Nnop

|C2| :07

where
Cy = {(j7kvl) € Lnop * Ajjajp—Ra 2|, (§) = g}
and
Co = {0,k ) € Loy Ajyyur—rael, (€) =
Now since the inclusion

{(]7kal) € Inop : AH-'L'jkl"ijkl—Rl—R27ZHG (6) > 5} c Cl U 02

holds, we must have

}, z € X.

Do ™

. 1 1
‘{(]7kal) S Inop . A|\rjkl+yjkl*R1*R2,zHG (5) > 5}‘ < |Cl|+ |02‘

hnop hnop hnop

and consequently from (3.1) we have,

hmnop ﬁ,op ‘{(j’kvl) € InOP : A\|371k1+yjm—R1—R272HG (5) 2 5}‘ =0, zeX.

And this concludes the evidence.
i1) This section is skipped because it is easy to prove. O

We shall investigate the inclusion relationships between the sets S (G2) and
Sp, (G2) subject to certain restrictions on @5 in the following lemmas. We will

US€ Gnop = qnqolp-

Lemma 3.10. S(G2) —limz ;i = R implies Sy, (G2) —limz;; = R if and
only if liminf,,op Grop > 1.

Moreover, if liminf,,p gnop = 1, in that case a triple sequence that is S (G2)-
convergent but not Sy, (G2)-convergent to any limit exists.
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Proof. Take liminf,p gnop > 1. Under the condition of sufficiently large
n,o0,p; there exists a v > 0, ensuring that ¢, > 1+ v,9, > 1+ v and ¢, >
1 + v which means (j,/hn) < (1+0) /v, (ko/ho) < (14 v) /v and (I,/h,) <
(14 v) /v. Now as S (G2) —limz;, = R, so for any € > 0 and for sufficiently
large n, o, p; the next inequation

1 .
7= {5, 0) € Tnop : Ajay -z (€) = €}
nop
knop 1 . .
- hnop knop ‘{(J’ k)l) < InOp ’ A”zjkliR’ZHG (f) 2 E}‘

<1 + v>3 1
v Enop ’
for all z € X, yields that Sy, (G2) — limz ;5 = R.

As for the opposite, assume liminf,, o, gnop = 1. We want to build a triple
sequence that is S (G2)-convergent but not to any limit Sy, (G2)-convergent.
Continuing as in ([14], [17]), we can choose a triple subsequence (kyn,o,p,) Of
the lacunary triple sequence 03 satisfying:

{j S ]nak S kovl S lp : Aijkl—R,zHG (6) Z 5}

(na-1/dn,) >a/(a+1) and  (jn,~1/jne_y,) >a where ng —ng_1) >2;
(kop—1/ko,) >b/(b+1) and (k;ob—l/k'ou,,l)) >b where 0, —0@p-1) > 2;
(lpcfl/lpc) > C/ (C + 1) and (lpcfl/lp(c_l)) >c¢  where pc— P(c-1) > 2.

The following is how a gradually bounded triple sequence = in (R™, |-, -||) is
defined (in which ||, ||, is the 2-norm as described in Example 2.1):
L 0,0,0,1), (kD) €Ly abe=12,...
kL= 0, otherwise

Then, for every R € R™, we have

(1/hnaowc) Z AnxjklfR,zHG (f) = AH(O,O,...,O,I)*R,ZHG (5) ;abe=1,2,...
(j’kJ)eI"aOch

and
(l/hnaowc) Z AHIjkz—R,ZHG (5) = AIIR,ZHG (f)
(jvk’l)elnaobpc

for all z € X and n # ng, 0 # 0p, P # P, Which as a consequence gives
1 (1/Anop) [{ (G5, 1) € nop  Apygrisiy () Z €| #0,

for all z € X, ie., 2, - R{Se, (G2)}.
However {z;} is S (G2)-convergent, since if «, 5,y are any integers are big
enough, that is sufficiently large, we can have just a, b, ¢ supplying j,,—1 < o <
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JnasKop—1 < B < koyylp.—1 < v <1y, and then

a, By

1/ (aBy) S A, ©

j=1,k=1,1=1

< ((jnaflkmﬁllpcfl + hnaObpc) / (jnaflk%fllpcfl))
< 2/ (abc), forall z € X

as «a, 3,7 — oo, it follows that a,b,c — oo. Hence {z;n} € [01,11 (G2)°.
Hence, using the proof technique [4] of Theorem 2.1, it can be shown that
{zr1} is S (G2)-convergent. O

Lemma 3.11. S(G2) — limxji; = R implies Sp, (G2) — limxj,; = R iff
limsup,,,, ¢ < co. Additionally, if lim sup,,,, gnop = 00,, then a triple sequence
that is Sp,(G2)-convergent but not S (G2)-convergent to any limit exists.

Proof. Let us assume first lim sup,,,,, ¢nop < 00 with S, (G2)—limz,p = R.
So that gnop < B takes for any n, o0 and p, such that is co > B > 0. Take Ny
denote the set’s cardinal number, {(j, k1) € Inogp : Aijkl_Rv’ZHG ) > 5} , for
all z € X. Then, by our assumption, for given n > 0, there are ng,09,p9 € N
such that Vn > ng,0 > 00, p > po; (Nnop/hnop) < 1.
Let M = max{Nyop:1<n<mng,1<0<00,1<p<pe} and let a, 3,7 be
three integers satisfying ji,—1) < a < jn, k(1) < B < ko, (p—1) < 7 < p-
Then we have,

(1/apy) HJ Sk <B U<y ARz, (6) > 6}‘

1/ Gn-nko-vlp-1)) HJ Snik kol S lp s Ajayy—rzl g (€) 2 SH
= (1/ (j(n—l)k(o—l)l(p—l))) {N111 + Nagz + -+ + Nugoopo + Nng+100+1po+1
+ -+ Nop}

M/ (jen-1yko-1)l(p-1))) m0o0PO0
(1 (=0k0-1p-0)) {rmo-+100 10041 Nag 100410 +1) /g 100+ 101
+ - 4 (hnopNnop) /Tnop }
(n000po M /j(n—1)k(0—-1) (p-1))

IA

IN

IN

+1/j(n71)k(ofl)l(p71) sup (Nnop/hnop) {hn0+100+1p0+1 + 4+ hnop}

n>ng,0>00,p>po
((nooopo M) / (jin—1)ko-1)l(p-1))
+n (jnkolp — Jnokoo lpo) / (j(n—l)k'(o—l)l(p—l))
(nooopoM) / (jin—1)k(o—1)lp—1)) + Ndnop
(nooopoM) / (j(n_l)k(o_l)l(p_l)) + B, forall z € X

IN A

which immediately gives S (G2) — lim ;i = R.
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Conversely, suppose limsup,,,, gnop = o0. The triple sequence we want
to start with is Sp, (G2)-convergent but not S (G2)-convergent to any limit.
Following the idea in ([14], [17]), we might construct a triple subsequence
{Jn.koylp.} of the triple lacunary sequence 65 = (jnkol,) such that gy, o,p. >
abc. Now we define the following gradually bounded triple sequence {z;x;} in

(R™,[],-|lo) (which in, the norm referenced in Example 2.1 is ||, -||5):
(0707 s 707 1) jnafl <.7 < 2jna717 kob,1 <k< 21{30[,717
Tikl = lpc—l <l<2lpc_1; a,b,c=1,2,...
0, otherwise

Proceeding as [14] one can show x € Ny, (G2) but = ¢ |01 (G2)|. Hence Theo-
rem 1 of [17] implies that x is Sy, (G2)-convergent but it can be easily shown
that x is not S (G2)-convergent using a similar procedure of Theorem 2.1 of
[4].

The two lemmas mentioned before combined allow us to arrive at the fol-
lowing theorem: O

Theorem 3.12. S(G2) —limz,i = Sy, (G2) — limxjk; if and only if 1 <
lim infy,0p Gnop < limsup,,,;, ¢nop < 00.

Definition 3.13. Let 5 = {j,kolp} be a triple lacunary sequence. If x has
a triple subsequence {xj,(n) k/(o)l/(p)} and all three of the following requirements
are true, then x is said to be gradually lacunary statistical Cauchy (in the short
Sg, (G2)-Cauchy):

(2) (41 (n) , k! (0) , 11 (p)) € Inop for any, n,o,p,

(i1) For some R € X, {Zj(n)ks(o)s(p) } 15 gradually convergent to R (n,0,p — c0),

(#i)

lim
nop

] N > =
G5 € Tuop s Al o] © =€} =0

for any e >0, £ € (0,1] and z € X.

nop

Theorem 3.14. z is Sy, (G2)-convergent if and only if x is Sy, (G2)-
Cauchy.

Proof. For each e € N, suppose xji; — R {Sp, (G2)} and
K (fae) = {(]vkvl) € NS : A||acjkl—R,zHG (5) < 1/6} .

Hence, K (§,e) 2 K (€, e + 1) holds, for any e € N and we have lim,,,, ‘K(ghe)im”"’" =

1. Choose s1,t1,w; such that n > s;,0 > t1,p > wy implies |K(§he)7ﬂlm,.ﬁ >0
nop

ie, K(&1)NIhp # @. Next choose s > s1,ta > t1,ws > w; such that

n > 82,0 > to,p > wo implies K (§,2) N Iop # . Then, for each n, o, p satis-

fying s1 < n < s9,t1 < 0 < tg, w1 < p < wy, choose (j/(n), k! (0),1/(p)) € Inop

such that (j/ (n), &/ (o), 1/ (p)) € LopNK (§,1), i.e., A||Ijr(n)kr(o)z'<p)*R’ZHG (&) <

1, for all z € X. Proceeding like this, one can choose s(cy1) > Se,t(er1) >
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te, W(et1) > We such that n > 5(cq1),0 > teq1), P > W(eq) refers K (§,e +1)N
Tnop # @. Hence, s¢ <7 < S(eq1)ste < 0 < teq1), We < P < Wieq), for every
s,t,w, choose (j/(n), k! (0),l1(p)) € Lop N K (€, €), Le.,

(3.2) A| (&) < 1/e, for all z € X.

|50y kr(orrm) —Roz || o
Hence, we have (j/(n),k!(0),l/(p)) € IL,op for any s,¢,w and 3.2 implies
that {xj,(n)k,(o)l,(p)} is gradually convergent to R (n,o0,p — 00).
Therefore we get

1 .
hTLOp ‘{(]a k,l) € Inop : Aszkl—Ij/(n)k/(o)z/(p),z |G (5) > E}‘
1 .
< n {(]ak,l) € Inop : AHIJ'M*R’ZHG & > 5/2} ,
nop

for any £ € (0,1], e >0 and z € X.

Using the following assumption, the consequence of the aforementioned in-
equation is given by @i — z{Sp, (G2)} and the fact that {@;(m)k(oy(p)}
gradually converges to R.

For the converse, suppose {z;x;} is an Sp,-Cauchy triple sequence. So for
any £ € (0,1],e >0 and z € X,

H(j’k’l) € Inop * Az —Rozll; (§) = 5}‘
s H(]’ s 1) € Trop AH’”J’M—wj/(n>k/(o)z/(p)vz| ¢ €)= 5/2}‘

+ H(j’ Fol) € Inop - A||-Tj/(n>k/(o)u(p>—RvZHG €= 6/2}‘

which as a consequence implies that z;,; — R{Ss, (G2)}. O

4. Conclusion

The aim of this paper is to investigate the notion of convergence of gradual
lacunary statistical convergent sequences of ternary sequences in 2- normed
linear spaces (G2-NLS). Furthermore, some algebraic and topological properties
of this set of ternary sequences are obtained with the notion of gradual. The
theorems are proved in the light of the G2-NLS theory approach. Important
findings have been obtained that reveal various basic features of this concept.
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cuk Meeting (ICOMSS’23)” which was held between June 5-7, 2023 in Sel¢uk
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