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A STUDY OF THE TUBULAR SURFACES ACCORDING TO
MODIFIED ORTHOGONAL FRAME WITH TORSION

GULNUR SAFFAK ATALAY

Abstract. In this study, tubular surfaces were introduced according to
the modified orthogonal frame defined at the points where the torsion
is different from zero in the 3-dimensional Euclidean space. First, the
relations between the Frenet frame and the modified orthogonal frame
with torsion are given. Then, the singularity, Gaussian curvature, mean
curvature and basic forms of the tubular surface given according to the
modified orthogonal frame with torsion were calculated. In addition, the
conditions for the parameter curves of the tubular surface to be geodesic,
asymptotic and line of curvature were examined. Finally, tubular surface
examples based on both the Frenet frame and the modified orthogonal
frame with torsion were given to support the study.

1. Introduction

Tubular surfaces are a special type of canal surfaces, first described by Gas-
pard Monge in 1850. In fact, it is the case that the radius in question on canal
surfaces is constant. Tubular surfaces have an important role in engineering,
the automotive industry, art and architecture, sports equipment, aircraft and
spacecraft. In this sense, studies on tubular surfaces and their characteriza-
tions have been carried out in various spaces such as Euclidean, Minkowski
and Galilean spaces [1-9]. As it is known, there are various frames that can be
installed on a curve, and the one that is most frequently studied is the Frenet
frame. Although the Frenet frame is a frame that characterizes the curve, one
of its disadvantages is that this frame cannot be defined if the curvature of the
curve is zero. In 1975, Bishop eliminated this disadvantage and defined a new
frame, the Bishop frame [10]. In addition, Sasai defined the modified orthogo-
nal frame at points where the curvature is different from zero [11]. Biikgii and
Karacan expressed Sasai’s work in 3-dimensional Minkowski space. Addition-
ally, they gave a new version of the modified orthogonal frame with torsion in
three dimensional Euclidean and Minkowski space [12]. Recently, there have
been various studies involving special curve pairs and special surfaces based
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on the modified orthogonal frame [13-17]. In this study, we characterized the
tubular surface according to the modified orthogonal frame with torsion. Sin-
gularity, Gaussian curvature, mean curvature and basic forms of the tubular
surface given according to this frame were calculated. In addition, necessary
and sufficient conditions were given for the parameter curves of the tubular
surface to be geodesic, asymptotic and line of curvature. Finally, the study
was supported with various examples.

2. Preliminaries

This section provides a concise overview of modified orthogonal frames with
non-zero torsion and their properties.

Let a (s) be a C? space curve of arc-length parameter s in the Euclidean
3-space. Then, the Frenet frame {¢, n,b} of the curve a (s) is given by

g [t 0 k(s) 0 t(s)
(1) el WL s) | =1 —k(s) 0 7(s) n(s)
5\ b(s) 0 —7(s) 0 b(s)

where t, n, b are tangent, principal normal, binormal vectors and the function
k(s) = ||’ (s)| and 7 (s) = (B'(s), N(s)) are called the curvature and torsion
of the curve «, respectively .

Let « (s) be an analytical curve . Then, this curve can be reparametrized by its
arc length s. For this curve, we will assume that the curvature function 7 (s) is
not identically zero. Thus, an orthogonal frame {7, N, B} can be defined as
follows:

T=d{(s),
(2) N=T/{(s),
B=TAN.

Considering the aforementioned equations and Frenet equations, the obtained
relations linking the Frenet frame and a new frame at non-zero points of are
as follows:

(3) {T=t,N=rnB=1b

A new frame facilitates the incorporation of the following equations by
means of the Frenet frame

T N=N-B=T-B=0,T-T=1,N-N=DB-B =12

where “ -7 denotes the standard inner product in IR3 [12].
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The derivative equations of the new orthogonal frame are derived from these
fundamental equations.

T(s) =N,
(4) N'(s) = =72T(s) + N (s) + 7B(s),
B'(s) = —=7N(s) + = B(s),

d t ’ " " . .
where 7(s) = 2ee297:07) s the torsion of the curve a.

Thus, the orthogonal frame {T'(s), N(s),B(s)} is called the modified or-
thogonal frame with non-zero torsion [12].
A surface in denotes by P(s,v). The unit normal vector field of this surface
is defined as follows:
P, x P,
| Psx P, |
The coefficients of the first end second fundamental form of this surface, re-
spectively, is found by
E:H Py ||2 , F=PFP, - P, G:H P, HQa
e=U"- Py, f:U'Psv ; §g=U " Pyy.
The Gaussian curvature and the mean curvature of the surface P(s,v) are given
as follows:

_ eg—f? _ eG—2Ff+Ge
K= EG—-F2 > H= 2(EG-F?) *

3. Properties of Tubular Surfaces According To Modified Orthog-
onal Frame With Torsion

A canal surface is termed as the encompassing boundary of a sphere in
motion with a varying radius. When the radius remains constant, this surface
is referred to as the tubular surface. The parametric equation delineating the
tubular surface is presented below

P(s,v) = a(s) + r[cos(v)N(s) + sin(v) B(s)]
where v € [0,27 ) , r is the radius of the tubular surfaced and the curve «
(s) is the center curve of the tubular surface. Also, the vectors N and B are
perpendicular to the curve at the point « (s) of the curve a.

The derivatives according to parameters s and v of the tubular surface P(s,v)
are, respectively,

Py =(1—rkrcosv)T + (7‘77/ cosv — rrsinv)N + (rrcosv + 7‘77/ sinv) B,
P, =r(—sinvN + cosvB).

From equations (1), the coefficients of the first fundamental form are found as
E =1 —rkrcosv)? +r2rt + (r2r)2 | F =723 | G = r272
Moreover, considering equations of (1), the unit normal vector field of the

tubular surface P(s,v) is obtained as
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U= (r?Z)T + rcosv(l — rer cosv) N + rsinv(l — r&7 cosv) B
= ¥ ,

where

A= r\/(r277/)2 + (7(=1+rrTcosv))?2 #0

If the unit normal vector at any point of a surface P(s,v) vanishes, i.e. Pyx P, =
0 at any points, then these points are called the singular points of the surface.
So the following result is obvious.

Corollary 3.1. P(s,v) is a regular tubular surfaces if and only if rkt cos(v)
# 1 or T is not a non-zero constant..

The second partial derivatives of tubular surface are found by

P, = (rn TCOSV — 2rKT cosv + reT? sin v) T+
7

’ . .
(fv —rr?cosv — r7? cosv) N + (37‘7’ COSV + T -sinv — rr2 smv) B,

’

’
Py, = (reTsinw) t + (—r% sinv — TTCOSU) N + (7”7 cosv — rTsinv) B,
P,, = —rcosvN — rsinvB.

From the equations (3) and (4), the coefficients of the second fundamental form
are

1
A

e= {(1 — KT COS) (T2T (7'3 - 7'”) —rkTcosv(l — rAT cos v))]

7\ 2
Q / ’ . (T )
—r3K 7' cosv + r3k 77 sinv — 2%k —

Cos V),

1 .
f= 1 ( 208 — 3kt cosv + r3KT smv),

g = j{ (’/’27’2 7“3:“&7'3 COS ’U).

The Gaussian and mean curvatures of the tubular surface P(s,v) with help of
equations (2) and (5) are obtained as

1"
- ’
(1 — r&7 cosv)T® (7'3 -7 ) — rr7cosv(l — rercosv)® — P12k T/ cosv

2 .
+rier 737 cos® v + 3Pk sinv — r4112( )2 sin® v

—rR2rt (7' )cosvsinv — 2r3kk 7' cosv

+2r4 k272 (71)% cos? v — 1279 (1 — rer cosv)? — 2r¥ k72 sinw(1 — reT cosv)

A2 ((1 = rkT cosv)? + (T/)Q)
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(1 — r&7cosv)? + 21t 4+ 12 (7)) 73 (r? 1% — r* 7%k cos v)
—2r273 (7“27'3 — k1t cosv + r3k7’ sin ”)

1"
+r272 ((1 — rKT cosv)riT (7‘3 -7 ) —rircosv(l — reT cosv))

—2rk (/)2
H = T

’

—r3k 7' cosv + r3kr7’ sinv

cosv) — r278(1 — rr7 cosv)? — 2r¥kT27 sinw(1 — reT cosv)

2A4r2 (1 — r&7 cosv)? + (17)?)
respectively.

Let’s give some theorems about geometric interpretation of parametric curves

of the tubular surface P(s,v).

Theorem 3.2. i) The s-parameter curves of the tubular surface P(s,v) are

geodesic curves if and only if
K

"
r = , 37" sinv—Z- cos v+k? cos v+

7 (37 sinv — Z- cos v + K2 cosv + T2 cos v)
72 cosv # 0.
ii) The v-parameter curves of the tubular surface P(s,v) are geodesic curves
if and only if T is non-zero constant.

Proof. i) For the s parameter curve of P(s,v) to be geodesic curves, necessary
and sufficient condition is that U x Ps; = 0 . In this case, from the equations
(3) and (4), we obtain the following relations for the s parameter curve

rcosv(—1+ rkrcosv 31"7', cosv + rT—/ sinv — rr2sinv
T

—rsinv (=1 + rkT cosv)
"

U x Pk, r T
58 £ —3rr Sll’lU+T‘TTCOSU7TNQCOSU7TTQCOSU .

’ ’
(—T‘H‘, TCOSV — 2rkT Ccosv + TK}7'2 Sin ’U)

r . ’ ’ 2 .
rsinv (—1 4 re7 cosv) (—r/-s TCOSV — 2rkT cosv + TRT” sinwv
+ 27_/ ’ 7_/ . 2 .
—r° = (3r7 cosv +ri-sinv —r7°sinv
: 1"
27/ K 3 ! T 2 2
r°= | 2 = 3r7 sinv+7r7-cosv —rK° COSV — 7T COSV
+ ’ ’
—rcosv (—1 + r&T cosv) (71% TCOsSV — 2rkT Ccosv + KT sin v)

Because of T, N and B are linear independent, we have the following equalities

! ’
cos v (37"7 cosv +rZ sinv — r7’sin v)
rcosv (—1+ reT cosv) &
—sinwv

’
& —3r7 sinv +r’-cosv — rk2cosv — r72 cosv

2

. / / .
rsinv (=1 + r&T cosv) (—’I“H T COSV — 2rKT COSV + TKT- sin v)

/ / 4 . .
—r?z (37‘7’ cosv + rZsinv — r7? sin v) =0,

N
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1"
’ ’ .
2z (’; —3r7 sinv + rZ-cosv — rr* cosv — r72 cos v)

’ ’ .
—rcosv (—1 4 rer cosv) (—rn TCOSV — 2rkT cosv + rKT? sin v) =0.

If necessary operations are done from these equations, we get
K . 7
, 37’ Slnv—% cosv+k2 cosv+

7 (37'sinv — = cosv + K2 cosv + 72 cosv)
72 cosv # 0.
ii)From the equations (3) and (4), we have:

U x P, = % (7"3%/ (sinvN + cos ’UB)).

Since N and B are linearly independent, this means that U x P,,, = 0 if and only
if 7 is a non-zero constant. As a result, the v-parameter curves are geodesic
curves.

O

Theorem 3.3. i) The s-parameter curves of the tubular surface P(s,v) are
asymptotic curves if and only if
N\ 2
3 (T ) 2

1o ro, "
| kT cosv— KTT sinv + 2k~—— COS’U> = (1—rkT7 cosv)(r 7(7377 )f

T

reT cosv(l — reT cosv)).
ii) The v-parameter curves of the tubular surface P(s,v) are asymptotic
curves if and only if rkT cos(v) = 1 or T is not a non-zero constant.

Proof. i) For the s parameter curve of P(s,v) to be asymptotic curves, nec-
essary and sufficient condition is that . From equations (5), we have

1 "
e=U" Pss = —[(1 — r&7 cosv)r?r (73 -7 ) — ri7cosv(l — reT cosv)

A 2
3 (T/)

ro o,
—Tr°K T COSU+’I"3KZTT SIHU—QTBK p

cos v].

s-parameter curves of the tubular surface are asymptotic curves if and only
if e=0. In this case, when necessary operations are taken in the equation above,
we get

I\ 2
| k7 cosv — k7T sinv + 25@ cos v) = (1 — re7cosv)(r?r (’7’3 -7 )

—rk7 cosv(l — rer cosv)).
ii)From equation (5), we know that

g=U-P,, = Zr272(1 — I'KT COS )

If v-parameter curves of the tubular surface P(s,v) are asymptotic curves. In
that case, 7 has not to be constant. But if 7 is also constant , the normal vector
of the tubular surfaces does not vanish.
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O

Theorem 3.4. The s and v-parameter curves of the tubular surface P(s,v)
can not also be a line of curvature.

Proof. If the parameter curves of surface are lines of curvature, then F =
f= 0. In that case, from equations (2) and (5), we get

r?r3 =0

and

r?72(1 — reT cosv) + r3k7 sinv = 0.

If 7=0 , F = 0, but this is not possible since 7 will be different from zero
for the modified orthogonal frame with torsion to be defined.So, the s and
v-parameter curves of the tubular surface P(s,v) can not also be a line of
curvature. O

4. Examples

Example 4.1. Let a(s) = (£sin(s), —2 cos(s), £s) be a unit speed curve.

It is obvious that the Frenet frame of «(s) curve is

t(s) = (% cos(s), % sin(s), %),

n(s) = (—sin(s), — cos(s), 0),

b(s) = (£ cos(s), — 2 sin(s), —2).

The torsion of the unit speed curve a(s) can be determined as follows:

7(s) = —%

The modified orthogonal frame with torsion of the unit speed curve «(s)
the derived elements as follows:

T (s) = (2 cos(s), 2 cos (s),

(SN

).

N (s) = (%sin(s), 3 cos(s), 0),

B(s) = (7% cos (s), ;—gsin(s), %) .

Let us now proceed with illustrating the graphs of tubular surfaces, for
which the equations are as follows:

(5) Up(s,v) = as) + rlcos(v)n(s) + sin(v)b(s)]
and

(6) Uar(s,v) = a(s) + rlcos(v)N(s) + sin(v) B(s)]
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as per the Frenet frame and modified orthogonal frame with torsion, respec-

tively. For r = 5, these surfaces are

% sin (s) + bsin(s) cos (v) + 4sin(v) cos(s),
Up(s,v) = H cos (s) - 5cos(s) cos (v) — 4sin(v) sin(s),

£ s — 3sin(v)

% sin (s) + 4sin(s) cos (v) — % sin(v) cos(s),
Upr(s,v) = 5 cos (s) + 4cos(s) cos (v) + £ sin(v) sin(s),

= s + 2sin(v)
The figure of these tubular surface is indicated in the Figure 1 and Figure 2

for the values =27 < s <2m,—5 <v < 5 .

FiGURE 1. Tubular surface obtained by Frenet frame

FIGURE 2. Tubular surface obtained by modified orthogonal

frame with torsion
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Example 4.2. Let a(s) = (coss,sins,s) be a curve. Then it is easy to
show that from Eqn. (4),

t(s) = ﬁ(fsins,coss, 1),
n (s) = (cos s,sin s, 0),

b(s) = g(sin s, —cos s, 1).
The torsion of the curve a(s) can be determined as follows:

T(s)=1%
The modified orthogonal frame with torsion of the curve «(s) the derived

elements as follows:
T(s)= g(— sin s, cos s, 1),

N (s) = 5(sin s, cos s,0),

N

B(s) = %(Sin s, —cos s, 1).
From equations (8) and (9) , these surfaces for r = /2

3 sin(s) + 5sin(s) cos(v) + 4 sin(v) cos(s),

Up(s,v) = %cos(s) - 5 cos(s) cos(v) — 4sin(v) sin(s),
£ s —3sin(v)
% sin (s) + 4sin(s) cos (v) — 115—6 sin(v) cos(s),
Ups(s,v) = 7 cos (s) + 4cos(s) cos (v) + 2 sin(v) sin(s),

= s + 2sin(v)
is obtained as. The figure of these tubular surface is indicated in the Figure 3
and Figure 4 for the values —27 < s <27, =27 < v < 27 .

FI1GURE 3. Tubular surface obtained by Frenet frame
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FIGURE 4. Tubular surface obtained by modified orthogonal
frame with torsion

Example 4.3. Let a(s) = (4s?, %3 (1 — s)2,3) be a curve. Then it is
easy to show that,

b(s) = (—3s%,3(1—s)3, %2).
The torsion of the curve a(s) can be determined as follows:

T(s)=1%
The modified orthogonal frame with torsion of the curve «(s) the derived

elements as follows:

o

[N

1
T(s)=(Fs2, - ,3);

(1—s)

N (s) = 1(J= 7=,0),

B

_1 11
B(S) - §(_\/§a Vs \/gm)
From equations (8) and (9) , these surfaces for r = 1

VES cos(v)(1 — s)2 — 1sin(v) 7,

3 S
Up(s,v) = ?(1 — )2 4 cos(v)sz + Lsin(v)(1— s)2,
5+ @sm(v)
?s% Jrcos(v)ﬁ ésin(v)m,
U (s,v) = ?(1 — )2 4 COS(U)4\/}TS + Sbgszn(v),
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is obtained as. The figure of these tubular surface is indicated in the Figure
5 and Figure 6 for the values 1 < s <, 27w <wv < 2.

F1GURE 5. Tubular surface obtained by Frenet frame

FIGURE 6. Tubular surface obtained by modified orthogonal
frame with torsion
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