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SURFACES WITH CONSTANT GAUSSIAN AND MEAN
CURVATURES N THE ANTI-DE SITTER SPACE Hj

UGUR DURSUN

Abstract. In this work, we study time-like and space-like surfaces in-
variant by a group of translation isometries of the half-space model ’H‘;’
of the anti-de Sitter space H{’ We determine all such surfaces with con-
stant mean curvature and constant Gaussian curvature. We also obtain
umbilical surfaces of ’H:{’

1. Introduction

We study time-like and space-like surfaces invariant by a group of translation
isometries in the half-space model H3 of the anti-de Sitter 3-space H3. Such
surfaces are translation surfaces. A translation surface in the Euclidean is
obtained by a translation of a curve along another curve, and it is locally
written as a sum of two curves of the ambient space. Translations surfaces in
the Euclidean 3-surface are well-known and recently have been studied in some
other ambient spaces too, for instance, see [3, 4, 6, 10, 11, 13, 17].

Minimal translations surfaces in different ambient spaces such as in Heisen-
berg group, hyperbolic space, Sol and H? x R space were studied in [6, 10, 11,
13, 17).

Translation surfaces in the Euclidean and Minkowski spaces having constant
Gaussian curvature were studied in [8]. In [15], Sipus investigated translation
surfaces in a simply isotropic space having constant isotropic Gaussian or mean
curvature, and in [1], Belarbi studied constant extrinsically Gaussian curvature
translation surfaces invariant under the 1-parameter group of isometries in the
3-dimensional Heisenberg group. Also, in [9], Lopez described all parabolic
surfaces in H® with constant Gaussian curvature. A parabolic surface in the
hyperbolic space H? is a surface which is invariant by a group of parabolic
isometries of H3, in particular, it is a translation surface in a direction.

In [7], J. P. Lambert studied Lorentzian invariant space-like surfaces of con-
stant mean curvature in the anti-de Sitter space H3(—c?) of constant sectional
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curvature —c? by considering a flat-chat model of H$, and he constructed sur-
faces of revolution with constant mean curvature H = ¢ and maximal surfaces
of revolution in H3.

In [14], A. Seppi and E. Trebeschi developed a half-space model 7?2 for the
(p+ ¢)-dimensional pseudo-hyperbolic space HP*? of signature (p, q) with ¢ > 1.
They showed that there exists an isometric imbedding of this space into HP»?
and its image is the complement of a totally geodesic degenerate hyperplane in
HP2. They also described full isometry group of HP'?. The half-space model
for the anti-de Sitter space H?! was used in [2], also the half-space model of
the de Sitter space SP'! was studied in [12].

In this work we consider the half-space model H} = H?*! of the anti-de
Sitter space H3, and motivated by the work done in [9] we study time-like and
space-like surfaces invariant by a group of translation isometries in H3$ having
constant mean curvature and constant Gaussian curvature. As the horizontal
coordinate plane of H3 is the Minkowski 2-plane we consider only time-like and
space-like horizontal directions for the translation surfaces in Hj. We obtain
the Gaussian and mean curvatures of these translation surfaces in H3, and then
we determine the generating curve of surfaces by solving differential equations
when the mean and Gaussian curvatures are constants. The surfaces that we
obtained include flat surfaces and surfaces with zero mean curvatures. Also,
we determine umbilical surfaces of H3.

2. Preliminaries

We consider the upper half-space model H3 = H>! for the anti-de Sitter
space H3 which is defined as the open half-space {(z,y, z) € R$|z > 0} equipped
dx? — dy® + dz?

2
The boundary of H3, denoted by 9H3, iszthe Minkowski 2-plane {z = 0}.

By following Lemma 2.6 and Theorem 7.1 in [14], the full isometry group

of half-space model H3 is given by the group

G= {(xvyaz) — )\(A(l’,y) + (xO,yO)az)p‘ > O>A € 0(17 1)7 (x07y0) ER® R}

with the Lorentzian metric g = , of constant curvature —1.

from which we can have the isometries of the form: T(Jc,y,z) = Ma,y,2),
(homothety) T'(x,y,z) = (A(z,y), z) (rotation), and T'(z,y,2) = (x + xo,y +
Yo, ) (translation).

Let £ € OH3 be a space-like vector, and consider the horizontal translation 7'
in a horizontal space-like direction . Then, the set G¢ = {T,(p)|a € R, T,(p) =
p+a&,p = (z,y,2) € H3}} is a subgroup of isometries of H3, that is, it is a
group of translation isometries, and the orbits are horizontal straight lines
parallel to £&. Without loss of generality, we assume that horizontal space-like
vector & that defines the group G¢ is the space-like vector £ = (1,0,0). Let
P: = {(0,y,2)|z > 0} which is a vertical geodesic time-like plane orthogonal
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to €. A surface M, with the index ¢, ¢ = 0,1, invariant by G¢ intersects P
in a curve v which is called the generating curve of M,. The index g depends
on the curve «, i.e. ¢ = 0 if « is space-like, and ¢ = 1 if « is time-like. Let
a(s) = (0,y(s), 2(s)) be parameterized by arc length parameter s with respect
to the Minkowski metric whose domain J is an open interval including zero.

Then, we have 2/ — y’2 = ¢ = %1, and a parameterization of M, is

(1) 50(8’$) - (xvy(s)az(s))a seJ, zeR

Similarly, let n € OH3 be a time-like vector. We consider the horizontal
translation in a horizontal time-like direction 7. Then, the set G,, = {T,(p)|a €
R, To.(p) = p+ an,p = (z,y,2) € H3}} is a subgroup of translation isometries
of H3. Without loss of generality, we assume that horizontal time-like vector
71 that defines the group G, is the time-like vector n = (0,1,0). Let P, =
{(2,0,2)|z > 0} which is a vertical geodesic space-like plane orthogonal to 7.
A time-like surface Ml invariant by G, intersects P, in a space-like curve vy
which is the generating curve of M. Let ~(s) = (z(s),0, 2(s)) be parameterized
by arc length parameter s with respect to the Euclidean metric whose domain
of definition J is an open interval including zero. Then, a parameterization of
M1 is
(2) P(s,y) = (x(s),y,2(s)), seJ, yek

0 9, = % denote

Let V denote the connection of H3. Let 0, = a%,ay =

coordinate vector fields on H3. Then, the vectors By = 20,, By = 20, B3 = 20,
with g(E1, Fy) = g(E3, E3) = 1, g(E2, E3) = —1 form a pseudo-orthonormal
frame on H3. In this frame, non-zero covariant derivatives of H3 are obtained
as follows

%ElEl = E3, 6E1E3 = —F, %E2E2 = —Fj3, 6E2E3 = —FEj.

2.1. Translation in a space-like direction in #3

Let us consider the surface M, : ¢(s,z) in H3 defined by (1). Then, the

coordinate vector fields of the surface M, are ¢(s,z) = yz/((ss)) Es; + ZZI((SS)) E3 and

oz (s,x) = ﬁEl, and the coefficients of the first fundamental form induced by

12__ 12
p are B = g(ps,05) = =3 = 5, F = g(ps,0) = 0, G = g(pa02) = 35
from which M, is a regular surface if 2’ # 3" on J. We can choose a unit normal
vector to M, in H} as n = 2'Es + y'E3, and the signature of n is g, = —e¢.

By using the Gauss-Weingarden formulas it is seen that the vectors

€1 = y/(S)EQ + Z/(S)Eg and ey = E;

with the signatures e; = ¢ and €5 = 1, respectively, are the principal directions
of the shape operator A,, for M, that is,

1,1

Apler) =y +ez(y2" —2'y")]er and A, (e2) = y'ea.
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From the Gauss equation we have the Gaussian curvature K as follows

9(An(er), e1)g(An(ea), ea) — g(An(er), e2)?)
g(e1,e1)g(ez, e2) — gler, e2)?

1 0 / /l)]

=—1—ely” +ez/(y2" — 2y

K=—-1+¢,

!’ 1 1,1

:_1_5y’2_zy’(yz —2y")
(3) =e(22" — 2'°).
We introduce the function 6(s) such that

y'(s) =sinhf(s), 2z'(s) =coshf(s) if =1
and
y'(s) = coshf(s), 2'(s)=sinhf(s) if e=-1.
Without loss of generality we may assume that
(4) y(0) =0, 2(0) =1, 6(0) = 6.

Hence, z’'(0) = cosh g when ¢ = 1 and 2/(0) = sinh §y when ¢ = —1. In the case
e =1, 0(s) is the angle between the space-like vectors o/(s) and 9,. If § = 0,
then «(s) is a part of vertical straight line in the yz-plane, and the surface My
is the vertical space-like geodesic plane y = 0 with z > 0. If & = —1, then
6(s) is the angle between the time-like vectors a/(s) and 9,. If § = 0, then
a(s) is the time-like horizontal line passing through (0,0, 1) with the direction
o’ =(0,1,0), and the surface M; is the horizontal time-like plane z = 1 which
is a horosphere in #3.

2.2. Umbilical Surfaces M, in H3

In this section we study umbilical surfaces invariant by translation isometries
in H3. A surface M, in H3$ is umbilical if £1g9(A,(e1),e1) = eag(An(e2),e2),
that is,

vl 1,1

ez’ =2y ) +y' =y
which yields €'(s) = 0 for e = F1, i.e. § = 6§ is a constant.
Therefore, for € = 1 and using the initial condition (4) we have

y(s) = (sinh(6p))s, z(s) = (cosh(fy))s + 1

with s > —1/cosh(fy). Without loss of generality we may take 6, > 0.
These are the parametric equations of the space-like straight line a(s) =
(0, (sinh(fg))s, (cosh(fp))s + 1). For this generating curve the Gaussian cur-
vature of the space-like umbilical surface My is K = — cosh?(fy) which is a
nonzero constant. Considering the initial condition (4) the space-like umbilical
surfaces are the vertical space-like plane y = 0 with K = —1if 6y = 0, or a
space-like surface with K = — cosh®(fy) < —1 if 6y > 0.
Now, for € = —1 and using the initial condition (4) we have

y(s) = (cosh(bp))s, z(s) = (sinh(fp))s+1
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with s > —1/sinh(6p), that is, the time-like straight line
a(s) = (0, (cosh(bp))s, (sinh(6y))s + 1).
For this generating curve the Gaussian curvature of the time-like umbilical
surface M; is K = sinh?(6y) which is a constant, and it is zero only for 6 =
0. Having the initial condition (4) the time-like umbilical surfaces are the
horosphere z = 1 with K = 0 if g = 0, or a time-like surface with K =
sinh?(6p) > 0 if 6y > 0.
Therefore we state

Theorem 2.1. A surface M, invariant by a group of translation in Hj}
defined by (1) with a generating curve a(s) = (0,y(s), z(s)) is umbilical if and
only if

a(s) = (0, (sinh(6p))s, (cosh(fp))s + 1) when ¢ = 0, or

a(s) = (0, (cosh(by))s, (sinh(fy))s + 1) when ¢ = 1.

Moreover,

1. My is the vertical totally geodesic space-like plane y = 0 with K = —1

when 0y = 0, or it is a space-like surface with K = — cosh? 6y for 0 # 0;

2. M, is the horosphere z = 1 with K = 0 when 6y = 0, or it is a time-like

surface with K = sinh? 6, for 6 # 0.

2.3. Surfaces M, in H} with constant mean curvature

In this section we study surfaces M, invariant by translation isometries in
H3 with constant mean curvature.
The mean curvature H of the surface M, defined by (1) in H3 is given by

En
H = 3[519(1%(61)761) + e29(An(e2), e2)],
that is,
H= —%[5,2(1/2” =2y’ +2y].

Thus, M, has a constant mean curvature H = Hj if and only if the functions
y(s) and z(s) satisfy the differential equation

(5) ez(y'2" — 2'y") + 2y = —2eH,.
Using 2'* — 4> = ¢, we have
22" —2(2% =€) = 2eHyV 2% —e.

If we put U(z) = 2/(s), then we have 2" = U(z) d%iz), and hence the above
differential equation turns to

zUCClT(Z] =2/U2% — £(\/U2 — ¢ + eHy)

and its solution yields

(6) U?=2%=c+(cz?—eHy)?,
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where c is a constant. If ¢ = 0, then, by an appropriate isometry of H$ we can
write a(s) = (0,sHo, 1+ s\/HZ + €), where |Hy| > 1 when ¢ = —1. Therefore,
the surface M, defined by this generating curve o has constant mean curvature
Hyp, and it is umbilical.

Now, let ¢ # 0. From(6) and 2> — /> = ¢ we obtain that

2'(s) = F/e+ (c22 —eHp)?2 and  /(s) = F(cz® — eHy).

By an appropriate isometry of H3, we can consider only plus sign in the above
equations. Hence, we write

dy cz? —eHy

dz Ve + (cz2 — eHy)?

from which we have
z ct? — eH,

€+ (ct? — eHp)?

y(z) =

for z > 0 in some open interval containing z = 1. Thus, we parameterize the
generating curve « as

a(z) = (0,

? Ct2 — €H0

e+ (ct? — eHp)?

dt, z)

with the initial condition «(1) = (0,0,1) for z > 0 in some open interval. For
¢ = 1, the function y(z) is defined for all z > 0, but for ¢ = —1 we determine
the domain of definition for o depending on Hy and c¢ such that it contains
z=1.
Case 1. Hj < 0. It follows from o/(z) that |c2% + Hy| > 1, that is, 2% + Hy <
—lorcz?+Hy>1:

1.1) For ¢2? + Hy < —1, we have

1.1-a) w/%H“<z<oowhenc<—1—H0 and —1 < Hy <0, or

1.1—b)0<z<,/% when 0 < ¢ < —1 — Hy and Hy < —1, or
1.1-¢) 0 < z < 0o when ¢ =0 and Hy < —1;
1.2) Forcz2—|—H>1,Wehave\/%<z<oowhenc>1—H0.

Case 2. Hy = 0. From o/(z) we have |c22| > 1 that gives , /\%I < z < 0o when
le| > 1.

Case 3. Hy > 0. From o/(z) we have that |cz%+Hy| > 1, that is, c2?+Hy < —1
or cz®> + Hy > 1:

3.1) For cz?+Hy < —1, we have ‘/—1%110 < z < oo when ¢ < —(14+Hy) < 0;

3.2) For cz? + H > 1, we have
3.2-a) 0 < z < 0o when ¢ =0 and Hy > 1, or when ¢ > 0 and Hy > 1, or

3.2b)0< 2z < %WhenlfH0<c<OandHo>l,or
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3.2—c)1/%<z<oowhenc>1—H0andO<H0§1.

For the infinite intervals, when z — oo, the second component of o' ap-
proaches to —1 or 1 according to c is negative or positive, respectively. There-
fore, a is asymptotic to a line of the form 3(t) = (0, £t + b, t) which has a null
direction in the zy-plane, where b is a non-zero constant.

Theorem 2.2. Let M, be a space-like surface invariant by a group of
translation isometries in H3 defined by (1) with the generating curve .. Then,
My has constant mean curvature Hy if and only if « is given by

a(z) = (07

z 2 _

dt,z)
1+ (ct? — Hyp)?

for 0 < z < oo, where c Is a zero constant.

Theorem 2.3. Let M, be a time-like surface invariant by a group of trans-
lation isometries in H3 defined by (1) with the generating curve . Then, M
has constant mean curvature Hy if and only if « is given by

a(z) = (

i t2 + H
0, o g z)

1 (et + Hp)2 — 1
where c is a constant, and

1. for Hy < 0, a(z) is defined on the interval 1/_1%110 < z < oo when

¢c<—1—Hyand -1 < Hy <0, 0or0< 2z < /== when 0 < ¢ <
—1—Hy and Hy < —1, or 0 < z < oo when ¢ = 0 and Hy < —1, or

\/%<z<oowhenc>l—Ho;

2. for Hy = 0, a(z) is defined on the interval , /ﬁ < z < oo when |¢|] > 1;
3. for Hy > 0, a(z) is defined on the interval /=110 < 2 < 0o when
¢c< —(14Hp) <0,0r0< z< oo whenc=0and Hy > 1, or when ¢ > 0
and Hy > 1, or 0 < z < % when 1 — Hy < ¢ < 0 and Hy > 1, or

\/%<z<oowhenc>1—H0andO<H0§1.

All these intervals contain z = 1.
2.4. Surfaces M, in H} with constant Gaussian curvature

In this section we study surfaces M, invariant by a group of translation
isometries in H3} with constant Gaussian curvature.

By considering (3), a surface M, in H3 defined by (1) with the generating
curve o has constant Gaussian curvature K = Kj if the z(s) component of the
profile curve «a(s) satisfies the equation

(7) e(zz" — 2'%) = Ko,
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and the y(s) component of a(s) is given by y(s) = [ \/2'%(1) — edr. The first

integral of the above differential equation is obtained as
(8) 27 =022 - eK,,

where C' is a constant. By taking the derivative of this with respect to s, we
get

(9) 2 =Cxz.

We investigate the solution of (9) according the values of e, C, and K.

Let ¢ = 1. For s = 0, we have C' = cosh? fy 4+ K; from (4) and (8). Thus,
we have the followings:
Case 1.1. C = Ky + cosh? 6y < 0, that is, Ky < —cosh? 6. Then, by using
(4), the solution of (9) yields

z(s) = \/?COS(\/?S — B),

where B = arccos , / 1%’ and hence y(s) = [ \/fKO sin?(v/—C7 — B) — 1dr,

where s1 = \/%(arcsin jKO -+ arccos \/KEO) <s< \/i—c(g -+ arccos I%)
The curve « is decreasing on the interval and has a vertical tangent at s;.
Case 1.2. C=0, that is, Ky = — cosh? §,. Then, the solution of (8) by using
(4) gives z(s) = (coshfp)s + 1, and hence y(s) = (sinhfy)s. The space-like
surface My with the generating curve a(s) = (0, (sinhfp)s, (coshp)s + 1) is
umbilical that was studied in Section 2.2.

Case 1.3. C = K; + cosh?6y > 0 and —1 < K < 0. Then, by using (4), the
solution of (9) gives

2(s) = 750 sinh(VC's + B),

where B = arcsinh 4/ %, and hence y(s) = [ \/—KO cosh*(vV/Cr + B) — ldr

which is defined if v/Cs + B > arccosh(ﬁ) that holds when —1 < K < 0.

Hence we have sy = \%C(arccosh \/%I(o — arcsinh 4/ _LKO) < s < 0. It can be
seen that limg_, . Z—; = 1 which implies that the graph of « is asymptotic to a

line with the direction £ = (0,1,1), and also it has a vertical tangent when s
approaches to s from the right.

Case 1.4. C = cosh?#y > 0 and Ky = 0. Then, by using (4), the solution of
(8) gives

z(s) — e(cosh 90)37
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and hence
y(s) = / \/ (cosh? 0 )e2(cosh bo)T _ 147
0
1
— 0o (\/(COSh2 90)62(cosh00)s _ 1 — arctan \/(COSh2 90)62(C05h 00)s _ 1)
cosh 0y
~ cosh 6, (sinh 6y — arctan(sinh 6))
f — _In(coshfo) For this cas e i oW
or s3 = coshdg~ = 8 < oo. For this case we again have lim, ;o g2 =

which implies that the graph of « is asymptotic to a line with the direction
i= (0,1,1), and also it has a vertical tangent when s approaches to sz from
the right.

Case 1.5. C' = Ky+cosh? 6y > 0 and Ko > 0. Then, by using (4), the solution
of (9) yields

z(s) = % cosh(VCs + B),

where B = arccosh 1%7 and hence y(s) = f(f \/Ko sinh?(v/Cr 4+ B) — 1dr for

54 < 8 < 00, where s4 = %(arcsinh ﬁ — arccosh 4/ K%)) < 0. The graph of
« is also asymptotic to a line with the direction £ = (0,1,1), and also it has a

vertical tangent when s approaches to s4 from the right.
Therefore we have

Theorem 2.4. Let M, be a space-like surface invariant by a group of
translation isometries in H3 defined by (1) with the generating curve . Then,
My has constant Gaussian curvature K if and only if the y and z components
of « are given by one of the followings:

1. For Ky < — cosh? 6,

y(s) = /08 \/—Ko sin?(vV—Ct + B) — 1dr, 2(s) = \/?COS(\/@S + B),

where s; = ﬁ(arcsinﬁ—&-B) <s < \/i—c(g—i-B), C =Ky +

cosh?6y < 0 and B = arccos 1% The curve « is decreasing on the
interval and has a vertical tangent when s approaches to s; from the

right.

2. For Ky = —cosh® g, y(s) = (sinhfy)s, z(s) = (coshfy)s + 1. For this
generating curve, My is umbilical.

3. For —1 < Ky <0,

y(s) = /OS \/—Ko COSh2(\/6T + B) — 1dr, z(s) =1/ —é(o sinh(\/as + B)
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for s = \%(arccoshﬁ — arcsinh,/_LKD) < s < oo, where C =

Ko+ cosh? 6y > 0 and B = arcsinh ,/ —% . The graph of a is asymptotic

to a line with the direction ¢ = (0,1,1), and it has a vertical tangent
when s approaches to se from the right.

4. For Koy =0,
1 2 2(cos 2 ;
— (coshbp)s _ 1 _ 2(cosh@p)s _
y(s) cosh 0o <\/(cosh to)e o 1 — arctan \/(cosh 0o)e o 1)

cosh 0 (sinh 0y — arctan(sinh 6y)),

Z(S) _ e(cosheo)s

__In(cosh @)

for 83 = cosh 6

< s < 0co. The graph of « is asymptotic to a line

with the direction t = (0,1,1), and it has a vertical tangent when s
approaches to sz from the right.
5. For Ky > 0,

y(s) = /OS \/KO sinh?(VCr 4 B) — 1dr, z(s) = \/?COSh(\FCS + B),

for s4 < s < oo, where C = Ky + cosh? 0o, s4 = %arcsinhﬁ —
arccosh 4/ KQO) < 0 and B = arccosh 4/ 1% The graph of « is asymptotic

to a line with the direction t = (0,1,1), and has a vertical tangent when
s approaches to s, from the right.

Let € = —1, and consider the initial value condition (4). For s = 0, we have
C = sinh?fy — K, from (8). Thus, we have the following cases:
Case 2.1. C = sinh?6y — Ky > 0 and K, < 0. Then, the solution of (9) by
using (4) yields

z(s) = 750 cosh(VC's + B),
where B = arccosh ’/%Ko’ and hence y(s) = [; \/1 — Kysinh?(v/Cr + B)dr

for s € R. Tt follows that the curve « has the horizontal tangent o = (0, 1,0)
at § = —B/+/C, and at that point, z(3) = /=2 and z(s) > z(8) for all s, that

C
is, a has a minimum at the point §. Also, it can be shown that the graph of « is

symmetric across the line y = y(§) in the yz-plane, and that lim,_,— j—; =7F1
which implies that the graph of « is asymptotic to lines with the directions
1 = (0,—1,1) and t5 = (0,1, 1).

Case 2.2. C = sinh? 6y > 0 and K, = 0. Without loss of generality we assume
that 6y > 0. Then, by using (4), the solution of (8) yields z(s) = e(snh0o)s
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and hence
— ° inh2 2(sinh 0g) T
y(s) 7/ \/1 + (sinh?® @) e2(sinh 0o)7 g7
0
1 -
=Snho (\/1 + (sinh? g )e2(inhbo)s — arccoth \/1 + (cosh? fy)e2(cosh 90)5)
sinn vg
1
= Saho (cosh By — arccoth(cosh 6p))
sinn tg

for —oo < s < oco. It is easily seen that limg_, % =1 and limg_,_ Z—; =0
which imply that the graph of a is asymptotic to a line with the direction
t=(0,1,1) and to the y-axis, respectively. Also it is increasing on R.

Case 2.3. C' =sinh? 6y — Ko > 0 and 0 < Ky < sinh? 6. Then, by using (4),
the solution of (9) yields

z(s) = Esmh(@s + B),

where B = arcsinh KQD, and hence y(s) = [, \/1 + K cosh?(v/Cr + B)dr for

s> —% as z > 0. It can be seen that lim,_, Z—Z = 1 which implies that the

graph of a is asymptotic to a line with the direction t = (0, 1,1).
Case-2.4. C = sinh? ) — Ky < 0, that is, Ky > sinh? §y. Then, by using (4),
the solution of (9) yields

z(s) =4/ % cos(vV—Cs — B),

where B = arccos 4/ %, and hence y(s) = [, \/1 + Ko sin?(v/—Ct — B)dr for

,27\7%3 <s< ;rj% as z > 0. It follows from Z—z that the graph of o has an
. . B . .
absolute maximum at s = J—¢c n the interval.

Case 2.5. C=0, that is, K, = sinh® fy. Then, the solution of (8) by using (4)

gives z(s) = (sinhfp)s + 1 and hence y(s) = (coshfy)s. The time-like surface

M with the generating curve a(s) = (0, (cosh 6y)s, (sinh 6y)s + 1) is umbilical

that was studied in Section 2.2. For § = 0, that is, Ky = 0, M is a horosphere.
Therefore we have

Theorem 2.5. Let M, be a time-like surface invariant by a group of trans-
lation isometries in H3 defined by (1) with the generating curve a. Then, M
has constant Gaussian curvature K if and only if « is given by one of the
followings:

1. For Ky < 0,

y(s) = /OS \/1 - K sinh2(\/57' + B)dr, z(s)= _é(o cosh(\/as + B)
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for s € R, where C' = sinh? 6y — Ky > 0 and B = arccosh 1/_LKO. The
graph of o has an absolute minimum at s = —B/\/é, and it has oblique
asymptotes with the directions t; = (0, —1, 1) and ty = (0,1,1).
9. For Ky = 0,
1 .
y(s) = — (\/1 + (sinh? f)e2(sinh 00)s — arccoth \/1 + (cosh? f)e2(cosh 90)8)
sinh 6,
1
s (cosh 6y — arccoth(cosh b)),
Z(S) _ 6(sinheg)s

Y

for —oo < s < 0o. The graph of « is increasing and asymptotic to a line
with the direction t = (0,1,1) and to the y-axis.

3. For 0 < K, < sinh? 6y,

y(s) = /OS \/1 + Ko cosh?>(VCr + B)dr, z(s) = \/?Sinh(\/as + B)

for —% < s < oo as z > 0, where C = sinh?0y — Ky and B =

arcsinh 4 / K%) The graph of « is increasing and asymptotic to a line
with the direction t = (0,1, 1).

4. For Ky > sinh? 6,

(s) = /05 \/1 + Kosin?(vV—=Cr1 — B)dr, z(s) = Ecos(x/js - B)

—n+2B w+2B I 2 _
a/—C <8<2masz>0,whereC—smh 6o — Ko < 0 and

B = arccos 4/ % The graph of a has an absolute maximum at s = \/%

for

in the interval.

. For Ky = sinh?® 0o,

y(s) = (coshbp)s, z(s) = (sinhbp)s + 1.

The time-like surface My with this generating curve is umbilical, and for
0 =0, ie. Ky=0, M is a horosphere.

3. Translation in a time-like direction in %3

Now, we study time-like surfaces invariant by a group of translation isome-

tries in a time-like direction in H$ defined by (2) with the generating curve
v(s) = (x(s),0, z(s)). By similar calculations given in Section 2.4, we obtain

the shape operator Aj; for the time-like surface ]\A/[/l as

A1) = [/ +ez(2'2" — Z/2"))er and  Ap(é2) = 2'éa,
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where the vectors é; = z% =1'(s)E1+7'(s)E5 and é5 = Eo with the signatures
€1 =1 and é5 = —1 are orthonormal tangent vectors, and 7 is the unit normal
vector of the immersion (2).

The Gaussian curvature K and mean curvature H of Ml are obtained,
respectively, as follows:

(10) K=z2"—2"
and
1
(11) H = -[2(2'2" = 2'2") + 22].

2

If the Gaussian curvature K = K is constant, then the first integral of (10) is
obtained as

(12) /=02 - K,
from which we have
(13) 2= Cxz,

where C is a constant. 5
We introduce the function 6(s) which is the angle between the vector v/(s)
and 9, such that

#'(s) =sinf(s), 2'(s) = cosf(s),
and without loss of generality we may assume that

(14) z(0) =0, z(0) =1, 6(0) =y, 0 <0 < 7.

Hence, z'(0) = cos fp.
3.1. Umbilical Surfaces Ml in 7—[?

We study umbilical time-like surfaces ]\A/[/l invariant by a group of translation
isometries in H$ defined by (2) with the generating curve ~(s).

A surface M in H3 is umbilical if
22— " =0,

which yields 9~’(s) =0, ie. 0 = 6, is a constant. Therefore, using the initial
condition (14), we have z(s) = (sin(fy))s, z(s) = (cos(fp))s + 1 with s >
—1/cos(fy) and cos(fy) # 0. These are the parametric equations of the time-
like straight line 7(s) = ((sin(fp))s, 0, (cos(fy))s+1). For this generating curve
the Gaussian curvature of the time-like umbilical surface M is K = — cos? (6o)
which is a nonpositive constant. Considering the initial condition (14), the
time-like umbilical surfaces are the vertical totally geodesic time-like plane
@ =0 with K = —1if f = 0, or the horosphere z = 1 with K = 0 if 6y = 7/2,
or a time-like surface with K = — cos?(6y) if 6y € (0,7/2) U (7/2, 7).

So, we state
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Theorem 3.1. A surface Ml invariant by a group of translation isometries
in H3 defined by (2) with a generating curve ¥(s) = (z(s),0,z(s)) is umbilical
if and only if v(s) = ((sin(fp))s, 0,1 + (cos(bp))s). Moreover,

1. {le is the vertical totally geodesic time-like plane x = 0 with K = —1 if

0y = 0, or
2. M, is a time-like surface with K = — cos?(6) for 0y € (0,7/2)U(7/2,7),
or

3. M, is the horosphere z = 1 with K = 0 if §y = 7/2.
3.2. Surfaces M, in H3 with constant mean curvature

Here, we determine time-like surfaces M, in H3 with constant mean curva-
ture Hy. When we solve the differential equation (11) by using z’ S |
similar to the solution of (5) we obtain that

ZP=1-— (cz? — eHy)?,

where c is a constant. If ¢ = 0, then, by an appropriate isometry of H; we
write v(s) = (0,sHp, 1+ s\/1 — HZ), where |Hy| < 1. Therefore, the surface
M 1 defined by this generating curve « has constant mean curvature Hy, and it
is umbilical.

For ¢ # 0, by an appropriate isometry of H3, we can only consider

2/(s) = /1—(c22 —eHp)? and 2/(s) = cz®> — Hy

from which we can have
x(z) =

z Ct2 _HO

1 (ci2 — Hy)?

that holds the initial condition (14). Thus, we can parameterize the generating

curve vy as
® ct? —

Z) =

1= ( L V1= (e —cH,)?
for z > 0 with the initial condition (1) = (0,0,1). By finding the domain of
depending on Hj and ¢, we have

dt, 0, z)

Theorem 3.2. Let M, 1 be a time-like surface invariant by a group of trans-
lation isometries in H3 defined by (2) with the generating curve . Then, M
has constant mean curvature Hy if and only if «y is given by

v(z)=( '

where c is a constant, and the domain of -y is given by
1. for Hy <0,
(a) 0<z< (/M when 0 <c< 1+ Hyand —1 < Hy <0, or

z Ct2 _

dt,0,z ),
1-— (Ctz — H0)2 )
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(b) 0 <2< y/H#e=L when Hy—1<¢<0and—1< Hy <0, or
(c) \/%<z<\/% when Hy— 1 <c< Hy+1 and Hy < —1;
2. for Hy=0,0 < z < —— when |c| < 1;
) \/H )
3. for Hy > 0,
(a) 0<z< %Wben0<c<H0+1andO<H0§1,or
(b) \/%<z< %WhenHo—l<c<H0+1andH0>1,or

(c) 0<z<\/% when Hy—1<c¢<0and0< Hy < 1.

All the intervals contain z = 1.

3.3. Surfaces M, in H3 with constant Gaussian curvature

Here we determine time-like surfaces M, 1 invariant by a group of translation
isometries in H$ with constant Gaussian curvature Ko. When we solve the
differential equation (10) by using 2/> + 2/> = 1 similar to the solution of (7)
we have the followings.

For s = 0 we have C' = cos? fy + Ky from (12) and (14).

Case 1.1. C = Kj + cos? §p < 0 with Ky < —1, (6p € (0,7)). Then, by using
(14), the solution of (13) yields

z(s) = @cos(@s — B),

where B = arccos 4 / KQO, and hence z(s) = f; \/1 — (=Ky) sin*(vV=Cr — B)dr,

1 : 1 1 : 1
for \/T( arcsin —— + B) <s< =% < arcsin —— + B). It follows from
g—; that v has an absolute maximum at s = %. For Ky = —1and 6y # 0, v is

an open part of the upper semicircle in the xzz-plane centered at (— |Cs(l)fl z?)l ,0)

with radius —4—.
| sin 6p|

Case 1.2. C=0, that is, Ko = — cos? fp. Then, the solution of (12) with (14)
gives z(s) = (cosfp)s+ 1 and hence z(s) = (sinfy)s. The time-like surface M,
with the generating curve y(s) = ((sinfp)s, 0, (cosfp)s + 1) with s > —sec 8y
is umbilical that was studied in Section 3.1.

Case 1.3. C = Ky + cos?fy > 0 with —cos?y < Ky < 0. Then, by using
(14), the solution of (13) yields

—K,

z(s) = sinh(vVC's + B),
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where B = arcsinh %’ and hence z(s) = f(f \/1 — (= Ko) cosh®(vV/Cr + B)dr

for f% <s< % ( arccosh ﬁ — B) = s1. It can be seen that  is increas-
ing on the interval, and it has a vertical tangent when s approaches to s; from
the left.
Case 1.4. C = cos?fy > 0 and Ky = 0. Then, by using (14), the solution of
(12) yields

Z(S) — e(cos 00)57

and hence
S
z(s) :/ \/1 — (cos? fp)e2(cos0o)T 7
0
1
= (\/1 — (cos? f)e2(cosfo)s — arctanh \/1 — (cos2 ) e2(cos 90)8)
cos by
- in 6y — arctanh(sin 6
cos o (sindy — arctanh(sin 6p))
for —oo < s < —% = s9. From which it can be seen that 7y is increasing

and limg_, o g—; = 0 which implies that the graph of « is asymptotic to the
z-axis, and also it has a vertical tangent when s approaches to so from the left.
Case 1.5. C = K + cos?y > 0 with Ky > 0. Then, by using (14), the

solution of (13) yields
z(s) =4/ % cosh(VCs + B),

where B = arccosh,/ KQO, and hence z(s) = [, \/1 — Ko sinh?(v/Cr + B)dr for

,%(arcsmh ﬁ + B) <s< %(arcsinh ﬁ - B). The curve 7 is has a

horizontal tangent at s = %7 and it has vertical tangents at the end points.
From g—;, it seen that v has an absolute minimum at s = %'

As a summary we state

Theorem 3.3. Let M, 1 be a time-like surface invariant by a group of trans-
lation isometries in H3 defined by (2) with the generating curve . Then, M
has constant Gaussian curvature K if and only if the x and z components o f~y
are given by one of the following:

1. For Ko < —1,
’ B Ky
z(s) = /0 \/1 — (=Ky)sin?(vV—=Cr1 — B)dr, z(s) = \/ZCO&(@S - B),

for \/i*c( — arcsinﬁ + B) <5< ﬁ(arcsinﬁ + B), where

C = Ky+cos? 6y < 0 and B = arccos £/ KQU The curve v has an absolute
B

maximum at s = T For Ky = —1 with 6y # 0, v is an open part of
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the upper semicircle in the xz-plane centered at (— “;?ISI (Z)gl ,0) with radius
1
| sin 0| *

2. For Ky = —cos? 0y, v(s) = ((sinfp)s, 0, (cosBy)s + 1) with s > —sec 6.

For this generating curve M, is umbilical.
3. For —cos? 0y < Ky < 0,

x(s) = /OS \/1 — (—Ko) cosh?(VCr + B)dr, z(s) = \/ —é(o sinh(VC's + B),

for —% <s< %(arccoshﬁ - B) = 51, where C = Ky + cos? g
and B = arcsinh 4/ %Ko The curve 7y is increasing, and it has a vertical
tangent when s approaches to s from the left.
4. For Kg =0,
1
x(s) = (\/1 — (cos? fg)e2(cosfo)s — arctanh \/1 — (cos? f)e2(cos 90)5)
cos g
~ cosfy (sin @y — arctanh(sin y)),

Z(S) — e(cos 00)s

for —oo < s < 7% = s9. It can be seen that ~ is asymptotic to

the x-axis, increasing and has a vertical tangent when s approaches to
s9 from the left.
5. For Ky > 0,

x(s) = /OS \/1 - K sinhQ(\/aT + B)dr, =z(s)= \/§c05h(\/53 + B)

1 . 1 1 : 1 _
for —ﬁ(arcsmh i + B) <s< ﬁ<arcsmhﬁ — B), where C =
Ky + cos? 8y and B = arccosh / K%) The curve v has an absolute mini-

mum at s = %’ and it has vertical tangents at the end points.
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