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ABSTRACT. The zero divisor graph is the most basic way of representing an
algebraic structure as a graph. For any commutative ring R, each element
is a vertex on the zero divisor graph and two vertices are defined as adjacent
if and only if the product of those vertices equals zero. In this research,
we determine some topological indices such as the Wiener index, the edge-
Wiener index, the hyper-Wiener index, the Harary index, the first Zagreb
index, the second Zagreb index, and the Gutman index of zero divisor
graph of integers modulo prime power and its direct product.
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1. Introduction

In chemistry, the graph theory has been widely used to solve molecular prob-
lems. The structure of molecules can be represented as a graph where atoms
are vertices, and the bonds between atoms are edges. Some can be assumed as
a complete molecular graph, while others can be viewed as a skeleton graph [1].

There are many applications of graph theory and group theory in chemistry.
One of them is topological indices that represent the chemical structure with
numerical values. Additionally, the topological index of a structure is useful
for chemical documentation, isomer discrimination, structure-property relation-
ships, and others [2].

For instance, the Wiener index (W) is used to predict the cavity surface area
(CSA) of alcohols with the equation In(csa) = 5.229 + 0.144in(W), predict the
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boiling point (BP) of alcohols with the equation In(bp) = 4.279 4+ 0.181In(W),
and predict the molar refraction (MR) of heterogeneous compounds with the
equation In(mr) = 0.826 4+ 0.690in(WW) (Gupta, [3]). Many types of topological
indices have been introduced since 1947, which include the Wiener index [4, 5]
and the Zagreb index [8, 7]. The present study investigated the structure of
these indices in a specific graph, namely the zero divisor graph.

The zero divisor graph is the most basic way of representing an algebraic
structure as a graph. Here, for any commutative ring R, each element is a
vertex on the zero divisor graph and two vertices are defined as adjacent if and
only if the product of those vertices equals 0 [10, 9]. Previous studies refer to
the zero divisor graph [11, 12] as a useful way of working with algebraic graphs,
for example to manipulate each element in R or to find the relation between two
elements.

The simplest ring (or commutative ring) that can be thought of as a funda-
mental structure is no other than Z,, or the modulo ring over a prime number.
This modulo ring can be approached using elementary number theory to dis-
cover many modulo ring properties and relations. Any commutative ring can be
represented by a modulo ring or the multiplication of some modulo rings. Based
on this, the zero divisor graph as a complete representation of any commutative
ring is interesting to explore [13, 14].

Rayer and Jeyaraj illustrated the zero divisor graph of commutative rings in
2023. They also examined topological indices for zero divisor graphs, focusing
on the eccentricity of the vertices [15]. In the same year, Ghazali et al discovered
general zeroth-order Randi¢ index of zero divisor graph for the ring of integers
modulo p™ [6].

In this paper, we present the general formula of the Wiener index, hyper-
Wiener index, Harary index, edge-Wiener index, first Zagreb index, second Za-
greb index and Gutman index of a zero divisor graph using the modulo ring of
a prime power Z,~» and its direct product Zy» X Zgm for prime numbers p, ¢ and
natural numbers n, m.

The definitions and basic concepts in graph theory and topological indices
that are used to prove the main theorem are presented.
The zero divisor graph is defined in the following definition.

Definition 1.1. [10] Let R be a commutative ring. The zero divisor graph of
R, denoted by I'R, is a simple graph of the vertex set R and two distinct vertices
z and y are joined by an edge whenever xy = 0.

Definition 1.2. [4] Let G be a connected graph. The Wiener index of G is the
sum of the half of the distances between every unordered pair of vertices of G,
written as,
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FIGURE 1. Zero divisor graph of Zs:

FIGURE 2. Zero divisor graph of Zgy2 X Zg3

where d(u,v) is the distances of unordered pair of vertices u and v.

Example 1.3. W(I'Zy:) = d(0,1)+d(0,2)+d(0,3) +d(1,2)+d(1,3) +d(2,3) =
1+1+41424242=09.

Definition 1.4. [16] Let G be a connected graph. The hyper-Wiener index of
G, denoted by WW(G), is defined as

WM%G%zé( Y dwn+ Y dmwf),

u,veV(G) u,veV(G)
where d(u,v) is the distances of unordered pair of vertices u and v.
Exmnwelj.WWV@Zy):é[ﬂ&1)+dmﬂ)+dmﬁ)+dﬂﬂ)+dﬂ£)+

MZ&+d®JP+dm2V+dmﬁf+dﬂﬂf+dﬂ3f+d@3?}
=1(14+14+1+2+24+241+1+1+4+4+4) =12,
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Definition 1.6. [16] Let G be a connected graph. The Harary index of G,
denoted by H(G), is defined as

e = Y e

u,veV(QG) d(u7 v

where d(u, v) is the distances of unordered pair of vertices u and v.

- _1 1 1 1 1 1
Example 1.7. H(I'Zy:) = aon taoz taos tangy tansy T aesy =
1,1,1,1,1,1_9
1tItIta sty =5
Definition 1.8. [17] Let G be a connected graph. The edge-Wiener index of

G is the sum of the distances in the line graph between all pairs of edges of G,
written as,

W@ = Y def),
{e,f}CE(G)

where E(G) is the set of edges in G and d(e, f) are the distances between two
edges. The distances between two edges are the distances between the corre-
sponding vertices in the line graph of G, denoted by L(G).

(0,3)

(0,1 (0,2)
FIGURE 3. Zero divisor graph of line graph Zo2

Example 1.9. W, (I'Zs2) = d((0,1),(0,2)) +d((0,1), (0,3)) +d((0,2),(0,3)) =
1+141=3

Definition 1.10. [7] Let G be a connected graph. Then, the first Zagreb index
of G is the sum of squares of the degrees of the vertices of G, written as,

Mi(G) = ) deg(u)?
ueV(G)

where deg(u) is the number of edges connected to vertex w.

Example 1.11. M;(I'Zy2) = deg(0)? + deg(1)* + deg(2)? + deg(3)? = 32 + 1% +
12412 =12.
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Definition 1.12. [7] Let G be a connected graph. Then, the second Zagreb
index of GG is the sum of the product of the degrees of pairs of adjacent vertices
of G, written as,

Ma(G) = S deg(u)deg(v)
u,vEE(G)
where u,v are the vertices on the edge connecting them.

Example 1.13. M5(T'Zy2) = deg(0)deg(1) + deg(0)deg(2) + deg(0)deg(3) =
31+31+31=09.

Definition 1.14. [18] Let G be a connected graph. The Gutman index of G,
denoted by Gut(G) , written as,

Gut(G) = Z deg(u)deg(v)d(u,v)
{uv}CV(G)

Example 1.15. Gut(I'Zs2) = deg(0)deg(1)d(0,1)+deg(0)deg(2)d(0,2)+deg(0)
deg(3)d(0,3) +deg(1)deg(2)d(1,2) + deg(1)deg(3)d(1,3) + deg(2)deg(3)d(2,3) =
311+311+3114+1.1.24+1.1.2+1.1.2 =15.

2. Main results

In this section, the Wiener index, the hyper-Wiener index, the Harary index,
the edge-Wiener index, the first Zagreb index, and the second Zagreb index of
the zero divisor graph of Z,» and Z,» X Zgm are determined, where their general
forms in natural number n and and prime number p are found.

2.1. Topological indices of the graph that has diameter at most 2.
This subsection contains the Wiener index, the hyper-Wiener index, the Harary
index, edge-Wiener index and Gutman index of graph that has diamater 2.

In terms of their numbers of vertices and number of edges, these results are
used to prove the topological indices of zero divisor graphs of the commutative
rings in the following subsections.

Theorem 2.1. Let G be a simple connected graph with diam(G) < 2, then the
Wiener index of G is [V(G)|(|V(G)| — 1) — |E(G)].

Proof. Since diam(G) < 2, the number of unordered pairs of vertices in G that
have distance 2 is,
(V(G)|

3 -1z

Hence, the Wiener index of G is,

wie) = s+ (V5 - m@)
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= [VOIIV(G) = 1) - [EG)].
O

Theorem 2.2. Let G be a simple connected graph with diam(G) < 2, then the
hyper-Wiener index of G is 3|V(G)|(|V(G)| — 1) — 2|E(G)|.

Proof. Since diam(G) < 2, the number of unordered pairs of vertices in G that
have distance 2 is,
(V(G)|

3 -1z

Hence, the hyper-Wiener index of G is,

WI(G) = 3| IE(G) +2 ((V(f”) - |E<G>|) 1B +4 (('”f) - E(G))}

= %IV(G)I(\V(G)I - 1) =2|E(G).

O

Theorem 2.3. Let G be a simple connected graph with diam(G) < 2, then the
Harary indez of G is $|V(G)|(|[V(G)| — 1) + 3| E(G)].

Proof. Since diam(G) < 2, the number of unordered pairs of vertices in G that
have distance 2 is,
(V(G)I

3 ) -1z

Hence, the Harary index of G is,
1 V(G
m& = 1p@)l+3 (V5 - 1E@)

- i|V(G)|(|V(G)| -1)+ %IE(G)I-
O

If diameter of the line graph is at most 2, then its edge-Wiener index in terms
of number of edges and its first Zagreb index. This following lemma shows that.

Theorem 2.4. Let G be a graph. If line graph of G is connected and has
diameter at most 2, then W,(G) = |E(G)|* — 1 M;(G).

Proof. Two edges e, f in a graph G will be adjacent in L(G) if both e and f share
one same vertex in G. So every vertex v in G will have deg(v) edges sharing the

d
vertex v and create ( eg2(v)> different edges in L(G). Hence, we have

E(LG) = > (deg2<u))

veV(G)
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Z deg(v)(deg(v) — 1)

vEV(G)
1 1

1Y degoP -1 Y degw
veV(G) veV(G)

= JM(G) - |B(G)]

By using Lemma 2.1, we have
W(G) = W(L(G))
= V(LGN (VL) - 1) - |B(L(G))]
= [B@)] (1B(@)] - 1) - 5M(G) + |B(@)]

= [B(G) ~ 3 Mi(G).
U

If the graph has diameter at most 2, then, there is relationship between its
Gutman index and its Zagreb indices. It shows in the following lemma.

Theorem 2.5. Let G be a simple connected graph with diam(G) < 2, then the
Gutman indez of G is Gut(G) = 4|E(G)|*> — M1(G) — Ma(G).

Proof. Note that,

eGP = % deg<u>)2

ueV(QG)

= Z deg(u)? + 2 Z deg(u)deg(v) + 2 Z deg(u)deg(v)
ueV(QG) weEE(Q) wgE(GQ)

=M(G) +2My(G) +2 > deg(u)deg(v).

w&E(G)
Since dz’am(G) < 2, then,
Gut(G Z deg(u)deg(v Z deg(u)deg(v)d(u,v)

weE(G) quE(G)

= Z deg(u)deg(v) + 2 Z deg(u)deg(v)
weE(G) w&E(G)

= My(G) +4|E(GQ)]? — M1(G) — 2M>(G)
= 4|B(G)]? ~ Mi(G) — Ma(G).
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2.2. Topological Indices of the Zero Divisor Graph of Z,.. .

This subsection contains the results for the Wiener index, the hyper-Wiener
index, the Harary index, the edge-Wiener index, the first Zagreb index, the sec-
ond Zagreb index and Gutman index for I'Z,» for prime number p and n € N.

Before getting into a deep understanding of how to determine any topological
index result, the first thing to know is the graph’s structure. The neighbors of
each vertex are fundamental for seeing the structure preserved in that graph.

Lemma 2.6. If R is a commutative Ting, then the diameter of TR is at most 2.

Proof. Let a,b be different vertices in I'R with ab # 0. Since a.0 = 0 and .0 = 0,
a — 0 — b is a path of length 2. O

Proposition 2.7. Let p be a prime number, n € N and a € Zyn with ged(a,p™) =
pt fori=0,1,2,...,n. Then, the degree of a in I'Zyn is
_[ o i

Proof. Let a € Zy» with ged(a,p™) = p’, and b € Z,» with ged(b,p™) = p’.
Then, a is adjacent to b if and only if j > n—1i. So b € p"~Zyn and |p" " Zyn| =
P

o If i > [21] then a € p"~"Zy». So deg(a) = p' — 1.

o If i < [251], then deg(a) = p'.

O

In the zero divisor graph of any commutative ring, some of the vertices have
the same degree. The following proposition shows the number of vertices that
have the same degree in the respective graphs.

Proposition 2.8. Let V; = {a € Zyn : gcd(a,p™) = p'}, then |Vi| = p"~ —
p"= ) for 0 <i<n—1and |Vi| =1 fori=n.

Proof. Let a € V/. For 0 < i < n—1, we have a € p'Z,n, but a ¢ p"™1Z,n.
So |V/| = p"~% — p»~(+D. For the case i = n, V/ = {0} and immediately
V=1 0

Before we determine the Wiener index, Hyper-Wiener index, Harary index,
edge-Wiener index and Gutman index, we need to determine the number of
edges. The number of edges shows in the following lemma.

Lemma 2.9. The number of edges of [ Zyn is 3 ((n +1)p® —npn~t — p(n;lw) .

Proof. The number of edges in any graph will equal half of the sum of the degrees
of all vertices. Using Proposition 2.7 and Proposition 2.8, we have,

Bz =5 S degla)

a€V(IZyn)
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—1
an ] n—1

1 » . . » o .
_ § pn 1+ Z (pn i _pn (2+1))p1 + Z (pn i _p'n (l+1))(pl _
=0 =L+ 25L
= % (o Dp" =" = pl 2T
(]

Theorem 2.10. Let I'Z,» be the zero divisor graph of Zy»~ with prime number
p and natural number n. Then, the Wiener index of I'Zpyn is

1 _ n=t
N V)
Proof. Using Lemma 2.9 and Theorem 2.1 that state |V(I'Zy»)| = p™ and
|E(CZyn)| = 4 ((n +1)p" —npn~t — p[%w), the result follows. O

Example 2.11. W(I'Zy) = 22(22 — 1) — L ((2 +1)22 - 2.9271 - 2F?1) =9

Theorem 2.12. Let I'Z,» be the zero divisor graph of Zy» with prime number
p and natural number n. Then, the hyper-Wiener index of I'Zyn is

3 ne
WW([Zyn) = 5p" (0" = 1) = ((n +1)p" —np"t —pl 21]) :
Proof. Using Lemma 2.9 and Theorem 2.2 that state |V(I'Zy»)| = p™ and
|ETZym)| = 4 ((n +1)p" —np"~t — prnT_lw), the result follows. O
Example 2.13. WV (I'Zy) = 3.22(22 — 1) — ((2 1 1)22 2921 - 2f%1) -
12.

Theorem 2.14. Let I'Z, be the zero divisor graph of Zy~ with prime number
p and natural number n. Then, the Harary index of I'Zyn is

_ 1 n(, n 1 n n—1 [”—71.\
H(Zyn) = 70" (p 1)+4((n+1)p np p' 2 )
Proof. Using Lemma 2.9 and Theorem 2.3 that state |V(I'Zy»)| = p™ and
|ECZyn)| = 4 ((n +1)p" —np"~t — p[anlW), the result follows. O

Example 2.15. H(I'Zy) = 122(22-1)+1 ((2 £1)22 — 29271 QF%W) =9

Before we determine the edge-Wiener index of I'Z,», we need to determine
the first Zagreb index.

Theorem 2.16. Let I'Z,» be the zero divisor graph of Zy»~ with prime number
p and natural number n. Then, the first Zagreb index of TZpn is M1 (T'Zpn) =

O =07 =) (G 20 ) T
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Proof. By Proposition 2.7 and Proposition 2.8, we have,

L2 ]

n—1
MTZyn) = (" =12+ 2 Mt =pn D)2+ T D) — 12,
=0 i=1+| 251 |
n—lj 1
2 . . . n— . . . .

=@t =D+ X @ -pm D))+ X (T et ) - 27+ 1),

=0 i=1+4| 251

" _ _ n—1

=" = D2+ - (B —2fmgt) 1l -0 o

Example 2.17. M, (T'Zy) = (22—1)2+(22-22"1) ((2;%11) —~ 2[%1) ol 1
1=12.

Theorem 2.18. Let I'Z,» be the zero divisor graph of Zy» with prime number
p and natural number n. Then, the edge- Wiener index of TZyn is We(TZpn) =

2
i ((n+ Lp" —np™ ! p["ﬂ) -3 <(p” —12+(p"—-p*) (”p__f - 2[”7‘11) +

Proof. For any prime numbers p and n > 1, let a,b,c,d € Zy» be all different
vertices in I'Z,» such that ab = ¢d = 0. Then, (a,b), (¢c,d) € E(T'Zpn) and it
follows that (a,b), (¢, d) are different vertices in L(I'Z,n).

Let 0 < i,5,k,1 < n be integers that satisfy ged(a,p™) = p?, ged(b,p") = p/,
ged(e,p™) = pF, and ged(d,p") = p!. Note that i +j > n and k +1 > n,
so max{%,j} + max{k,l} > n. Choose z € {a,b} and y € {c,d} that satisfy
ged(z, p™) = pP@{id} and ged(y,p”) = pm@thl . Hence, (2,y) € E(T'Z,») and
(a,b) — (z,y) — (c,d) is a path of length 2. So diam(L(IT'Z,~)) < 2.

Using Theorem 2.4, we have,

Wo(Zy0)) =[BT, — 5 M1 (TZ,0)

Using Lemma 2.9 and Theorem 2.16, the result follows. O

2
Example 2.19. W,(I'Zy2) = i<(2 +1)22 — 22271 2“&”)
-3 ((22 —1)24(2° - 22—1)(—22—1 — 2(ﬁ]) +2l% - 1> =3
2 2-1 2 =

Theorem 2.20. Let I'Z,» be the zero divisor graph of Zy~ with prime number
p and natural number n. Then, the second Zagreb index of Zyn is

My(Zyp) = (p" — 1) (n(p” _pnl) =l o 1) + 1D 1) - 2)

n(n— n n— n— — gt n—1
+;<pnp"1>( U =) 2 2] - 1 1).
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Proof. By the second Zagreb index’s definition, it is obvious that

My (T'G) :% Z deg(a Z deg(b) | ,

acV(I'G) beN(a)

where N(a) denotes the neighborhood of a.

Note that, if a € V(I'Zyn) with ged(a,p™) = p?, then N(a) = {b € V(I'Zpn) :
ged(b,p™) = p"~9,0 < j < i}. Hence we have,

My(TZpn) =5 | 3 deg(a) < > deg<b>>)

a€V(TZyn) beN(a)

=10 = 1) (D" = = pl T - - 1))

nflJ .
2 . . . k3 . . .
+3 P —pn= ()t (_Zl(pj —p (P = 1) +p" — 1)
1= 1=
. n=l . , , e '
s ety E @ - e - )
n— J:

+ X @ -pPHe" )+ -1-0 - 1)) + 30" —p"HE" -1)
F=1H[ 254

n—1
=30 1) (n(P” —pr ) —plT T 4 1)

n—1
] . ) ) n—1 . . .
+3 ( > o(prt-pr )iy S (Tt pr D) (pt — 1)) (p" —1)

=0 'L.:l‘H_nTilJ

2 .
+3 ; (p" —p" V) (i(p™ —p" 1) —p* + 1)
n—1 ) ) n—1 .
+3 (" =p 1) = (=t = prm D)) (i = pr ) + 1=l = pt 1))

=25
n—1 n—1
=30" =1 (" —p ) = pl T 4 1) + 4 (npr —p ) —pl T 1) 7 - 1)

1= —1) (4 1 ; 1 =t n n—1 =t

+5 X @ =) " =) =+ 1)+ X (Pt —p )(171) 2 )

=t =1+ 2571

n—1 ) ) n—1 )

5 X @i ) (ipr - ) 1l —pi )

=14 252
= (p"—1) (n(p"—p” D —pl e 7+1) 1pn (M(p p”‘l)—%+n—1)

no1 regty e —1

+3[25H 0" >(1f ) g0 1>(nP;11<1+L21J>M 2 )

n—1 n—1
+ier —pr I+ 3T el T~ 2)

n—1 n—1
=("-1) (n(p”—p”‘l)—p( 2 ]+1)+%(p( = D -1)p

n—1
2

_2)

_ n_ rogty n—-1
+%(pn7pn—1) <"(”21)(pn 7p”_1) +2n+2|”ﬂT*1‘| —1— %jl ,np[ 3 W). O



674 Fariz Maulana et al.

Example 2.21. My(I'Zs2) = (22 — 1) (2(22 92-1) _ ol 541 4 1) n
%(2’—%-‘) _1)(2’—27;1] _2)+%(22_22—1)<2(22—1) (22_22—1)+22+2"%‘| 11—

2-1 _
2oz Il 99l5t) =334 110432 +442-1-3-4)=0.
Theorem 2.22. Let I'Z,» be the zero divisor graph of Zy» with prime number

p and natural number n. Then, the Gutman index of I'Zpn is
n-112 _
Gut(TZyn) = [(n+ 1) —np =1 = pl 2] —[<p"—1>2+<pn—p"*1> (E=2 —2r251)+

’—nfl 1—1

71— 1} - [(p" —-1) (n(p" —prhy—pl T T 4 1) + %(p(nTilD ~ ("

]_2)

_ n__o (2541 n—1
+ A0 —pnY) <( D =) 2n 22t - 1 - PRl )}

Proof. Since we have determined |E(TZyn )|, M1(TZyn), M2(I'Zyn ) and by Lemma
2.6, Theorem 2.5, the result follows. O

2.3. Topological Indices of the Zero Divisor Graph of Z,» x Zgn.

This subsection contains the results for the Wiener index, the hyper-Wiener
index, the Harary index, the edge-Wiener index, the first Zagreb index, the
second Zagreb index and Gutman index for I'(Z,n x Zgm) for p, ¢ prime numbers
and n,m € N.

Proposition 2.23. Let p, q be prime numbers, n,m € N and (a,b) € Zyn X Zgm
with ged(a,p™) = p* fori=0,1,2,....,n and ged(b,q™) = ¢’ for j =0,1,2,...,m.
Then, the degree of (a,b) in the zero divisor graph of Zyn X Zgm is

_ [P, =012 n,5 < [ 2 ori < |25 5 > [
dwﬂmw){¢¢_1,1>V§Hd>L@TJ

Proof. Let (a,b) € Zyn X Zgm with ged(a,p™) = p*, ged(b, ¢™) = ¢/ and (c,d) €
Zpn X Zgn with ged(c,p™) = p*, ged(d,q™) = ¢'. Then, (a,b) is adjacent to
(¢c,d)ifand only if k >n—iand l >m —j

Ifi > |251], j > [25L] then (a,b) € p" Zpn X ¢™ I Zgm. So deg((a,b)) =
¢ —1.

IfO0<i<n, j<|Z7 ] ori< |25, 7> 25 then deg((a,b)) = piq’.

O

P‘roposition 2.24. Let V}; = {(a,b) € Zpn X Zgm : ged(a,p") = pt, ged(b, q™) =
q’}, then

> ¢ Ut i=0,1,2,..,n—1,7=0,1,2,..,m — 1
v - @nz nhﬂn i=0,1,2,..,n—1,j=m
T (¢nT = gDy, i=n,j=0,1,2,....m—1
1, t=nj=m

n—1i 'n (H—l))(q —J _

Proof. Since |[{(a,b) € Zpn X Zgm : gcd(a,p™) = p', ged(b,q™) = ¢’} = |{a €
Zpn : ged(a,p™) = p'}H|{b € Zgm : ged(b,q™) = ¢7}], the proof follows from
Proposition 2.8. (|
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Lemma 2.25. The number of edges of T'(Zyn X Zym) is %(nm(p" —p" (g™~

’"’;11),

Proof. The number of edges in any graph will be equal to half of the sum of the
degrees of all vertices in the graph. By using Proposition 2.23 and Proposition
2.24, we have,

n—1
g ) +m(g™ — g P + n(pt — p g™ + pig™ — pl T 1!

deg(a)
A€V (T (Zyn XZgm))
n—1 ng_lj mT_l
=3 > (@t —prt D) (gmTI — gt D)pigl 4 30 (¢TI — g U D)prgd +
i=0 j=0 =0
1" mo1 . . . . N A .
> S Tt WD) (g — g U )pigh 4 S (prTi— pn (D )pigm 4
=0 jojq|mol i=0
n—1 m—1 . X X X L n—1 X
> > (- pn D) (g — g Gt (pigd — 1)+ Y (T -
=1 B =14 ) i=14] 252 |

m—1
prm D) (pigm — 1)+ Y (¢TI — g™ UD)(phgd — 1) +png™ — 1
j:1+Lm;1J

1 —1
= ] L™ ] n—1 m—1

n—1 L 2 2
=X X @ =-p"HE" =" H+ X (@"-¢" )+ X > -
=0 j=0 Jj=0 i:l-H_%J j:1+L7'L;1j
L%J n—1 m—1
A [ U B D DR U i VS S D D (e i [ AR A
=0 i:1+L'rL;1Jj:1+Lvn2—1J
n—1 m—1 . . . X n—1
= > (vt p D) (gmTI — gt Uy 4 (pt - pn g™ —
=14 Pyt ] =14 [ Pt =14 25t
n—1 m—1 m—1
> @ iepr )+ Y (@ =g hpt = X (Mg Ut) 4
=14 25 J=14 gt J=1H[ ]
pnq'm —1

n—1 m—1
= nm(p" —p" ") (g™ — g™ L) +m(q™ — g )pt n(pt —pn g —pl Tz gl T T prgm.
Therefore, the number of edges is,

%(”m(P"—p"‘l)(qm—q’"‘l)+m(qm—q’"‘l)p“rn(p"—p”‘l)q’"—p(%”q[%hr
pnqn’t). |:|
Theorem 2.26. Let I'(Zpyn x Zgm) be the zero divisor graph of Zpn X Zgm
with prime numbers p,q and natural numbers n,m. Then, the Wiener index
of T(Zpn X Zgm) is W(T(Zpn x Zgm)) = p"g™(p"q™ — 1) — $(nm(p™ — p"~1)(¢™ —
g + (g™ = TP (= pr g+ g - pl T gl ),

Proof. This is clear by using Lemma 2.1 and Theorem 2.25. ]

Example 2.27. W(D(Zy: x Z3)) = 22.31(22.3" — 1) — %[2.1(22 _92-1y(31
311) 4 1(31 — 311)22 4 9(22 — 22-1)31 4 92 31 _ QF?W%W} =113,
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Theorem 2.28. Let T'(Zyn x Zgm) be the zero divisor graph of Zpyn X Lgm with
prime numbers p,q and natural numbers n, m. Then, the hyper- Wiener index of
L(Zpn X Zigm ) is WW (T (Zpn X Zgm)) = Spng™ (pq™ —1) — (nm(p"™ —p" 1) (¢™ —q™ 1) +
m(g™ — ¢ )p" +n(p” —p" g™ +prg —pl T gl ),

Proof. This is clear by using Theorem 2.2 and Lemma 2.25. O
Example 2.29. WW (I'(Zy: x Zs)) = 3.22.31(22.31 — 1) — [2.1(22 —92-1)(31 —
31-1) 4 1(31 — 31-1)22 4 2(22 — 22-1)31 - 2231 — 2[*z"131*5* 1} = 160.

Theorem 2.30. Let I'(Zyn x Zgm) be the zero divisor graph of Zpn X Zgm
with prime numbers p,q and natural numbers n,m. Then, the Harary index
of T(Zpn X Zgm) is HI(Zpn x Zgm)) = png™(p"q™ — 1) + L(nm(p" — p"~1)(¢™ —
g™1) £ m(g™ — gL 4 n(p — p g™ 4 pigm — pl T 1M = h.

Proof. This is clear by using Theorem 2.3 and Lemma 2.25. O
Example 2.31. H(I'(Zy: x Zs)) = 2.22.31(22.31 — 1) + §[2.1(22 —22-1y(3! —
3171) + 1(31 — 317122 4 2(22 — 227 1)31 2231 — 2f%13f%1} =&

Theorem 2.32. Let I'(Zyn X Zgm) be the zero divisor graph of Zyn X Zgm with
prime numbers p,q and natural numbers n,m. Then, the first Zagreb index of
D(Zpn X Lgm) iis My (T(Zyn X Zgm)) = (p*" =1 =p" 1) (¢*™ =1 =g~ )+p?" (¢*™ 1 —g™ 1)+
n—1 m—1

(PPt —pn ) =2 (= p (@™ — g )+ (0T T =) T 1) -
2[7@771]( n_ ,n—1\,m (Lilw_ m—1 m 1 ]’Lﬁl.\_ n, m_ 1)\2

> (" =p""H)g" +(p' 2 D —=2[7—=1(¢™ (g 2 D+ g™ -1)%
Proof. Using Proposition 2.23 and Proposition 2.24, we have,

My(D(Zpn X Zgm)) = > deg(a)?
a€V(T(Zpn XZgm))

Lm_lj m—1

n—1 2 B ) ) ) . 2 . . .
=X X (pr—i—pn— (H D) (gm—I —gm=UFD) (pigd)2 + 2 (@ —gm= U (prg?)? +
= = >
Ln71J ! 1 ! n—1
2 m— . . . . .. 2 . . .
> > (T iepn D) (g I =g U (pigh) 2+ 3 (pn T —pn (D) (pig™) 2+
i=0 j,l_H.mQ*lJ =0
n—1 m—1 . . . . - n—1 ,
> > (Tt —pn (D) (g — g UHD) (pigd — 1)2 4+ Y (pn T -
=1 Pyt ] =14 [ Pt =14 251
m—1
prm ) (plgm =12+ X (¢ =g UT)) (gl — 1) 4+ (png™ — 1)?
j:1+L'HL lJ

= (" —p" (@™ =g (B (L) (g — g P (L >+<p PP (Bt —

p—1
212 )L ) g gDy )
1)—2(71—1— TLT—lj)(pn_pn—l)qm+( G J)—l) Q(m—l— J)( qm l)p +

(¢m 0D — 1) 4 prgm — 1)

_ (p2n—1_pn—l)(qu—l_qm—l)+p2n(q2m—1_qm—1)+q2n(p2n—l_pn—l)_2"anl“ [m51](pn_
n—1 m m—1 (Lﬁl] (Lﬁl-\ n—1 n n—1y . m [E]
pPr@m =g )+ (T T -D(¢ 7 =) 2[R T g+ (T 1) —
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m—1

2[= L] (g™ — ¢ Dp™ + (¢ T T 1) + (prg™ — 1)2.

O

Example 2.33. M, (T(Zy2 xZ3)) = (22271 —2271)(32.1-1 _31-1)4.92:2(321-1 _
— - — — 2-1
31—1) + 32.1(22.2—1 _ 22—1) _ 2[2271" [1271" (22 _ 22 1)(31 _ 31 1) + (2]' =1 _

DECFT - 1) — 22322 - 273t + 2T - 1) - 2 (3 - 32 +

(312 1—1)+(22.31 1) = 6.2416.24+9.6—0+0—2.1.2.3+1—0+0+121 = 208.

Theorem 2.34. Let I'(Zyn x Zgm) be the zero divisor graph of Zpn X Zgm with
prime numbers p,q and natural numbers n,m. Then, the edge- Wiener index of
D(Zpn X Zgm) i8 We(L(Zpn X Zgm)) = |E(L(Zpn X Zgm))|* — %Ml(F(an X Lgm)).

Proof. Let (a1, a2), (b1,b2), (c1,c2), (d1,d2) € Zpn X Zgn be all different vertices
in F(an X qu) such that (a1,a2 (bl,bg) = (01,62)(d1,d2) = (0,0)

Then ((a17a2)7 (bl,bg)) s ((61,62), (dl,dg)) S E(F(an X qu) and follows that
((a1,a2), (b1,b02)), ((c1,¢2), (d1,d2)) are different vertices in L(T'Zyn).

Let 0 <i,j,k,l <mand 0 < i, j k',I' < mbe integers that satisfy ged(ai,p") =
', ged(as, q™) = q¥, ged(bi,p") = p7, ged(ba,q™) = ¢, ged(cr,p") = p,
ged(ca,q™) = ¢, ged(dy, p") = p', ged(dz, ™) = ¢". Note that i+ j > n,
i'+j7 >mand k+1>mn, K+ > m, so max{i,j} + max{k,l} > n and
max{4’, j'} + max{k’,I'} > m.

Choose x1 € {a1,b1}, 22 € {az,b2} and y1 € {c1,d1},y2 € {co,d2} that satisfy
ged(zq,p?) = pmax{i,j}7 ged(z,q™) = qmax{i’,j'} and ged(yy, p") = pmax{k,l},
ged(ya, ™) = qmax{k/’ll}. Hence ((x1,22),(y1,y2)) € E(I(Zpn X Zgn) and
((a1,a2), (b1,b2)) — ((z1,22), (y1,y2)) — ((c1,c2), (d1,ds)) is a path with length
2. So diam(L(T(Zpn X Zgm))) < 2.

By Theorem 2.4, we have,
1
We(D(Zpn X Zgm)) = |B(T(Zpn X Zgm))|?* — §M1(F(an X Zgm)).

0

With the same technique as was used above for the first Zagreb index of I'Zn,
we get the first Zagreb index of I'(Zpn x Zgm) to be,
m—1

n—1
(p"q™—1) (nm(ID”710”’1)(qmfq’"’l)er(qmfqm’l)p’”rn(p"710”’1)qup(TW d Tt

n_1 m(m— m m— n
1) +%(m—1)(q’"—qm*1)p"(n(p”—p”*l)qm—p(TW+1)+$7(2 Y (gm—gm1)p ((n+
m—l-‘

1+1 _ _ n—1
1)p" — np"*l))(qm —qm7h) -3 (% - f%l1>(q’" —gm Hprpl Tz 1™ -

n—1 m—1 14rmoty m—1
e O e A= T (T
n—1 m—1 m—1
P ol ) At - g (e L2l

’rmfl

N 1_1)((n+1)p”fnp"‘1)(quqm‘1) +%(n*1)(p"fp”‘l)qm(m(quqm‘l)p”f

q—1
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n—1
q' >+1"(" 2l (pr p"il)qm((m+1)qm7mqm*1))(p”fp"”)*%(7" -

p—1
m—1
(L;W)(p" —pHgmgl T T —L(pn - p”fl)qm([%lh(

m—1

n—1
T - 1) - 12517 +

147251

- n—1 m=1q9 rn=1 _
qm%) 1=l —1)(m(qm—qm*1)p"—q( 7 1pl™e ]+2> + 31250 -
reh
“Hg™ (n — 1+ (2T - %) ((m +1)g™ — mqm‘l)(p” -

p"
_;’_% ( -1) m(’g 1) (p _ pnf ) (qm _ qul)Q + %m“g*l) (pn _ pnfl)(qm _ qul)Qpn +

1 _ _ 1+Ln_1J_ 1+L7n,—1J_

% (’ﬂZ )(pn p )(q m 1)q %(pn pn 1)(qm qm 1)(P pjl P g q21 q
— — _ _ 1+Ln;1J7 m—1 _ _ 14 Ty 1J,
\_ngljl_mglj) %(pn pn l)(qm q™ 1)(17 o1 Pq’— 5 1 Ln21J|’m21-| q 1 q

n—1 _ _ _ _ n—1 m—1 1+FL;1'\7 ;1 _

pl 7z 1 - (nTleTlJ + [nlemle(pf 7 gl T_92)4 = pg = q

n—1 m—1 n—1 m—1
3[R 0 = (@ — g + 5007 T DT T - e T e T -9
n—1 rozly B m—1 rm—1iy_
—3(n- s gt - o) (m(lﬂ"zw)J : W1> o -

n—1

resty_ m=11
L e e Y (R G e e

r—1

§(m - @+ L)l

2y _ n-1 mm—
. l)uﬁ L S R

n—1 m m—1 m m—1\,n 1/ n n—1 m m—1 qlemelJ*q m—1
P =T = TPt = (" =P - ¢ (e = 1) -
m—1
A —p ) (@ —q™ (g —1)+%(p"—p"*1)qm(M(qm—q""l)p"—(qr -
14251

1)) +5 25 (g =g (pr —pn ) (" —p g = S (q =g ) (p —pn ) (B AR -

L”Tﬂ)f%r";luquqm*)(pn e e R (G T ( (" =" 1)g™ ~

3. Conclusion

In this paper, we have determined the Wiener index, the edge Wiener index,
the hyper Wiener index, the Harary index, the first Zagreb index, the second
Zagreb index and the Gutman index of the zero divisor graph of Z,» and the zero
divisor graph of Z,» X Zgm. In future research, we will determine the topological
indices of the zero divisor graph of Zplfl X Zng X ... X prnm for m > 2.
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