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COMPUTATION OF TOTAL CHROMATIC NUMBER
FOR CERTAIN CONVEX POLYTOPE GRAPHS

A. PUNITHA AND G. JAYARAMAN*

ABSTRACT. A total coloring of a graph G is an assignment of colors to the
elements of a graphs G such that no adjacent vertices and edges receive
the same color. The total chromatic number of a graph G , denoted by
X"/ (G), is the minimum number of colors that suffice in a total coloring. In
this paper, we proved the Behzad and Vizing conjecture for certain convex
polytope graphs D5, Qb, RE, E., Sn, Gn, Tn, Un, Cn,respectively. This
significant result in a graph G contributes to the advancement of graph the-
ory and combinatorics by further confirming the conjecture’s applicability
to specific classes of graphs. The presented proof of the Behzad and Vizing
conjecture for certain convex polytope graphs not only provides theoreti-
cal insights into the structural properties of graphs but also has practical
implications. Overall, this paper contributes to the advancement of graph
theory and combinatorics by confirming the validity of the Behzad and
Vizing conjecture in a graph G and establishing its relevance to applied
problems in sciences and engineering.

AMS Mathematics Subject Classification : 05C15.
Key words and phrases : Total coloring, total chromatic number, convex
polytope graphs.

1. Introduction

Let a graph G be finite and undirected with no loops or multiple edges. If
each vertex in V(G) has a degree d, the graph G is called a d -regular graph. In
recent years, the study of total coloring in graphs has found important applica-
tions in various scientific and engineering domains. The total chromatic number,
denoted as x”(G), provides a valuable measure for scheduling and resource allo-
cation problems in parallel computing, wireless networks, and telecommunication
systems. By assigning distinct colors to vertices and edges such that adjacent
elements receive different colors, total coloring ensures the efficient utilization of
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resources and minimizes interference or conflicts. In this paper, we focus on the
Behzad [2] and Vizing [15] conjecture, a fundamental problem in graph theory
with practical implications. The conjecture proposes a relationship between the
total chromatic number of a graph and its maximum degree, stating thatx” (G)
is either equal to the maximum degree or the maximum degree plus one. Vali-
dating this conjecture for specific classes of graphs is of great significance, as it
not only sheds light on the fundamental properties of graphs but also contributes
to the development of efficient resource allocation strategies in real-world appli-
cations.
A graph of a convex polytope is formed from its vertices and edges having the
same incidence relation. Graphs of convex polytopes were first examined by
Baca [9]. He studies graceful and anti-graceful labeling problems for these ge-
ometrically important graphs. All the graphs considered here are finite, simple
and undirected. let (V(G), E(G)) be a graph with set of vertices V(G) and edges
E(G) respectively. A total coloring of G is a mapping f : V(G) U E(G) — C,
where C is the set of colors, satisfying the following three conditions (i) — (i%).

i) f(u) # f(v) for any two adjacent vertices u,v € V(G),

ii) f(e) # f(&) for any adjacent edges e,e¢” € E(G),

iii) f(v) # f(e) for any vertex v € V(G) and edges e € E(G) incident to v.

The total chromatic number of a graph G denoted by x”(G), is the minimum
number of colors that suffice in a total coloring. It is clear that x”(G) < A(G)+1,
where A(G) is the maximum degree of G. Behzad[2] and Vizing[15] conjectured
that for every graph G,A(G) +1 < x"(G) < A(G) + 2. If a graph G is to-
tal colorable with A(G) + 1 colors then the graph is called Type-I, and if it is
total colorable with A(G) + 2 colors but not A(G) + 1 colors, then it is Type
- II. A graph G is said to be total colorable if the elements of G are colored
with atmost A(G) + 2 colors. This conjecture was verified by Rosenfeld[13] and
Vijayaditya[14] for A(G) = 3 and by by Kostochka[6, 7] for A(G) < 5. For
planar graphs, the conjecture was verified by Borodin[4] for A(G) > 9. In 1992,
Yap and Chew [17] proved that any graph G has total coloring with at most
A(G) 42 colors if A(G) > |V(G)| — 5, where |V(G)]| is the number of vertices in
G. Muthuramakrishnan and Jayaraman[12] proved that total chromatic number
of twig graph, splitting graph of comb graph and shadow graph of comb graph.
In [10] the concept of total chromatic number is applied in complier optimization,
register allocation is the process of assigning local automatic variables and ex-
pression results to a limited number of processor register. Other applications of
the graph coloring concern load balancing problems in multiprocessor machines
and results in probability theory (scheduling). Some applications establish the
added constraints. For instance, in scheduling problems, workloads, time charts
have to be allotted uniformly among the labourers without any chaos. This may
be modeled by a graph with elements like vertices and edges representing the
task assigned to completed and for every conflicting pair of tasks. Labourers
denoted by colors. Coloring of these graphs referred a valid allocation of tasks
to the labourers. In this paper, the total coloring conjecture is proved for convex
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polytope graph with certain pendent edges. Our work contributes to the grow-
ing body of research on regular graphs, which have been extensively studied in
various areas of mathematics, computer science, and engineering. The proper-
ties and structures of regular graphs make them particularly useful in modelling
and analyzing real-world systems, and our results showcase the power of regular
graphs in solving complex problems in applied mathematics and engineering.

2. Preliminaries

Definition 2.1. [10] The plane graph DZ (p from pendent) is obtained from
a graph of convex polytope D} by attaching a pendent edges at each vertex of
outer cycle of D} . So the graph DP has the vertex set and the edge set given by
V(Dp) = U= {ais biscisdisei} and E(DY) = UiZ {aiai; bici; bivacis didiyas
a;bi; cid;; die;} with bn vertices and 7n edges respectively.

Definition 2.2. [10] The plane graph Q2 (p from pendent) is obtained from
a graph of convex polytope ), by attaching a pendent edges at each ver-
tex of outer cycle of graph of convex polytope graph @,. So the graph Q2
has the vertex set and edge set given by V(Q2) = (i {a;;b;;ci;dise;} and
E(QP) = U {aiais1;bici; bipici; didigr; aibis ¢id; die; b with 4n vertices and
8n edges respectively.

Definition 2.3. [10] In the graph RE(p from pendent) is obtained as a com-
bination of the graph, prism and the graph of an antiprism by attaching a
pendant edge at each vertex of outer cycle. We make the convention that
Gp+1 = G1,bn41 = bp,cpi1 = c1 to simply the notation, we have V(RE) =
U?:l{ai; bl, Cis dl} and E(RZ) = U?:l{aiai+1; bibi+1; CiCi+1, Clbz, azbz, biai_H; Czdi}
with 4n vertices, Tn edges and the subscripts being taken modulo n.

Definition 2.4. [1] The E,, is the combination of convex polytope denoted as
T, and A, by adding new edges a;;+1b; and having the same vertex V(E,,) and
E(E,). The E, consisting of 3—sided faces,5—sided faces and n—sided faces.

Definition 2.5. [12] The convex polytope S, consists of 2n,3— sided faces,
2n,4— sided faces and a pair of n— sided faces, and is obtained by the combina-
tion of the graph of convex polytope R, and the graph of a prism D,,. We have
V(Sn) = {as;biscisdi : 1 < i < n} and E(Sn) = {ai@iy1;bibit1;ciciyr; didigq -
1 <i<n}U{app1bi;aibi;bic;ed; 1 <i<n}.

Definition 2.6. [18] The convex polytope G,, consists of 2n,3— sided faces,
2n,4— sided faces and a pair of n— sided faces, and is obtained by the combina-
tion of the graph of convex polytope R, and the graph of a prism D,,. We have
V(Gr) = {a;;biscisd; : 1 < i <n}and E(Gp) = {aiaiq1;bibit1; ¢icipr; didiga -
1 <i<n}U{air1bi;aibi;bic;ed; 1 <i<n}.

Definition 2.7. [12] The convex polytope T, consists of 4n,3— sided faces,

2n,4— sided faces and a pair of n— sided faces, and is obtained by the combina-
tion of the graph of convex polytope R,, and the graph of a prism A,,. We have
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V(Tn) = {ai;bi;ci;di 01 S 7 S Tl} and E(Tn) = {aia,'+1;bibi+1;c,’ci+1;didi+1 .
1 <i<n}U{air1bi;aibi;bici;cidiicipid; 1 1 <i <n}.

Definition 2.8. [12] The convex polytope U, consists of n,4— sided faces,
2n, 5— sided faces and a pair of n— sided faces, and is obtained by the combina-
tion of the graph of convex polytope D,, and the graph of a prism D,,. We have
V(Un) = {ai;bi;ci;di;ei 01 S 1 S TL} and E(Un) = {aiai+1;bibi+1;€i6i+1 01 S
i < n}U{abi;bici; cidis diegy cipad; 1 < i < n}.

Definition 2.9. [1] The graph of convex polytope C,, consists of 3n,3— sided
faces,n, 4— sided faces, n,5— sided faces and a pair of n— sided faces. There sets
of vertices V(C},) and sets of edges E(C,,) are given us V(C,) = {a;; bi; ¢i5dis €5
1< < n} and E(Cn) = {aiai+1;bibi+1;didi+1;6i€i+1 1< <n— 1} U

{aibi; bicis biyrcis cidis diegy dipre; 1 1 < i <n— 1},

3. Main results

Theorem 3.1. Let DP. be the plane graph with n pendent edges, then x"'(DP) =
5.

Proof. Let V(D?) = |:_,{ai; bi; ¢i; di; e;}. For instance, we call the cycle pro-
duced by {a; : 1 <i < n} be the a— cycle; the cycle is induced by {b; : 1 <i <
n} U{c; : 1 <4 < n} be the b— cycle; cycle produced by {d; : 1 < i < n}
be the outer cycle and the set of pendent vertices {e; : 1 < i < n}. Let
ED?) = {pVpP:pp™ 1 < i < npu{eMiq®id® 1< i < n)

The outer cycle vertices {uy,us, - u,} are adjacent to each other and form a
cycle. Thus, they must have distinct colors from the total coloring concept.
The inner cycle vertices {vy, ve, - - - v, } also form a cycle and are adjacent to each

other. They must have distinct colors from the outer cycle vertices and, there-
fore, also have distinct colors among themselves. But the vertices {vq, v4, us, ug}
dominated by wvs, by the definition of independent dominating set choosing vs is
not consideration, focussing on the minimum of an independent dominating set.
The edges E(D?) are classified as:

Edges | Range of n | Links between the vertices
pgl) 1<i<n 4G4 1(modn)
P [ 1<i<n a;bi
pgg) 1<i<n bici
p§4) 1<i<n Cibit1(modn)
qi(l) 1<i<n cid;
@@ | 1<i<n didi11(modn)
T izizn i

Based on the total coloring conjecture, since x”(DP) > A(DE)+1=4+1>5
then the lower bound of DE is x”(DP) > 5. We now need to prove upper bound
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of total coloring conjecture of D? is x”(DP) < 5. Define total coloring f, such
that f: V(DP)U E(DP) — {1,2,3,4,5} as follows:

Case (i): when n =0 (mod 2)
The coloring of vertices is formulated as follows:
For1<i<n

2, if i is odd 1, if ¢ isodd

(1) flas) = f(ei) = P ; f(di) = P )
1, if ¢ iseven 2, if i is even

fbi) =3; flei)) =5

The edge coloring is formulated as follows:

3, i idsodd (2))_{1, if i isodd

K3

. .. ) . P )
4, if ¢ is even 2, if ¢ is even

5, if ¢ is odd
Fa®y =37 ) = a5 ) = 55 fla) =3
4, if 7 is even

@)y )2, if i isodd
v )_{1, if 4 is even
Case (ii): When n =1 (mod 2) then f(a;), f(b:), f(ci), F(di), f(ei), F (oY),
FE), L), F O, @), £(a87), £(a)), is given in equation (1) and (2),
for i € {1,2,....,n— 1}, flan) = f(dn) =5, f(cn) =2, fen) = 1, f(pi)) = 5,
FE8) = 2, f0) = 2,£(@?) = 4,f(”) = 2 For i = n—1,f(p))) =
Lfg?) =1,P) =4, f¢?,) = 3. It is evident that x”(D?) < 5. We
can conclude that x”(DE) = 5. O

Theorem 3.2. Let QF be the plane graph with n pendent edges, then x"(QF) =
6.

Proof. Let V(Q?) = Ui_,{ai; bi;ci;di; e;}. For instance, we call the cycle in-
duced by {a; : 1 < i < n} be the a—cycle; the cycle is induced by {b; : 1 < i < n}
be the b — cycle; set of vertices {¢; : 1 < i < n} be the inner vertices; the cycle
induced by {d; : 1 < i < n} be the d — cycle and the set of pendent vertices
{ei:1<i<n} Let BQR) = {p";p®ipl” 11 <i <npu{gl”;q”iqf 11 <
i< n}U{rEl);rl@) :1<i<n}

The edges E(QP) are classified as:
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Edges | Range of n | Links between the vertices
pgl) 1<i<n 4G4 1(modn)
p? [ 1<i<n aibi
pgg) 1<i<n bibi1(modn)
qZ(l) 1<i<n bici
qi@) 1<i:<n Cibi—i-l(modn)
qlgs) 1<i<n cid;
rz(l) 1<i<n didi1(modn)
7"1(2) 1<i<n die;

Based on the total coloring conjecture, since x”(QF) > A(QP)+1=5+1> 6
then the lower bound of Q? is x”(QF) > 6. We now need to prove upper bound
of total coloring conjecture of QP is x”(QF) < 6. Define total coloring f, such
that f: V(QP)U E(QP) — {1,2,3,4,5,6} as follows:

when n =0 (mod 2)

The coloring of vertices is formulated as follows:

For1<i<n

1, if ¢ isodd 2, if 4 is odd
(1) fla;) = f(di) = e i f(bi) = e s fle) =3
2, if 4 is even 1, if ¢ iseven
flei) =6
The coloring of edges is formulated as follows:
B0 =40 L 0P = 3 1) = 4 16 =5
4, if ¢ is even

if i isodd
i

if 7 is even
When n = 1 (mod2) then f(w), /(b), F(c:), (%), /(e:), ), 1), 1),
FO, FG@), @), £ @), 1), £(r), s given in equation (1) and (2),
forze{l,Q,.. n—l} flan) =5, f(b ):f( d) =4, fi)) =2, fY) =1,

if i isodd (1) if i isodd
if ¢ iseven’ if ¢ iseven’
{ 4

F@Y) =2 f(g") =6, f(a) =4, () =5, f(ri)) =3, f(r?) = 2. For
i=n-—1, f( fl)l) 5, f(qfl)l)—él Fe) =1, f¢r®,) = 3For i = n — 2,
f(qy(ll)z) f(r ﬁl,) ) = 4. Tt is evident that x”/(Q?) < 6. We can conclude that

X"(Q) = 6 O

Theorem 3.3. Let R? be the plane graph with n pendent edges, then X" (RE) =
6.

Proof. Let V(RP) = U, {a;; bi; c;;d; }. For instance, we call the cycle induced
by {a; : 1 <i < n} be the inner cycle; the cycle induced by {b; : 1 < i < n} be
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the interior cycle; the cycle induced by {¢; : 1 < i < n} be the outer cycle and
the set of vertices {d; : 1 <1i < n} be the pendant vertices.

Let B(Rp) = {pj;p; :1<i<n}U{qi¢f: 1<i<nfU{rjirfir1<i<n}
The edges classification as shown in the following table:

Edges | Range of n | Links between the vertices

1 .

pg ) 1<i<n Qi Qi1 (modn)

p§2) 1<i:<n bibi—i-l(modn)

¢V | 1<i<n a;b;
2 .

qi( ) 1<i<n bii 1 (modn)

i)l 1<i<n bici

7«52) 1<1<n CiCi+1(modn)

7’1(3) 1<i<n cid;

Based on the total coloring conjecture, since x”/(RE) > A(RE)+1=5+1> 6,
then the lower bound of RP is x”/(RP) > 6. We now need to prove upper bound
of total coloring conjecture of RP is x”(RP) < 6. Define total coloring f, such
that f: V(RE)UE(RP) — {1,2,3,4,5,6} as follows:

Case(i):When n =0 (mod 2)

The coloring of vertices is formulated as follows:

For1<i<n

1, if ¢ is odd 4, if i isodd
(1) flai) = P ; f(bi) = P ;
2, if i is even 5, if i is even
1, if 4 isodd
flei) = e ; f(di) =6
2, if i is even

The coloring of edges is formulated as follows:
5, if ¢ is odd 1, if ¢ is odd
CINR R S (o0 ER SU
4, if ¢ is even 2, if ¢ is even
5, if i isodd
4, if 4 iseven’
6, if 7 is odd 2, if i is odd
e =30 DU ey =t
3, if ¢ is even 1, if ¢ iseven
Case(ii): When n =1 (mOd 2) then f(at)vf(bl)af(Q)af(pgl))af(pgm)af(qz(l))a
1), £, £ ), £(rP) s given in equation (1) and (2),
fori € {1,2,....n = 1}. f(an) = flea) =4, f(ba) =2, J) =2, J(p1") = 2,
F) =1, f0i) = 5, f0P) = 3, f(rY) = L For i = n =1, f(0,) = 1,
f(pgll) = 4, f(rfllzl) =1, f(r(z)l) = 6, f(rflgzl) = 3. For i = n — 2, then

n—

@) = 6; (g =3 1(r") =
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f(r(222) = 4. Tt is evident that x”(RP) < 6. We can conclude that x"(RE)

n

6. O
Theorem 3.4. Let E,, denotes the graph of convex polytope, then X" (E,) =T.

Proof. Let V(E,) = U?Zl{ai;bi;ci;di;ei}. For instance, we call the cycle in-
duced by {a; : 1 < < n} be the inner cycle; the cycle induced by {b; : 1 <i < n}
be the interior cycle; the cycle induced by {¢; : 1 <4 < n}, the cycle produced
by {d; : 1 <1i < n} be the cycle and the set of vertices {e; : 1 < i < n} be the

outer cycle. Let E(E,) = {p(l);p§2);p§3);p§4) :1<i<n}U {qm; qu); qg?’);qfl) :

L<i<n}u{rVir®n? 11 <i <n)

The edges classification is shown in the following table:

Edges | Range of n | Links between the vertices
pgl) 1<1<n ;G4 1(modn)
pz(.z) 1<i<n a;b;
pgg) 1<i<n biit1(modn)
P 1<i<n bibit1(modn)
¢V | 1<i<n cibi
qZ,(Q) 1<i<n Cibit1(modn)
ql@ 1<i<n cid;
qi(4) 1<i<n didi1(modn)
PVl 1<i<n diei
7“1(2) 1<i<n €idi11(modn)
7’1(3) 1<i<n €i€i11(modn)

Based on the total coloring conjecture, since X" (E,) > A(E,)+1=6+1> 7
then the lower bound of E,, is x”(E,) > 7. We now need to prove upper bound
of total coloring conjecture of E,, is x”(E,) < 7. Define total coloring f, such
that f: V(E,)UE(E,) — {1,2,3,4,5,6,7} as follows:

Case(i):When n =0 (mod 2)

The coloring of vertices is formulated as follows:

For1<i<n

(1) flai) = f(di) { fbi) =

7, if i is odd
fle) = AP i flei) = 3.
6, if i is even

The coloring of edges is formulated as follows:

(1)) _ {5, if ¢ isodd 'f(p(-Q)) :6'f(p(-3)) _a

1, if i isodd {4, if i isodd

. . . ) . . . )
2, if i is even 5, if i is even

2 ( ,
@) 1 4 if i is even
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2, if 4 is odd 4, if 7 isodd
f@@>={ L ;f@9>=nfm9>={ L ;

1, if 4 iseven 5, if i is even

(3)
; = ) i ) ; = 5;
Ut 1, if 4 is even fa 6, if ¢ is even 1)

){2, it i dsodd oy [T 0t dsedd )

2, if i is odd

3, if i is even

f@@)=&f@@)={

Q
Y
w0
o]
~~
—t
=]
~
=
@
=
S
|
—_
—
3
Q
S
[\
~
-+
o=
@
5
~
—~
£
=
&
Z‘
O
~—
S~
—~
o
~—
~
—~
£
=
=
=

ﬂé”%ﬂé$%ﬂé“%ﬂ(”)ﬂé))ﬂémhﬂ(“%ﬂé”%“émxﬂé”ﬁs

given in equation (1) and (2), for ¢ € {1,2,...,n — 1}. f(an) = f(dn) = 4,
fb) = 2. flen) = 6, 1)) = 2, f(p”) = 1, fla?) = 5, fa)) = 2,
S(an") =3, J(ri) = 4, f(1) = 3 For i = n—1, f(en-) = 8.7(p11) =
1,f(p;42 ) =4, f(r, ) ) =T, f(r,(f 1) = 2. For i =n — 2, then f( ) = 1. For

i = n — 3, then f(pfll):g) = 4. It is evident that x""(E,) < 7. We can conclude
that x"(E,) = T. O

Theorem 3.5. Let S,, denotes the graph of convex polytope, then x"(S,) = 6.

Proof. Let V(S,) = Ui, {a;; b;; ¢;;d;}. For instance, we call the cycle induced
by {a; : 1 <i < n} be the inner cycle; the cycle induced by {b; : 1 <i < n} be
the interior cycle; the cycle induced by {¢; : 1 < i < n} be the inner cycle and the
set of vertices {d; : 1 <1i < n} be the outer cycle Let E(S,) = {pl i D; ),pg )
1<z<n}U{q(1),qz(2), 1(3) i1 Szgn}u{ri ;T (2) 11 <i<n}.

The edges classification is shown in the followmg table:

Edges | Range of n | Links between the vertices
pgl) 1<i:<n AiQi41(modn)
ng) 1<i<n a;b;
p§3) 1<i<n bibi—i-l(modn)
qi(l) 1<1<n cib;
@@ | 1<i<n Cibit1(modn)
qi(?’) 1<i<n CiCit1(modn)
r) [ 1<i<n cidi
TEQ) 1<1<n didi+1(modn)

Based on the total coloring conjecture, since x”(S,) > A(S,)+1=5+1>6
then the lower bound of S,, is x”(S,) > 6. We now need to prove upper bound
of total coloring conjecture of S, is x”(S,) < 6. Define total coloring f, such
that f: V(S,)UE(S,) — {1,2,3,4,5,6} as follows:

Case(i): When n =0 (mod 2)

The coloring of vertices is formulated as follows:
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For1<i<n

1, if ¢ isodd 4, if ¢ is odd
(1) flai) = fle) — i f(bi) = f(di) — ;
2, if 4 is even 3, if 7 is even
The coloring of edges is formulated as follows:
o) = {5, it i dsodd @) {3, if i isodd

. . . . . . b
6, if ¢ iseven 4, if i is even

1, if 7 is odd

[N

U s FaY) =5 fgP) =6;
, if 4 is even

{ it i dsodd o)) {2, if i isodd

. . . I . .. )
3, if i iseven 1, if ¢ iseven
if 7 is odd

6, if ¢ is even

()
frf?

Case(ii): When n =1 (mod 2) th

en f(ar). (b). £(c0). £ (d) FOM), F(!),
FO, 1@, £@?), £ @), £ D), £(r?), s given in equation (1) and (2),
for i € {1,2,...,n — 1}, f(an) = 5, f(b 1> = 2.0 >f L f(en) = 4, f(dy) =
5.0010) = 2, F02) = 3.760) = 4, f@Y) = 2, (D) = 3, 5(rV) =
1,f(r£12)) =2 Fori=mn—1, f(bn_l) 3. It is ev1dent that x”(S,) < 6.
We can conclude that x”(.S,) = 6. O

Theorem 3.6. Let T, denotes the graph of convex polytope, then x"(T,) = T.

Proof. Let V(T,) = U;—,{a;; bi; ¢;;d; }. For instance, we call the cycle induced
by {a; : 1 < i < n} be the inner cycle; the cycle induced by {b; : 1 < i < n} be
the interior cycle; the cycle induced by {¢; : 1 < i < n} be the inner cycle and the
set of vertices {d; : 1 <1i < n} be the outer cycle Let E(T,) = {p(l),p£2),p£ )
1<z<n}U{q(1),qf2) (3).1§z§n}U{Ti T @.1<i<n}

The edges classification is shown in the following table:

Edges | Range of n | Links between the vertices
pgl) 1<i<n ;G4 1(modn)
PP | 1<i<n a;b;
pE?’) 1<i<n ai+1(m,odn)bi
ql.(l) 1<i<n bibi 1 1(modn)
qu) 1<i<n cib;
qi(S) 1<i<n Cibiy1(modn)
r) [ 1<i<n cidi
7’1(2) 1<i<n didi1(modn)
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Based on the total coloring conjecture, since x”(7,,) > A(T,) +1=6+1> 7
then the lower bound of T, is x”(T,,) > 7. We now need to prove upper bound
of total coloring conjecture of T}, is x”(T,,) < 7. Define total coloring f, such
that f: V(T,) U E(T,) — {1,2,3,4,5,6,7} as follows:
Case(i): When n =0 (mod 2)
The coloring of vertices is formulated as follows:
For1<i<n
1) fa) = {; i i dsodd 0 {4, if i isodd
, if ¢ is even

fley =3 gy =47 120

, if 7 is even

The coloring of edges is formulated as follows:

@) fpMy =3 Hiisedd oo 6 @) 25,

. . . k)
4, if ¢ is even

2, if i is odd 4, if i is odd
f(qil))={ . f@) =1 f(qu))={ . ;

. . . )
7, if i is even

3, if 7 is even 7, if i iseven’
f(m(l)) _9. f(rz@)) _ {6, ?f z 15 odd
7, if ¢ is even
Case(ii): When n =1 (mod 2) then f(a;), f(bs), f(ci), £(ds), F(0{™), F (),
flp 53)),f( El)),f( (2)) f(q (3)) flr (1)) (7"1(2) is given in equation (1) and (2),
for i € (1,2, — 1}, f(an) = 5, (bu) = 7, flen) = 3, f(d) = 4, Fp1) =
21 £) = 5. 1(6) = 2,5a¥) = 7 704 = 1562 = 8 For i = -
L f(bu-1) = 3, f(enmr) = 1. f(dnr) = 3, m?n—ljm90—7f@ln=
4, f(r 51121) = 2. It is evident that x”(T},) < 7. We can conclude that x"(7,) =
7. (]

Theorem 3.7. Let G,, denotes the graph of convex polytope, then x"(Gy) = 5.
Proof. Let V(G,) = U {ai;bi;c;;d;;e;}. For instance, we call the cycle in-
duced by {a; : 1 <i < n} be the inner cycle; the cycle induced by {b; : 1 <1i < n}
be the interior cycle; the cycle induced by {¢; : 1 <4 < n}, the cycle produced
by {d; : 1 <1i < n} be the cycle and the set of vertices {eZ 1 < i < n} be the

outer cycle. Let E(G,) = {p(l),pZ (‘3) :1<i<n}uU {qZ 14 ),qg?’) 1<i <
n}u{rgl, §2).1§z§n}
The edges classification is shown in the following table:
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Edges | Range of n | Links between the vertices
pgl) 1<i<n Qi Qi41(modn)
p? | 1<i<n aib;
pgg) 1<i<n bi @it 1(modn)
qZ(l) 1<i<n bici
ql@) 1<i<n dic;
q§3) 1<:<n dici-i-l(modn)
D [ 1<i<n die:
7«52) 1<1<n €i€i+1(modn)

Based on the total coloring conjecture, since x”"(G,) > A(G,)+1=4+1>5
then the lower bound of T, is x”(G,) > 5. We now need to prove upper bound
of total coloring conjecture of G,, is x”(G,) < 5. Define total coloring f, such
that f: V(G,)UE(G,) — {1,2,3,4,5} as follows:

Case(i): When n =0 (mod 2)

The coloring of vertices is formulated as follows:

For1<i<n

1, if 7 isodd
2, if i iseven’

3, if 4 isodd
f(di) =2; flei) = - ;
4, if i is even

The coloring of edges is formulated as follows:

(2) f(p(l)) _ {37 if i isodd (2)) — 5 (3) { if i isodd

(1) f(a;) = { f(bi) =35 fles) =15

4, if i iseven’ e if i is even’
2, if i is odd
5, if ¢ is even

bi), flei). f(di), flea), FRD), F(),
)

, 's given in equation (1) and (2),

Fa@) =4 £(a®) =3 £(a) =5 FriY) = 1; () =

Case(ii):When n =1 (mod 2) then f(a;), f(
f<p£3>>,f<q§”>,f< ), 1@, £,
for i € {1,2,.. — 1}, f(an) =3,f(bn) = 2, f(cn) = l,f(dn) = 4,f(en) =
5. £0) — 5 F02) = 1 £ = 4 F(al) = 3. 1) = 3, F0 ) & For
i=n—1, f(bo 1)—1f(cn 1) =3, f(dn-1) = 4, flen—1) = 2, f(pn 1)_5
Fas2) =4, flg2)) =2, f(r2)) = 3. For i = n =2, f(du-2) = 2, f(q,2,) =
3, f(r ;222) = 4. It is evident that x”(G,) < 5. We can conclude that x"(G,,)
5.

o

Theorem 3.8. Let U, denotes the graph of convex polytope, then x"(U,) = 5.

Proof. Let V(Uy,) = U;—,{a;; b;; ¢;; di; e; }. For instance, we call the cycle induced
by {a; : 1 <i < n} be the inner cycle; the cycle induced by {b; : 1 <i < n} be
the interior cycle; the cycle induced by {¢; : 1 < i < n}, the cycle produced by
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{d; : 1 <i < n} be the cycle and the set of vertices {e; : 1 <i < n} be the outer
cycle.

Let B(U,) = (pVipPip® 1 < i < ndu{g™;qP:e® : 1 < i < nyu
{7"1(1, 52).1§z§n}

The edges classification is shown in the following table:

Edges | Range of n | Links between the vertices
pgl) 1<1<n ;G4 1(modn)
pgz) 1<i<n a;b;
P 1<i<n bibit1(modn)
q§1) 1<i<n bic;
o | 1<i<n cid;
qf’) 1<i<n diCiy1(modn)
rgl) 1<i<n die;
rl@) 1<:1<n €i€i4-1(modn)

Based on the total coloring conjecture, since x”(U,) > A(U,)+1=4+1>5
then the lower bound of U, is x”(U,) > 5. We now need to prove upper bound
of total coloring conjecture of U, is x”(U,) < 5. Define total coloring f, such
that f: V(U,) UE((U,) — {1,2,3,4,5} as follows:

Case(i):When n =0 (mod 2)

The coloring of vertices is formulated as follows:

For1<i<n

1, if i isodd b‘)_{z if i isodd

. . . )
2, if i is even

(1) f(a;) = {

1, if i iseven’
2, if i is odd

1, if 7 iseven

flei) =35 f(di) =15 f(es) = {

5, if i is even

37 if 4 is odd 3, if i is odd
@ f) =37 ) = 5 fw) = 9T
if ¢ is even 4, if i is even
1, if ¢ is odd :
=  fa®) =5 f(a”) = 45 f () = 3
2, if 4 is even
{1, if 4 is odd

Case(ii): When n =1 (mod 2) then f(a;), f(b;), f(ci), f(dy), f(ei), f(P51)> f(PE ))7
f(pz('g))»f( (1)) f(%@)) f(ql(g))j( 51)) flr 52)) is given in equation (1) and (2),
fOI"L'E{l,Q,.. n_l}fan)_?’f(bl): 3, f(c )_Qaf( )_Lf(en):
5, F(p) = 2, f(p1Y) = 2, f(g8") = 4 f(q1 ) =2, f(a)) = 4, f(r?) = 4. For
i=n—1,f(ca1) = 3,f(q§})1) =2 fr®) =2 Fori=n—-2f0r?,) =1
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Fori=n-3, f(r£27)3) = 5. It is evident that x”(U,) < 5. We can conclude that
X" (Uy) = 5. O

Theorem 3.9. Let C,, denotes the graph of convex polytope, then x"(C,) = 6.

Proof. Let V(Cy) = Ui, {ai; bi; ¢i; di; e; }. For instance, we call the cycle induced
by {a; : 1 < i < n} be the inner cycle; the cycle induced by {b; : 1 < i < n} be
the interior cycle; the cycle induced by {¢; : 1 < i < n}, the cycle produced by
{d; : 1 <i < n} be the cycle and the set of vertices {e; : 1 <i < n} be the outer
cycle. Let B(Cy) = {p{"ip i : 1 <i <n} U (g 1¢P50V5qlY 1< <
n} U {r(l)' r

FE

1(2);7"2(3) 1 <i<n}
The edges classification is shown in the following table:

Edges | Range of n | Links between the vertices
pgl) 1<i<n Qi Qi41(modn)
p§2) 1<i<n a;b;
pg?)) 1<:<n bibi+1(modn)
qi(l) 1<i<n bici
@ | 1<i<n Cibiy1(modn)
q£3) 1<i<n cid;
ql.(4) 1<i<n didi1(modn)
rgl) 1<i<n die;

Tz@) 1<i<n eidi+1(modn)
7«53) 1<1<n €i€i+1(modn)

Based on the total coloring conjecture, since x”(Cp,) > A(C,)+1=5+12> 6
then the lower bound of C), is x”(C,) > 6. We now need to prove upper bound
of total coloring conjecture of C, is x”(Cy,) < 6. Define total coloring f, such
that f: V(C,)UE(C,) — {1,2,3,4,5,6} as follows:

Case(i):When n =0 (mod 2)

The coloring of vertices is formulated as follows:

For1<i<n

, if i isodd b})_{5, if i isodd

. . . )
2, if 4 is even

2, if 4 is odd 1, if ¢ is odd 4, if ¢ isodd
f(ci):{l . 'f(di):{ 'f(ei):{

. . . )
4, if ¢ is even

if i iseven’ 2, if i iseven’ 5, if i is even
vy _ {3, if i isodd

. . . bl
if i is even

1, if 7 isodd

. . . )
2, if i is even

Fo?) = 6; () =

5, if i isodd ((3>)_{4, if i isodd

——

. .. Y . . . I
if ¢ is even 5, if ¢ is even
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(4) _ 6, if ¢ is odd (1) _ 5, if ¢ is odd .
U 3, if i iseven’ fri) 4, if 4 iseven’
(2) _ 17 if 7 is odd k (3) _ 37 if 4 is odd
i) 2, if i iseven’ 1) 6, if i iseven

Case(ii):When n = 1 (mod 2) then f(a;), f(b;), f(c:), f(di), f(e), F(pi7), F(0f?),
O, 1@ £ @), 1), @), 100, 108

tion (1) and (2), for ¢ € {1,2,...,n — 1} =
fldy) = 2, flen) = 5, f(p)) = 2, f<z?£f">> = 4,

(@) =3, f(r)) =6, f(riP) =2, f(rlY) =4 Fori =n—1, flea1) =2,
Fldn—1) =3, flear) =4, flar) =5, flayy) =4, flai2) =1, f(r21) =5,
f(rfi)l) =4.Fori=n-2, f(r, (1) 5) =5, f(r, (2) 5) =2.Fori=mn-3, f(rﬁlllg) =4.
It is evident that x"(C,) < 6. We can conclude that x"(Cy) = 6. O
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