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OBTUSE MATRIX OF ARITHMETIC TABLE

Eunmi Choi

Abstract. In the work we generate arithmetic matrix P (c,b,a) of (cx2 +

bx+a)n from a Pascal matrix P (1,1). We extend an identity P (1,1)O(1,1) =

P (1,1,1) with an obtuse matrixO(1,1) to k degree polynomials. For the pur-

pose we study P (1,1)kO(1,1) and find generating polynomials of O(1,1)k.

1. Introduction

Let P (1,1) be an arithmetic matrix (abbr, AM) of (x+1)n. Let O(1,1), called
an obtuse matrix of P (1,1), be that each ithrow of O(1,1) is the ithrow of P (1,1)

shifted i places rightward for all i ≥ 0. Then

P (1,1)O(1,1) =

[
1
11
121
1331. . .

] [
1
11
121
1331. . .

]
=

[
1
111
12321
1367631. . .

]
= P (1,1,1)

where P (1,1,1) is an AM of (x2 + x + 1)n ([3]). Generally, we call O an obtuse
matrix of M if each ithrow of O is formed by shifting the ithrow of M i places

rightward. For instance, the obtuse of P (1,1,1) is O(1,1,1) =

[
1
111
12321
13676. . .

]
.

In this work we study the obtuse matrix O(1,1) of P (1,1) and explore O(1,1,1)

together with P (1,1,1) yields an AM of
k∑

i=0

xi. Then we extend these study to

AM of (cx2+bx+a)n for any a, b, c ∈ Z. For the purpose we investigate matrices

P (1,1)kO(1,1) in Theorem 2.2. And we find generating polynomials of O(1,1)k

and P (1,1)O(1,1)k in Theorem 4.2 and Theorem 4.5.
Some articles on arithmetic tables, including [2], [4], [6], have been presented,

in which binomial and multinomial coefficients were calculated for expanding
polynomials. A distinctive feature of this work is to study Pascal matrix [1] and
the obtuse matrix to explores arithmetic tables related to polynomials.

Throughout the work we denote by P (c,b,a) an AM of (cx2 + bx+ a)n. Since
the expansion (cx2+bx+a)n results in different shapes depending on ascending
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or descending order in x, we write P (c,b,a) = P (c,b,a)↓ to indicate descending
order expansion. Otherwise we write by P (c,b,a)↑. Let ri(M) and cj(M) be the
ithrow and jthcolumn of a matrix M , respectively. Let s̄k = (s, . . . , s) be a
k-tuple of s, and (0̄k; ri(M); 0̄t) be a row matrix consisting of k zeros followed

by ri(M) and then t zeros. Let (a1, . . . , ak)(b1, . . . , bk) = (a1, . . . , ak)

[
b1
b2· · ·

bk

]
= (a1b1, . . . , akbk), and write a diagonal matrix

[
1a

a2

· · ·

]
by diag[ai].

2. Expressions of P (a,b,c) by P

In analog to the obtuse matrix O(c,b,a) of P (c,b,a), let O(c,b,a)↑ be the cor-
responding object of P (c,b,a)↑. Clearly P (1,1,1)↑ = P (1,1,1)↓ = P (1,1,1) and
P (c,b,a)↑ = P (a,b,c)↓. When c = 0, write P (0,b,a) = P (b,a) and O(b,a).

Theorem 2.1. rn(P
(b,a)) = rn(P

(1,1))(bn, . . . , b, 1)(1, a, . . . , an) and P (b,a) =

P (1,1)bdiag[an] = P (1,1)b−1
P (1,a) for any nonzero a, b.

Proof. We mainly refer to [3] for the proof. In fact, we simply write P (1,1) =

P . Firstly we notice P (3,1) =

[
(1)(1)

(1, 1)(3, 1)
(1, 2, 1)(32, 3, 1)

. . .

]
=

[
r0(P )(1)
r1(P )(3, 1)

r2(P )(32, 3, 1)
. . .

]
= P 3, so

rn(P
(3,1)) = rn(P )(3n, . . . , 3, 1). Assume an inductive hypothesis rn−1(P

(b,1)) =
rn−1(P )(bn−1, . . . , b, 1) for some n. Then we have

rn(P
(b,1))

[
xn

. . .
x
1

]
= (bx+ 1)n = (bx+ 1) rn−1(P

(b,1))

[
xn−1

. . .
x
1

]

= rn−1(P )(bn, . . . , b2, b)

[
xn

. . .
x2

x

]
+ rn−1(P )(bn−1, . . . , b, 1)

[
xn−1

. . .
x
1

]
= ((rn−1(P ); 0) + (0; rn−1(P )) (bn, . . . , 1)

[
xn

. . .
x
1

]
= rn(P )(bn, . . . , 1)

[
xn

. . .
x
1

]
,

so rn(P
(b,1)) = rn(P )(bn, . . . , b, 1) and P (b,1) =

 r0(P )(1)
r1(P )(b, 1)

r2(P )(b2, b, 1)
. . .

 = P b.

Thus with any nonzero a and b, we have

rn(P
(b,a))

[
xn

· · ·
1

]
= anrn(P

(a−1b,1))

[
xn

· · ·
1

]
= anrn(P )((a−1b)n, . . . , a−1b, 1)

[
xn

· · ·
1

]
= rn(P )(bn, abn−1, . . . , an)

[
xn

· · ·
1

]
= rn(P )(bn, . . . , b, 1)(1, a, . . . , an)

[
xn

· · ·
1

]
,

so rn(P
(b,a)) = rn(P

(b,1))(1, a, . . . , an). Hence it follows that

P (b,a) =

 r0(P
(b,1))(1)

r1(P
(b,1))(1, a)

r2(P
(b,1))(1, a, a2)

. . .

 = P (b,1)diag[ai] = P bdiag[ai] = P b−1P (1,a). □

Similarly for P (b,1)↑ of (bx+ 1)n, we have
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rn(P
(b,1)↑)

[
1· · ·
xn

]
= bnrn(P

(1,b−1)↑)

[
1· · ·
xn

]
= bnrn(P

(b−1,1))

[
1· · ·
xn

]
= bnrn(P )(b−n, . . . , b−1, 1)

[
1· · ·
xn

]
= rn(P )(1, . . . , bn)

[
1· · ·
xn

]
,

so rn(P
(b,1)↑) = rn(P )(1, . . . , bn). Theorem 2.1 is generalized as follows.

Theorem 2.2. rn(P
(1,1,a)↑) = rn(P

(1,a))O(1,1) and P (a,1,1) = P (1,1,a)↑ =

P (1,1)aO(1,1).

Proof. We write P (1,1) = P and O(1,1) = O for simplicity. When a = 1, PO =

P (1,1,1) is clear ([3]). If a = 2 then P 2O =

[
1
21 1
44 5 2
8121813. . .

]
= P (2,1,1) = P (1,1,2)↑.

Consider an AM P (1,1,a)↑ of fn(x) = (x2 + x+ a)n. If we let X = x2 + x then
Xi = xiri(P )(1, . . . , xi)T = ri(P )(xi, . . . , x2i)T = (0̄i; ri(P ); 0̄2(n−i))(1, . . . , x

2n)T ,
so we have

(1, X, . . . ,Xn)T =

 (r0(P ); 0̄2n)
(0; r1(P ); 0̄2(n−1))· · ·

(0̄n; rn(P ))

(1, . . . , x2n)T = O(1,1)(1, . . . , x2n)T .

Thus with the nthrow rn(P
(1,a)↑) of P (1,a)↑, fn(x) = (X + a)n gives

fn(x) = rn(P
(1,a)↑)(1, X, . . . ,Xn)T = rn(P

(1,a)↑)O(1,1)(1, x, . . . , x2n)T .
But since fn(x) = (x2 +x+ a)n = rn(P

(1,1,a)↑)(1, x, . . . , x2n)T with the nthrow
rn(P

(1,1,a)↑), we have rn(P
(1,1,a)↑) = rn(P

(1,a)↑)O(1,1). Therefore

P (1,1,a)↑ =

r0(P
(1,1,a)↑)

r1(P
(1,1,a)↑)
· · ·

rn(P
(1,1,a)↑)

 =

r0(P
(1,a)↑)

r1(P
(1,a)↑)
· · ·

rn(P
(1,a)↑)

O(1,1) = P (1,a)↑O(1,1).

Since P (1,a)↑ = P a by Theorem 1, we conclude P aO(1,1) = P (1,1,a)↑. □

Corollary 2.3. P (1,1,a)↑ = P (1,a)↑O(1,1) = P (1,1)aO(1,1) = P (1,1)P (1,1,a−1)↑

and P (a,1,1)↑ = P (1,1)O(a,1)↑, where O(a,1)↑ is the obtuse matrix of P (a,1)↑.

The proof is easy from Theorem 2.2. Indeed, P 2O =

[
1
211
44521. . .

]
= P (1,1,2)↑ and

P 3O =

[
1
3 1 1
9 6 7 2 1
272736192...

]
= P (1,1,3)↑. Now consider a polynomial (axk + xk−1 +

· · ·+ 1)n, an AM P (a,1,...,1) = P (a,1̄k) and obtuse matrix O(a,1̄k) for k ≥ 1.

Theorem 2.4. P (1̄k+1) = P (1,1)O(1̄k), moreover P (1̄k,a)↑ = P (1,a)↑O(1̄k).

Proof. Theorem 2.2 shows PO = P (1,1,1) with P = P (1,1), O = O(1,1). Consider
an AM P (1̄4) of fn(x) = (x3 + x2 + x+ 1)n. Then with X = x(x2 + x+ 1),

rn(P
(1̄4))(1, x, . . . , x3n)T = fn(x) = (X + 1)n = rn(P )(1, X, . . . ,Xn)T .

But since
Xi = ri(P

(1̄3))(xi, . . . , x3i)T = (0̄i; ri(P
(1̄3)); 0̄3(n−i))(1, . . . , x

3i, . . . , x3n)T ,
we have
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(1, X, . . . ,Xn)T =

 (r0(P
(1̄3)); 0̄3n)

(0; r1(P
(1̄3)); 0̄3(n−1)). . .

(0̄n; rn(P
(1̄3)))

(1, . . . , x3n)T = O(1̄3)(1, . . . , x3n)T .

Thus it follows
rn(P

(1̄4))(1, . . . , x3n)T = rn(P )O(1̄3)(1, . . . , x3n)T

and rn(P
(1̄4)) = rn(P )O(1̄3) for all n. Hence PO(1̄3) = P (1̄4). This process

can be extended to a k degree polynomial f(x) = xk + · · · + x + 1 so that

fn(x) = (X + 1)n with X = x(xk−1 + · · ·+ 1) and PO(1̄k) = P (1̄k+1).
Consider f(x) = xk + · · ·+ x+ a. Theorem 2.2 is for k = 2. When k = 3,

fn(x) = (x3 + x2 + x+ a)n = rn(P
(1̄3,a)↑)(1, x, . . . , x3n)T .

Let X = x3+x2+x. Then Xi = (0̄i; ri(P
(1̄3)); 0̄3(n−i))(1, . . . , x

i, . . . , x3n)T and

(1, X, . . . ,Xn)T = O(1̄3)(1, . . . , x3n)T , so fn(x) = rn(P
(1,a)↑)O(1̄3)(1, . . . , x3n)T .

Hence we have rn(P
(1̄3,a)↑) = rn(P

(1,a)↑)O(1̄3) and P (1̄3,a)↑ = P (1,a)↑O(1̄3).
It is not hard to generalize to any polynomial f(x) = xk + · · · + x + a for

k ≥ 0, hence we have P (1̄k,a)↑ = P (1,a)↑O(1̄k). □

3. Recurrences on Obtuse matrix

The obtuse matrix O(1̄k) was shown to play an important role in creation
P (1̄k+1) from the Pascal matrix P = P (1,1). We study O(1̄k) explicitly.

Theorem 3.1. O(1,1) = [o
(1,1)
i,j ] with o

(1,1)
i,j =

{
e
(1,1)
i,j−i if 0 ≤ i ≤ j ≤ 2i

0 otherwise
. Each

column is cj(O
(1,1)) = (0̄⌊ j−1

2 ⌋+1; e
(1,1)

⌊ j−1
2 ⌋+1,j−⌊ j−1

2 ⌋−1
, e

(1,1)

⌊ j−1
2 ⌋+2,j−⌊ j−1

2 ⌋−2
, . . . ,

e
(1,1)
j,0 )T satisfying

(
0; (cj−1(O

(1,1)) + cj(O
(1,1)))

)
= cj+1(O

(1,1)) and o
(1,1)
i,j−1 +

o
(1,1)
i,j = o

(1,1)
i+1,j+1.

Proof. Let P (1,1) = P = [ei,j ] and O(1,1) = O = [oi,j ]. Then ri(O) = (0̄i; ri(P ))

and O =

e0,0e1,0e1,1e2,0e2,1e2,2
e3,0e3,1e3,2

e4,0e4,1. . .. . .

. Clearly c2(O) =

[
0

e1,1
e2,0. . .

]
=

[
0

e0,0. . .

]
+

[
0
0

e1,0. . .

]
=

(0; c0(O)) + (0; c1(O)). Moreover

c3(O) =

[
0
0

e2,1
e3,0. . .

]
=

[
0
0

e1,0 + e1,1
e2,0. . .

]
=

[
0
0

e1,0. . .

]
+

[
0
0

e1,1
e2,0. . .

]
= (0; c1(O)) + (0; c2(O))

c4(O) =

 0
0

e2,2
e3,1
e4,0
. . .

 =

 0
0

e1,1
e2,0 + e2,1

e3,0
. . .

 =

[ 0
0

e1,1
e2,0
. . .

]
+

 0
0
0

e2,1
e3,0
. . .

 = (0; c2(O)) + (0; c3(O))

c5(O) =


0}

30
0

e3,2
e4,1
e5,0
. . .

 =

 0}
30

0
e2,1
e3,0
. . .

+


0}

30
0

e2,2
e3,1
e4,0
. . .

 = (0; c3(O)) + (0; c4(O))
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Thus any jthcolumn is cj(O) =


0 }

⌊ j−1
2

⌋ + 1· · ·
0

e⌊ j−1
2

⌋+1,j−⌊ j−1
2

⌋−1
j − ⌊ j−1

2
⌋e⌊ j−1

2
⌋+2,j−⌊ j−1

2
⌋−2

. . .
ej,0

 where ej,0 =

e⌊ j−1
2 ⌋+1+(j−⌊ j−1

2 ⌋−1),j−⌊ j−1
2 ⌋−1−(j−⌊ j−1

2 ⌋−1), and satisfies a recurrence

(0; cj−1(O)) + (0; cj(O))

=


0
0}

⌊ j−2
2

⌋ + 1· · ·
0

e⌊ j−2
2

⌋+1,j−1−⌊ j−2
2

⌋−1
e⌊ j−2

2
⌋+2,j−1−⌊ j−2

2
⌋−2

. . .
ej−1,0

+


0
0}

⌊ j−1
2

⌋ + 1· · ·
0

e⌊ j−1
2

⌋+1,j−⌊ j−1
2

⌋−1
e⌊ j−1

2
⌋+2,j−⌊ j−1

2
⌋−2

. . .
ej,0

 =


0}

⌊ j
2
⌋ + 1· · ·

0
e⌊ j

2
⌋+1,j+1−⌊ j

2
⌋−1

e⌊ j
2
⌋+2,j+1−⌊ j

2
⌋−2

. . .
ej+1,0


= cj+1(O).

Indeed when j = 2t, e⌊ j−2
2 ⌋+1,j−⌊ j−2

2 ⌋−2 + e⌊ j−1
2 ⌋+1,j−⌊ j−1

2 ⌋−1 = et,t−1 + et,t =

et+1,t = e⌊ j
2 ⌋+1,j−⌊ j

2 ⌋
, and so on. On the other hand when j = 2t + 1,

e⌊ j−2
2 ⌋+1,j−⌊ j−2

2 ⌋−2 = e⌊ j
2 ⌋+1,j−⌊ j

2 ⌋
and e⌊ j−2

2 ⌋+2,j−⌊ j−2
2 ⌋−3+e⌊ j−1

2 ⌋+1,j−⌊ j−1
2 ⌋−1 =

e⌊ j
2 ⌋+1,j−⌊ j

2 ⌋
, etc.

Clearly we also have oi,j−1+oi,j = ei,j−i−1+ei,j−i = ei+1,j−i = oi+1,j+1. □

Theorem 3.2. Let P (1̄k) = [e
(1̄k)
i,j ], O(1̄k) = [o

(1̄k)
i,j ]. Then cj(O

(1̄k)) = (0̄⌊ j−1
k ⌋+1;

e
(1̄k)

⌊ j−1
k ⌋+1,j−⌊ j−1

k ⌋−1
, . . . , e

(1̄k)
j,0 )T satisfying

(
0; (cj−k+1(O

(1̄k)) + · · ·+ cj−1(O
(1̄k))

+cj(O
(1̄k)))

)
= cj+1(O

(1̄k)) and o
(1̄k)
i,j−k+1 + · · ·+ o

(1̄k)
i,j−1 + o

(1̄k)
i,j = o

(1̄k)
i+1,j+1.

Proof. When k = 3, O(1̄3) =

e
(1̄3)
0,0

e
(1̄3)
1,0 e

(1̄3)
1,1 e

(1̄3)
1,2

e
(1̄3)
2,0 e

(1̄3)
2,1 e

(1̄3)
2,2 . . .. . .

 =

r0(P (1̄3))
(0; r1(P

(1̄3)))
(0̄2; r2(P

(1̄3))). . .

, so

c4(O
(1̄3)) =


0
0

e
(1̄3)
2,2

e
(1̄3)
3,1

e
(1̄3)
4,0. . .

 =


0
0

e
(1̄3)
1,0 + e

(1̄3)
1,1 + e

(1̄3)
1,2

e
(1̄3)
2,0 + e

(1̄3)
2,1

e
(1̄3)
3,0. . .

 =

[
0
0

e
(1̄3)
1,0. . .

]
+

 0
0

e
(1̄3)
1,1

e
(1̄3)
2,0. . .

+


0
0

e
(1̄3)
1,2

e
(1̄3)
2,1

e
(1̄3)
3,0. . .


= (0; c1(O

(1̄3))) + (0; c2(O
(1̄3))) + (0; c3(O

(1̄3)))

c5(O
(1̄3)) =


0
0

e
(1̄3)
2,3

e
(1̄3)
3,2

e
(1̄3)
4,1

e
(1̄3)
5,0. . .

 =


0
0

e
(1̄3)
1,1 + e

(1̄3)
1,2

e
(1̄3)
2,0 + e

(1̄3)
2,1 + e

(1̄3)
2,2

e
(1̄3)
3,1 + e

(1̄3)
2,1

e
(1̄3)
4,0 . . .

 =

 0
0

e
(1̄3)
1,1

e
(1̄3)
2,0. . .

+


0
0

e
(1̄3)
1,2

e
(1̄3)
2,1

e
(1̄3)
3,0. . .

+


0}

30
0

e
(1̄3)
2,2

e
(1̄3)
3,1

e
(1̄3)
4,0. . .


= (0; c2(O

(1̄3))) + (0; c3(O
(1̄3))) + (0; c4(O

(1̄3))).
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And

c6(O
(1̄3)) =


0
0

e
(1̄3)
1,2

e
(1̄3)
2,1

e
(1̄3)
3,0. . .

+


0}

30
0

e
(1̄3)
2,2

e
(1̄3)
3,1

e
(1̄3)
4,0. . .

+



0}
30

0
e
(1̄3)
2,3

e
(1̄3)
3,2

e
(1̄3)
4,1

e
(1̄3)
5,0. . .

 =
(
0; (c3(O

(1̄3)) + c4(O
(1̄3)) + c5(O

(1̄3)))
)
.

Thus any jthcolumn is cj(O
(1̄3)) =


0 }

⌊ j−1
3

⌋ + 1
· · ·
0

e
(1̄3)

⌊ j−1
3

⌋+1,j−⌊ j−1
3

⌋−1
j − ⌊ j−1

3
⌋e

(1̄3)

⌊ j−1
3

⌋+2,j−⌊ j−1
2

⌋−2
. . .
e
(1̄3)
j,0

 where

e
(1̄3)
j,0 = e

(1̄3)

⌊ j−1
3 ⌋+(j−⌊ j−1

3 ⌋),j−⌊ j−1
3 ⌋−(j−⌊ j−1

3 ⌋). And

(0; cj−2(O
(1̄3))) + (0; cj−1(O

(1̄3))) + (0; cj(O
(1̄3)))

=


0
0 }

⌊ j−3
3

⌋ + 1· · ·
0

e
(1̄3)

⌊ j−3
3

⌋+1,j−⌊ j−3
3

⌋−3

e
(1̄3)

⌊ j−3
3

⌋+2,j−⌊ j−3
3

⌋−4. . .
e
(1̄3)
j−2,0

+


0
0 }

⌊ j−2
3

⌋ + 1· · ·
0

e
(1̄3)

⌊ j−2
3

⌋+1,j−⌊ j−2
3

⌋−2

e
(1̄3)

⌊ j−2
3

⌋+2,j−⌊ j−2
3

⌋−3. . .
e
(1̄3)
j−1,0

+


0
0 }

⌊ j−1
3

⌋ + 1· · ·
0

e
(1̄3)

⌊ j−1
3

⌋+1,j−⌊ j−1
3

⌋−1

e
(1̄3)

⌊ j−1
3

⌋+2,j−⌊ j−1
3

⌋−2. . .
e
(1̄3)
j,0



=


0 }

⌊ j
3
⌋ + 1· · ·

0
e
(1̄3)

⌊ j
3
⌋+1,j−⌊ j

3
⌋

e
(1̄3)

⌊ j
3
⌋+2,j−⌊ j

3
⌋−1. . .

e
(1̄3)
j+1,0

 = cj+1(O
(1̄3)), because e

(1̄3)
i,j−2 + e

(1̄3)
i,j−1 + e

(1̄3)
i,j = e

(1̄3)
i+1,j .

In fact, for instance, if j = 3t+2 then ⌊ j−3
3 ⌋ = t− 1 and ⌊ j−2

3 ⌋ = ⌊ j−1
3 ⌋ = t, so

(0; cj−2(O
(1̄3))) + (0; cj−1(O

(1̄3))) + (0; cj(O
(1̄3)))

=


0
0

}t· · ·
0

e
(1̄3)
t,2t

e
(1̄3)
t+1,2t−1. . .
e
(1̄3)
3t,0

+


0
0

}t + 1· · ·
0

e
(1̄3)
t+1,2t

e
(1̄3)
t+2,2t−1. . .
e
(1̄3)
3t+1,0

+


0
0

}t + 1· · ·
0

e
(1̄3)
t+1,2t+1

e
(1̄3)
t+2,2t. . .
e
(1̄3)
3t+2,0

 =


0

}t + 1· · ·
0

e
(1̄3)
t+1,2t+2

e
(1̄3)
t+2,2t+1. . .
e
(1̄3)
3t+3,0

 = cj+1(O
(1̄3)).

Moreover we clearly have

o
(1̄3)
i,j−2 + o

(1̄3)
i,j−1 + o

(1̄3)
i,j = e

(1̄3)
i,j−2−i + e

(1̄3)
i,j−1−i + e

(1̄3)
i,j−i = e

(1̄3)
i+1,j−i = o

(1̄3)
i+1,j+1.

These can be extended to O(1̄k) that
(
0; (cj−k+1(O

(1̄k)) + · · ·+ cj(O
(1̄k)))

)
=

cj+1(O
(1̄k)) and cj(O

(1̄k)) = (0̄⌊ j−1
k ⌋+1; e

(1̄k)

⌊ j−1
k ⌋+1,j−⌊ j−1

k ⌋−1
, . . . , e

(1̄k)
j,0 )T . □

Theorem 3,2 and Theorem 2.1 give a way to get P (1̄k) explicitly. Let r
[t]
i (P (1̄3))

be the ithrow ri(P
(1̄3)) deleted the first t entries, i.e., r

[t]
i (P (1̄3)) = (e

(1̄3)
i,t , e

(1̄3)
i,t+1, . . . ).
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For example, e
(1̄3)
6,j = r6(P )cj(O) = r

[1]
6 (P )(cj−2(O) + cj−1(O)) for j > 1. So

e
(1̄3)
6,3 = r

[1]
6 (P )(c1(O) + c2(O)) = r

[2]
6 (P )((e1,0) + (e1,1, e2,0))

T

= r
[2]
6 (P )(e1,0 + e1,1, e2,0)

T = (e6,2, e6,3)(e2,1, e2,0)
T = (15, 20)(2, 1)T = 50,

e
(1̄3)
6,4 = r

[1]
6 (P )(c2(O) + c3(O)) = r

[2]
6 (P )((e1,1, e2,0) + (0, e2,1, e3,0))

T

= r
[2]
6 (P )(e1,1, e2,0 + e2,1, e3,0)

T = (e6,2, e6,3, e6,4)(e1,1, e3,1, e3,0)
T = 90,

e
(1̄3)
6,5 = r

[3]
6 (P )(e2,1 + e2,2, e3,0 + e3,1, e4,0)

T = 126,

etc, so it shows r6(P
(1̄3)) = (1, 6, 21, 50, 90, 126, 141, 126, 90, 50, 21, 6, 1).

4. Generating polynomial of O(1,1)k

Let P (g) be an AM of a polynomial gn(x) and O(g) be the obtuse matrix
of P (g). If f1(x) = x + 1 then P (f1) = P (1,1) and O(f1) = O(1,1). And
P (f1)

k = P (kx+1)↓ and P (f1)
kO(f1) = P (kx2+x+1)↓ for any k by Theorems

2.1 and 2.2.

Theorem 4.1. O(f1)
i = O(fi) with f1(x) = x+1, f2(x) = (1, 2, 2, 1)(x3, x2, x, 1)T ,

f3(x) = (1, 3, 6, 9, 10, 8, 4, 1)(x7, . . . , x, 1)T and f4(x) = (1, 4, 12, 30, 64, 118, 188, 258,
310, 298, 244, 162, 84, 32, 8, 1)(x15, . . . , x, 1)T .

Proof. Simple matrix multiplications showO(f1)
2 =

1122114810 8 4 1
1618354848
1 8 3284. . .

 for P (f1) =

P and O(f1) = O. Let f2(x) = x3+2x2+2x+1. By expanding f i
2(x) for i ≥ 0,

we have an AM P (f2) =

[
1
12 2 1
14 8 10 8 4 1
1618354848. . .

]
= [ui,j ] satisfying

ui,j−2 + 2ui,j−1 + 2ui,j + ui,j+1 = ui+1,j+1.
So the ithrow ri(P (f2)) are r4(P (f2)) = (1, 8, 32, 84, 160, 232, 262, 232, 160, 84, 32, 8, 1),

and r5(P (f2)) = (1, 10, 50, 165, 400, 752, 1130, 1380, 1380, 1130, 752, 400, 165, 50, 10, 1),
and so on, which are sequences of coefficients of expansions of f i

2(x). Hence

the obtuse matrix is O(f2) =

1122114810 8 4 1
16183548 48 35 18 6 1
1 8 3284160232262232 . . .

 which equals

O(f1)
2. We also notice O(f1)

3 = O3 =

1136 9 10 8 4 1
162154110184 257
1 9 451624621095
1 12 78 360 . . .

. By letting

f3(x) = x7 + 3x6 + 6x5 + 9x4 + 10x3 + 8x2 + 4x + 1 and expanding f i
3(x) for

i ≥ 0, we have AM P (f3). In fact, ri(P (f3)) are the coefficients of f i
3(x):

r2(P (f3)) = (1, 6, 21, 54, 110, 184, 257, 302, 298, 244, 162, 84, 32, 8, 1)
r3(P (f3)) = (1, 9, 45, 162, 462, 1095, 2217, 3900, 6024, 8220, 9936, 10638, . . . ).

So P (f3) =

[
1
13 6 9 10 8 4 1
1621 54 110 184 257 298
194516246210952217 . . .

]
= [ui,j ] and it satisfies a recurrence

ui,j−6+4ui,j−5+8ui,j−4+10ui,j−3+9ui,j−2+6ui,j−1+3ui,j+ui,j+1 = ui+1,j+1,
from which ithrows ri(P (f3)) are obtained that
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r4(P (f3)) = (1, 12, 78, 360, 1309, 3956, 10258, 23296, 46986, 84984, . . . ),

etc. Hence the obtuse matrix isO(f3) =

1136 9 10 8 4 1
162154110184 257 302
1 9 4516246210952217
1 12 78 3601309 . . .

 = O(f1)
3.

Note O(f1)
4 =

[
1
141230 64 118 188 258 302 298244162843281
1 8 4015651214683756 8692 . . .
1 12 84 4421920721824144 . . .

]
. Consid-

ering f4(x) = (1, 4, 12, 30, 64, 118, 188, 258, 310, 298, 244, 162, 84, 32, 8, 1)(x15, . . . , 1)T ,

we get P (f4) =

[
1
1 4 12 30 64 118 188 258 302 298 244, 162, 84, 32, 8, 1
1 8 40156 512 1468 3756 8692183563558863588 . . .
112844421920721824144 . . .

]
=

[ui,j ] satisfying ui,j−14+8ui,j−13+32ui,j−12+84ui,j−11+162ui,j−10+244ui,j−9+
298ui,j−8+302ui,j−7+258ui,j−6+188ui,j−5+118ui,j−4+64ui,j−3+30ui,j−2+
12ui,j−1 + 4ui,j + ui,j+1 = ui+1,j+1. So it is observed O(f4) = O(f1)

4. □

The polynomials fi(x) such that O(fi) = Oi (1 ≤ i ≤ 4) in Theorem 4.1 are
f2(x) = (x+1)(x2+x+1) = f1(x)(x

2+f1(x)), f3(x) = (x+1)(x2+x+1)(x4+
x3 + 2x2 + 2x+ 1) = f2(x)(x

4 + f2(x)) and
f4(x) = (x+ 1)(x2 + x+ 1)(x4 + x3 + 2x2 + 2x+ 1)

(x8 + x7 +3x6 +6x5 +9x4 +10x3 +8x2 +4x+1) = f3(x)(x
8 + f3(x)).

Theorem 4.2. O(fi) = Oi with fi+1(x) = fi(x)(x
2i +fi(x)) and f1(x) = x+1.

Proof. For f2(x) = x2f1(x)+f2
1 (x), since x

2f1(x) = x2r1(P )(x, 1)T = (1, 1)(x3, x2)T

and f2
1 (x) = r2(P )(x2, x, 1)T = (1, 2, 1)(x2, x, 1)T , we have

f2(x) = (1, 1)(x3, x2)T + (0, 1, 2, 1)(x3, x2, x, 1)T = (1, 2, 2, 1)(x3, x2, x, 1)T ,
so r1(O(f2)) = (0, 1, 2, 2, 1). But since r1(O) is of size 1× 3, we have

r1(O
2)= r1(O)[c0(O)| · · · |c4(O)] = (0, 1, 1)

[e0,0
e1,0e1,1

e2,0e2,1e2,2

]
= (0, 1, 2, 2, 1),

so r1(O
2) = r1(O(f2)) and O2 = O(f2).

From x4f2(x) = x4r1(P (f2))(x
3, . . . , 1)T = (1, 2, 2, 1) (x7, . . . , x4)T and f2

2 (x) =
r2(P (f2))(x

6, . . . , 1)T = (1, 4, 8, 10, 8, 4, 1)(x6, . . . , 1)T , we have f3(x) = x4f2(x)+
f2
2 (x) = (1, 3, 6, 9, 10, 8, 4, 1)(x7, . . . , 1)T so r1(O(f3)) = (0, 1, 3, 6, 9, 10, 8, 4, 1).

Note r1(O
2) is of size 1× 5, and ⌊ j−1

2 ⌋+ 1 ≥ 5 if j ≥ 9. Thus for j ≥ 9, cj(O)

begins with more than 5 zeros by Theorem 3.1, so r1(O
2)cj(O) = 0. Hence

r1(O
3)= r1(O

2)[c0(O)| · · · |c8(O)] = (0, 1, 2, 2, 1)

111121
1331
14641


= (0, 1, 3, 6, 9, 10, 8, 4, 1) = r1(O(f3)).

Similarly x8f3(x) = x8r1(P (f3))(x
7, . . . , 1)T = (1, 3, 6, 9, 10, 8, 4, 1)(x15, . . . , x8)T

and f2
3 (x) = r2(P (f3))(x

14, . . . , 1)T = (1, 6, 21, 54, 110, 184, 257, 302, 298, 244, 162,
84, 32, 8, 1)(x14, . . . , x, 1)T yield

f4(x) = x8f3(x) + f2
3 (x)

= (1, 4, 12, 30, 64, 118, 188, 258, 302, 298, 244, 162, 84, 32, 8, 1)(x15, . . . , x, 1)T .
Thus r1(O(f4)) = (0, 1, 4, 12, 30, 64, 118, 188, 258, 302, 298, 244, 162, 84, 32, 8, 1).
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Note r1(O
3) is of size 1 × 9, and ⌊ j−1

2 ⌋ + 1 ≥ 9 if j ≥ 17. Thus for j ≥ 17,

cj(O) begins with more than 9 zeros by Theorem 3.1 so r1(O
3)cj(O) = 0. Hence

r1(O
4)= r1(O

3)[c0(O)| · · · |c16(O)] = (0, 1, 3, 6, 9, 10, 8, 4, 1)

[1
11
121· · ·

1, 8, 28, . . . , 1

]
= (0, 1, 4, 12, 30, 64, 118, 188, 258, 302, 298, 244, 162, 84, 32, 8, 1) = r1(O(f4)).

We now assume Ok = O(fk) for some k. Since deg fk(x) = 2k − 1, write

fk(x) = (1, a2k−2, . . . , a1, 1)(x
2k−1, . . . , 1)T . Then r1(P (fk)) = (1, a2k−2, . . . , 1)

and P (fk) = [ui,j ] hold a recurrence
(1, a1, . . . , a2k−3, a2k−2, 1) ◦ (ui,j−2k+1, . . . , ui,j−1, ui,j , ui,j+1) = ui+1,j+1.

Hence the 2ndrow r2(P (fk)) is obtained from r1(P (fk)) that
r2(P (fk)) = (1, (a2k−2, 1) ◦ (1, a2k−2), (a2k−3, a2k−2, 1) ◦ (1, a2k−2, a2k−3),

(a2k−4, a2k−3, a2k−2, 1) ◦ (1, a2k−2, a2k−3, a2k−4), . . . , 1),
thus it gives

f2
k (x) = (1, (a2k−2, 1) ◦ (1, a2k−2), (a2k−3, a2k−2, 1) ◦ (1, a2k−2, a2k−3),

(a2k−4, a2k−3, a2k−2, 1) ◦ (1, a2k−2, a2k−3, a2k−4), . . . , 1) (x
2k+1−2, . . . , 1)T .

Therefore
fk+1(x) = x2kfk(x) + f2

k (x)

= (1, a2k−2, a2k−3, . . . , a1, 1)(x
2k+1−1, . . . , x2k+1, x2k)T

+(0, 1, (a2k−2, 1) ◦ (1, a2k−2), (a2k−3, a2k−2, 1) ◦ (1, a2k−2, a2k−3),

(a2k−4, a2k−3, a2k−2, 1)◦(1, a2k−2, a2k−3, a2k−4), . . . , 1)(x
2k+1−1, x2k+1−2, . . . , 1)T

= (1, a2k−2+1, a2k−3+2a2k−2, a2k−4+2a2k−3+a22k−2, . . . )(x
2k+1−1, . . . , 1)T .

Hence
r1(O(fk+1)) = (0, 1, a2k−2+1, a2k−3+2a2k−2, a2k−4+2a2k−3+a22k−2, . . . , 1)

= (0, 1, a2k−2, . . . , a1, 1)

[
1
11
121
1331. . .

]
= r1(O(fk))O = r1(O

k)O = r1(O
k+1)

by the inductive hypothesis. Therefore O(fk+1) = Ok+1 = O(f1)
k+1. □

Corollary 4.3. (1) fi(x) = f1(x)

i−1∏
k=1

(x2k + fk(x)) of degree 2i − 1 for i > 1.

(2) Let F0(x) = x and Fi+1(x) = Fi(x+ x2) for i ≥ 0. Then fi(x) = x−1Fi(x).

These formulae of fi(x) are easily followed. The coefficients of xi in Fi(x)
make the below matrix M which shows ri(M) = r1(P (fi)) for all i ≥ 1.

M =


1
11
122 1
136 9 10 8 4 1
141230 64 118 188 258 302 298 244 162 84,32,8,1
152070 220630 16564014 8994 18654 35832 63750 ...
1630135560217079162732689582279622832680 ......


See [5] for M . The next theorem on P (fi) is an analog of Theorem 2.2.

Theorem 4.4. P (f2) = P (f1) O
(1,2,2)↑.

Proof. Note P (f1) = P (1,1) = P . Then fn
2 (x) = (x3 + 2x2 + 2x + 1)n =

(X + 1)n = rn(P )(1, X, · · · , Xn)T with X = x(x2 + 2x+ 2). But since
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Xi = xiri(P
(1,2,2)↑)(1, x, . . . , x2i)T = (0̄i; ri(P

(1,2,2)↑); 0̄3(n−i))(1, . . . , x
3n)T ,

we have

(1, . . . , Xn)T =

 (r0(P
(1,2,2)↑); 0̄3n)

(0; r1(P
(1,2,2)↑); 0̄3(n−1))· · ·

(0̄n; ri(P
(1,2,2)↑))

(1, . . . , x3n)T = O(1,2,2)↑(1, . . . , x3n)T .

It therefore follows that
rn(P (f2))(1, · · · , x3n)T = fn

2 (x) = rn(P (f1))O
(1,2,2)↑(1, · · · , x3n)T ,

hence rn(P (f2)) = rn(P (f1))O
(1,2,2)↑ and P (f2) = P (f1)O

(1,2,2)↑. □

Theorem 2.2 and Theorem 4.2 show PnO = P (n,1,1) and On = O(fn). We
ask about a generating polynomial θPOn(x) of POn. Clearly θP (x) = x +
1 = f1(x) and θPO(x) = x2 + x + 1 = x2 + θP (x) = x2 + f1(x) because

PO = P (1̄3). And PO2 =

[
1
1122 1
1258 10
13919 . . .

]
, PO3 =

[
1
113 6 9 10 8 4, 1
127 183974 126
13123799237 . . .

]
yield

generating polynomials θPO2(x) = x4 + x3 + 2x2 + 2x + 1 = x4 + f2(x) and
θPO3(x) = x8 + x7 + 3x6 + 6x5 + 9x4 + 10x3 + 8x2 + 4x+ 1 = x8 + f3(x).

Theorem 4.5. θPOn(x) = x2n +fn(x) and fn+1(x) = fn(x)θPOn(x) for n > 0.

Proof. Clearly θPOn(x) = x2n + fn(x) for 1 ≤ n ≤ 3. Since deg fn(x) = 2n − 1
with leading coefficient 1, write fn(x) = x2n−1 + a2n−2x

2n−2 + · · · + a1x + 1.
Then

POn = PO(fn) =

1
11
121
1331
14641

[1 1 a2n−2 . . . a1 1
1 . . .

1 . . .

]
=

[
1 0
1 1 a2n−2 . . . a1 1
1 2 a2n−2 + 1 . . .

]
by Theorem 4.2, so the generating polynomial of POn is

θPOn(x) = x2n + x2n−1 + a2n−2x
2n−2 + · · ·+ a1x+ 1 = x2n + fn(x). □

Finally we prove that P (fn) is obtained from P (fn−1) for all n ≥ 1.

Theorem 4.6. ri(P (fn)) =
i∑

k=0

(
i
k

)
(0̄k; ri+k(P (fn−1)); 0̄2n−1(i−k)) for all i.

Proof. Note P (f1) = P (1,1) = P and fn+1(x) = fn(x)(x
2n + fn(x)). Then from

f2
2 (x) = x4f2

1 (x) + 2x2f3
1 (x) + f4

1 (x) we have
r2(P (f2))(x

6, · · · , x, 1)T = f2
2 (x)

= r2(P )(x6, x5, x4)T + 2r3(P )(x5, x4, x3, x2)T + r4(P )(x4, . . . , x, 1)T

= ((r2(P ); 0̄4) + 2(0; r3(P ); 0̄2) + (0̄2; r4(P ))) (x6, . . . , x, 1)T .
Also f3

2 (x) = x6f3
1 (x) + 3x4f4

1 (x) + 3x2f5
1 (x) + f6

1 (x) implies
r3(P (f2))(x

9, . . . , x, 1)T = f3
2 (x)

= ((r3(P ); 0̄6) + 3(0; r4(P ); 0̄4) + 3(0̄2; r5(P ); 0̄2) + (0̄3; r6(P ))) (x9, . . . , 1)T .
Thus any ithrow ri(P (f2)) of P (f2) satisfies
ri(P (f2))

= (ri(P ); 0̄2i) +
(
i
1

)
(0; ri+1(P ); 0̄2i−2) + · · ·+

(
i
i

)
(0̄i; r2i(P ))

=
i∑

k=0

(
i
k

)
(0̄k; ri+k(P ); 0̄2(i−k)).
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Now for f3(x) = x4f2(x) + f2
2 (x) of degree 7 and P (f3), we have

r1(P (f3))(x
7, . . . , 1)T = f3(x) = r1(P (f2))(x

7, . . . , x4)T + r2(P (f2))(x
6, . . . , 1)T

= ((r1(P (f2)); 0̄4) + (0; r2(P (f2))) (x
7, . . . , x, 1)T .

And f2
3 (x) = x8f2

2 (x) + 2x4f3
2 (x) + f4

2 (x) implies
r2(P (f3))(x

14, . . . , x, 1)T = f2
3 (x)

= r2(P (f2))(x
14, . . . , x8)T + 2r3(P (f2))(x

13, . . . , x4)T + r4(P (f2))(x
12, . . . , 1)T

= ((r2(P (f2)); 0̄8) + 2(0; r3(P (f2)); 0̄4) + (0̄2; r4(P (f2)))) (x
14, . . . , x, 1)T .

Therefore for any i ≥ 0, it follows immediately
ri(P (f3)) =

(
i
0

)
(ri(P (f2)); 0̄4i) + · · ·+

(
i
i

)
(0̄i; ri+i(P (f2)))

=
i∑

k=0

(
i
k

)
(0̄k; ri+k(P (f2)); 0̄4(i−k)).

Now for any n, since degfn(x) = 2n − 1 we have

r1(P (fn+1))(x
2n+1−1, . . . , x, 1)T = fn+1(x) = x2nfn(x) + f2

n(x)
= x2nr1(P (fn))(x

2n−1, . . . , x, 1)T + r2(P (fn))(x
2(2n−1), . . . , x, 1)T

= ((r1(P (fn)); 0̄2n) + (0; r2(P (fn)))) (x
2n+1−1, . . . , x, 1)T ,

so r1(P (fn+1)) = (r1(P (fn)); 0̄2n) + (0; r2(P (fn))).

Similarly from f2
n+1(x) = x2n+1

f2
n(x) + 2x2nf3

n(x) + f4
n(x), we have

r2(P (fn+1))(x
2(2n+1−1), . . . , x, 1)T = f2

n+1(x)

= x2n+1

r2(P (fn))(x
2(2n−1), . . . , 1)T + 2x2nr3(P (fn))(x

3(2n−1), . . . , 1)T

+ r4(P (fn))(x
4(2n−1), . . . , 1)T

= ((r2(P (fn)); 0̄2n+1) + 2(0; r3(P (fn)); 0̄2n) + (0̄2; r4(P (fn)))) (x
2(2n+1−1), . . . , 1)T ,

so r2(P (fn+1)) = (r2(P (fn)); 0̄2n+1) + 2(0; r3(P (fn)); 0̄2n) + (0̄2; r4(P (fn))).
Continuing this process to ithrow of P (fn+1), it follows that

ri(P (fn+1)) (x
(2n+1−1)i, . . . , x, 1)T = f i

n+1(x)

=
(
(ri(P (fn)); 0̄2n+1) +

(
i
1

)
(0; ri+1(P (fn)); 0̄2n) +

(
i
2

)
(0̄2; ri+2(P (fn)))

+ · · ·+ (0̄i; r2i(P (fn)))) (x
(2n+1−1)i, . . . , x, 1)T

=
i∑

k=0

(
i
k

)
(0̄k; ri+k(P (fn−1)); 0̄2n−1(i−k))(x

(2n+1−1)i, . . . , x, 1)T . □
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