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OBTUSE MATRIX OF ARITHMETIC TABLE
Eunmi CHoI

ABSTRACT. In the work we generate arithmetic matrix P(¢::@) of (cx2 +
bx+a)” from a Pascal matrix P(1:1). We extend an identity P(1.DO(11) =
PLY) with an obtuse matrix O(11) to k degree polynomials. For the pur-
pose we study P(1’1>k0(1’1) and find generating polynomials of O(lvl)k.

1. Introduction

Let P(Y be an arithmetic matrix (abbr, AM) of (x4 1)". Let OV called
an obtuse matrix of Pt be that each i*"row of O is the i™row of P11
shifted ¢ places rightward for all ¢ > 0. Then

1 1 1
11 11 111

PAHOMD = 1154 121 | =|12321 | =P0Y
4] | 'Har] T 1587

where P(B11) is an AM of (22 4z + 1)" ([3]). Generally, we call O an obtuse
matrix of M if each i*"row of O is formed by shifting the i*'row of M i places

rightward. For instance, the obtuse of P11 s (1L = [ 1%%321

In this work we study the obtuse matrix O of P(:1) and explore O(:1:1)

k .
together with P(1D yields an AM of > a*. Then we extend these study to
i=0
AM of (cz?+bx+a)™ for any a, b, ¢ € Z. For the purpose we investigate matrices

PAED*OMD iy Theorem 2.2. And we find generating polynomials of omn*

and PADOMD” in Theorem 4.2 and Theorem 4.5.

Some articles on arithmetic tables, including [2], [4], [6], have been presented,
in which binomial and multinomial coefficients were calculated for expanding
polynomials. A distinctive feature of this work is to study Pascal matrix [1] and
the obtuse matrix to explores arithmetic tables related to polynomials.

Throughout the work we denote by P(¢*®) an AM of (cx? + bz + a)". Since
the expansion (cx?+ bz +a)™ results in different shapes depending on ascending
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or descending order in z, we write P(¢0:@) = p(eba)l 4 indicate descending
order expansion. Otherwise we write by P(¢»®T. Let r;(M) and c;(M) be the
i"row and j*column of a matrix M, respectively. Let 5, = (s,...,s) be a
k-tuple of s, and (Ox;r;(M);0;) be a row matrix consisting of k zeros followed

b1
by r;(M) and then ¢ zeros. Let (ai,...,ar)(b1,...,bx) = (al,...,ak)[ by, }
br
1 )
= (a1by,...,axby), and write a diagonal matrix [ aag} by diag[a'].

2. Expressions of P(@0:¢) by P

In analog to the obtuse matrix O(©*®) of P(&:b:a) et 00T be the cor-
responding object of P(b®)T  Clearly PLLDT = pLLDL — p(L1) apd
plebat — plabol When ¢ = 0, write P(0®) = P®:a) and O®-),

Theorem 2.1. 7,(P®®) = ¢, (PO, ... b, 1)(1,a,...,a") and PO =
P(l’l)bdiag[a"} — pa" pie) for any nonzero a,b.

Proof. We mainly refer to [3] for the proof. In fact, we simply write P(11) =
(1351) ro(P)(1)
(171 3, 1) = Tl(P)g37 1)
(1,2,1)(3%,3,1) r2(P)(3%,3,1)
r (PGDY =, (P)(3",...,3,1). Assume an inductive hypothesis r,,_; (P®1)) =

P. Firstly we notice P31 = = P3,

o2}

[0}

Tn_1(P)(b"~ L, ... b,1) for some n. Then we have
In l,n—l
T (POD) M = (br+1)" = (b + 1) rpa (POD) | oy ]
1 1
x" $n71
=i 1 (PYE, BB |5 | (PO, b 1) |
x 1

0
$0 7, (POVY = 1, (P)(B",...,b,1) and P®:Y) = Tl(P)(Zb’

Thus with any nonzero a and b, we have
x

n

| =P, b 1)1, a, . am) [
| ]

1

= ra(P)(b", ab"" 1, ... a") Fi

$0 7, (PO®) =, (P®:Y)(1,a,...,a"). Hence it follows that

pa) — 7“1(1”@’1))(17“)2 = P Ddiag[a’] = Pdiag[a’] = PP-1P(1a), O

Similarly for PV of (bx + 1)", we have
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1 1

— pn B Ly

1 -1
GO |1 (1,b=1)1
PO i| = (p0070)|
1 1
= b, (P)(b~",...,b71,1) [ 'n} =r,(P)(1,...,b") [ 'n} ,
T T
50 75, (PODT) = 1, (P)(1,...,b"). Theorem 2.1 is generalized as follows.

Theorem 2.2. 7,(PULO) = ¢ (PLaYOWLD gpgd plall) = pLLaT —
PO

Proof. We write P(:1) = P and OY) = O for simplicity. When a = 1, PO =
1

21 1

44 5 2
8121813
Consider an AM P of f7(z) = (22 + 2 + a)”. If we let X = 22 4+ z then
X = airy(P)(L,...,a")" = ri(P)(&, ..., 22T = (04 74(P); Onn_1))(L, ., 2*")7
so we have

PLY) g clear ([3]). If @ = 2 then P20 = = pLD = pL1AT,

(ro(P); 02n)
(1,X,..., X" = [ (0:71(P);O20n-1)) [ (1,...,22")T = OLD(1,. ..
(On;7n(P))
Thus with the nttrow r, (PL7T) of PLOT f7(z) = (X + a)™ gives
f(x) = rp(PEOINA, X, .., X =7 (PEONHOOD (1 g, .. 22T
But since f(z) = (2% + x4 a)” = r,(PELONY (1, 2, ... 2?™)T with the n*Prow
7 (PO e have 7, (PLLOT) = ¢ (PN QWD) | Therefore

’z2n)T.

TO(P(LLG)T) ro(P<1’“>T)
pLat — rl(pfl.,.lya)T) _ Tl(p.<.1.,a>1) o) = pLatpl,
rn(P“’l’“)T) rn(p(l,a)T)
Since P(h®)T = P4 by Theorem 1, we conclude P¢O11) = p(LLa)T, (]

Corollary 2.3. Plat — plLatotl) — p.n?ol) — p1pLa-Dt
and P@LDT = pADO@DT " yhere O is the obtuse matriz of P(@V7T,

1
The proof is easy from Theorem 2.2. Indeed, P20 = [121}1%21} = PLLAT and

P30 = 8 (15 % 2 = PLLIT Now consider a polynomial (az* 4+ zF=1 +
272736192

-4 1)", an AM P(@1L-1) = p(@1) and obtuse matrix O 1) for k > 1.

Theorem 2.4. PUr+1) = PADOR)  moregver PIra)t = p(La)tOUs),

Proof. Theorem 2.2 shows PO = POLLY with P = PAY O = 0D, Consider
an AM P4 of f7(z) = (2° + 22 + 2 + 1)". Then with X = z(2? + 2 + 1),
ra(PAY(1, 2, ... 23T = fr(z) = (X +1)" =rp(P)(1L, X, ..., X™)T.
But since B B
Xt = ry(PO)) (o, a¥)T = (0rs(PO)); D00 (L, . 0, 2T,
we have
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(ro(P9)); 03,,) _
(LX, ..., X")T = | (0571 (P19);:0500-1)) | (1,...,2°")T = OUs)(1,... 23T,
(()nQTn(P(iS)))
Thus it follows
(PN, ... 23T =, (PYOT3) (1, ... %) T
and 7,(P14)) = r,(P)OU3) for all n. Hence PO13) = PU4)  This process
can be extended to a k degree polynomial f(z) = 2% + --- + 2 + 1 so that
fr(z) = (X +1)" with X = z(zF =1 +--- + 1) and POO*) = p(rs1),
Consider f(z) = 2% +--- 4+ z + a. Theorem 2.2 is for k = 2. When k = 3,
f(x) = (@@ + 22+ 24 a)" = ry (PO 2, ... 23T,
Let X = 2%+ 2% +2. Then X* = (0;; i (P13)); 03(n—i))(1, ... 2t 2% T and
(1,X,..., X7 =0W)(1,..., 37T so f(z) = rp (PEONHOWs) (1, ... 23)T.
Hence we have 7, (P(131) = r, (P11 0Us) and psa)t = pALa)tQls),
It is not hard to generalize to any polynomial f(z) = 2¥ +--- + 2 + a for
k > 0, hence we have Pdr-0)T = pLa)tO(k), O

3. Recurrences on Obtuse matrix

The obtuse matrix O%) was shown to play an important role in creation
PUs+1) from the Pascal matrix P = P(1D . We study OU*) explicitly.

Wy Jelst ifo<i<i<2

Theorem 3.1. 001 = [o{":"] with 0" _ FEach
7 7 0 otherwise
s c.(OLDY = (0, (L1 (1,1)
column is ¢;(O7) = (Opiga i€ acd s st o0 O 2522
eV satisfying (03 (¢j-1 (D) +¢;(00D))) = ¢34 (0MD) and o}V, +
(1,1 _ (1,1) ’
0ij = Oit1j+1-

Proof. Let PV = P = [e; ;] and O = O = [0, j]. Then 7;(O) = (0;;7:(P))

’061,021,16 . eO 0 0
and O = 20g21622,., |- Clearly «2(0) = gl = [‘?919] + 690 =

€4,0€4,1. . .

0 0 0
0 0
5(0) = 0] - [ R [ } {0, | = (0:(0)) + (05 2(0))
€30 2,0 = 0
o 0 0
0 0 9 0
cs(0) = Sﬁf = le20 ilez V| ek + 69,1 = (0:¢2(0)) + (0;¢5(0))
€4.0 €3,0 s €3,0
- 0 0
okl T8 [ b
c5(0) = 23,2 = 623 + 22,2 = (0;¢3(0)) + (0;¢4(0))
eso | 190 ] ek
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0 »
o }L 141
Thus any j*column is ¢;(0) = L Lipa izt -1 where e; g =
Y J J ) Js
€[i1 )42, [450) 2 bl L5t
6]0 .
€Lazt 14 (e |50 = 1) 52 |1 (= | E52 1) and satisfies a recurrence
(05¢,-1(0)) + (0: ¢;(0))
0 0 0y,
. . .. z
~(~)}L%J+1 ~(~)}L%J+1 , O}szfl
€2 oo pig2 o | T €l it | = | gl
Clipt e -1-Li52 -2 | [CLFE 2o 15 “LlratioLg)-2
€5-1,0 €5,0 €i+10

= G+l

Indeed when j = 2t, €liz2 |y - |d52 g T €lazt | o izt = Crp—1 Tt €y =
Ct+1t = €1djq1 4] and so on. On the other hand when ;7 = 2t 4 1,

CLig2 41,1352 -2 = Ol 1,14 A € a2 e gt it a1
L1410 et
Clearly we also have 0;,j—1104; =€ j—i—1F€ j—i = €iy1j—i = Oj41,5+1-

B - . i - _
Theorem 3.2. Let PU*) = [e; ( ")] OUr) = o (j")]. Then c;(OU*r)) = (OL%JH;
: - i

(L’k)ljﬂ,a Ligty—17 55)) satisfying (03 (¢j—r+1(OUR) + -+ ¢;_1(O1H))
+C.(O(1k ))) =¢;41(0( and o) +O(1k) + 0(1k) — o)
7 — Gj+1 1,5 — k+1 1 — Yi41,541"
) e(()lg> - TO(P(ig)l
Proof. When k =3, O13) = ef el Velly = [(0;r1(PU3))) |, s0
liveligy | | ©ima(PO9)
M0 T i 0 T Q
((I] ) (13) ((i) ) (13) 0 8 ((i) )
ca(019) = e?é) = |8 ({; fl’% :5123 (93) + el ] + e%i?;
e(al) €30 (‘;)62,1 €10 e(ia) e?il>
2,0
a0 | €30 ] & €30
= (0;¢1(0"9))) + (0; c2(01))) 4 (05 ¢3(O1)))
(8] T 0 ] 0 0
0 _ - 0
es'y efd) +el'y 0 ) (9})3
- 4 - I N T 1 € 3
cs(009) = |egd | = |8 +ellp) +ellg | = [eid) | + | | + |22,
(13) elI3) | o(13) ells) 21 €3y
?fo,) 3,1(T | 2,1 2,0 eé g) e13)
65’0 L 6478 i S 4’0

1=

O
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And
0 0
8 0)s 0s°
(13) ((1)3) eélg)
_ e . _
es(O09) = | i | + |22 | + [l | = (05(e3(019) + 4 (019) + 5 (00)))
o) a1 el
3,0 €40 o(0s)
5,0
0 .
}L 1+
_ 6(113)1 -
Thus any j*column is ¢;(018)) = (LIJ3) -5t where
L5 42— 1252 -2 (4= U
e@g)
Js
(13) _ (ie)
€50 = €Iy (o |i5h ) o | 5 -0 51y And
(05¢; 82( (12))) + (0 C] 1( 0 18)) (0;¢;(0U12))) 8
AR ES bLiz2i+a B!
6(13) (13) (13)
= LJTJ‘H’J 1523 ClRni-Lig2 -2 | 4 | (-1t
6(13_ J L €(J32 s (173 . J )
L_‘;; J+2,5-1L -4 L 1+2,5-145=]-3 [f5= 142,51 -2
6517330 5131)0 §0>
r 0
}L J+1
1
= (Lfsj)ﬂ’] L3 = CJ+1(O( 3)) because egyg)z "‘65133)1 —I—e( 2 _€§1+31),J
Clij42g-14)1
(13)
Lej+1.0 , , ,
In fact, for instance, if j = 3t + 2 then I3 —¢—Tland |22 = |22 =¢, so
3 3 3
(0: ¢j-2(011)) + (05 ¢4 (01))) + (03 ¢, (O(1))
3t Syt 41 }z+1 gttt
1 i ( 3)
= e§123t) + 61(5;1),215 et+1 241 ”1)2”2 _CJ+1(O(13))
e§+1)2t 1 et+$2 2t—1 et+2 2t 621,-32)%4-1
1 1 1
eét30> e:(iti-)l 0 egti-)2 0 €3143.0
Moreover we clearly have
(1) (1) (13) _ (1) (1) (Iz) _ (Is) _ (13)
32+061+03 l_]32 1+61]311+61]dz ez-l-dljz Oz-‘:l,j—i-l

Thebe can be extended to O(1¥) that (0; (cj—k41(OIR)) + - 4 ¢;(O01R)))) =

i i A 1 1
¢j+1(019)) and ¢;(01W) = (011 4y €(L%H1,j,£%kl’ = 'vegpok))T- O

Theorem 3,2 and Theorem 2.1 give a way to get PU%) explicitly. Let r[t] {P(iS))
be the i*"row r;(P(13)) deleted the first ¢ entries, i.e., 'rl[t] (PU3)) = (e (1s) 6(13)

zt LN 2 o R
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For example, e( 3) =716(P)c;(0) = (P)(c] 2(0) +¢j—1(0)) for j > 1. So
%?*:%%Px 1(0) + ¢2(0)) é()“ho) +(e11,€20))7
) ]( P)(e1,0+ €1,1,€2,0)" = (€6,2,€6,3) (2,1, €2,0)" = (15,20)(2,1)T = 50,
412 = 111(P)(c2(0) + 3(0)) = 2 (P)(en.1, €2.0) + (0, €2,1,¢30))"
]( P)(e1,1, €20+ e21,e30)" = (€62, €63, €6,4)(€1,1,€3,1,€30)" = 90,
eélé’) = 7“6[; ](P)(€2 1+ e29,e30+€e31,e40)] =126,
ete, so it shows rg(P1#)) = (1,6,21, 50,90, 126, 141,126, 90, 50, 21,6, 1).

4. Generating polynomial of otk

Let P(g) be an AM of a polynomial ¢g"(x) and O(g) be the obtuse matrix
of Plg). If fi(a) = o+ 1 then P(f;) — PO and O(fi) = 00D, Aud
P(f1)F = P(ka+1)* and P(f1)*O(f1) = P(kz®+2+1) for any k by Theorems
2.1 and 2.2.

Theorem 4.1. O(f1)! = O(f;) with fi(x) = x+1, fa(x) = (1,2,2,1)(z3, 22,2, 1)7,

Fo(z) = (1,3,6,9,10,8,4,1)(x7, ..., 2. )T and fa(z) — (1,4,12, 30,64, 118, 188, 258,
310,298,244, 162, 84, 32,8, 1)(z'°, ..., z, 1)7.

g+l = uz+1,g+l

So the z“‘row 7‘1( (f2)) are r4( (fz)) (1,8,32,84,160, 232,262, 232, 160, 84, 32, 8, 1),
and r5(P(f2)) = (1, 10, 50, 165, 400, 752, 1130, 1380, 1380, 1130, 752, 400, 165, 50, 10, 1),
and so on, which are sequences of coefficients of expansions of fi(x). Hence

1
1221
the obtuse matrix is O(f2) = 148108 4 1 which equals
16183548 48 35 18 6 1
18 3284160232262232. .
1
O(f1)?. We also notice O(f1)® = 0% = 1%2291%215150 §4 257 | . By lettin
v veomy T 19 151624621005~ &

112 78 360 .
fa(x) = 27 + 325 + 625 4 92* + 1023 + 822 + 4z + 1 and expanding fi(z) for
i >0, we have AM P(f3). In fact, 7;(P(f3)) are the coefficients of fi(x):
ro(P(f3)) = (1,6,21, 54,110, 184, 257, 302, 298, 244, 162, 84, 32,8, 1)
ra(P(f3)) = (1,9,45, 162, 462, 1095, 2217, 3900, 6024, 8220, 9936, 10638, . .. ).
1

So P(fs) = %%261 594 11100 124 2%7 2?1)8 = [u;,;] and it satisfies a recurrence
194516246210952217 ...

Ui, j—6+4U; 5 —5+8Ui j—a+10u; j_34+9u; jo +6u; 1 +3ui j +Uj j41 = Uit1,5+1,

from which i*"rows 7;(P(f3)) are obtained that
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ra(P(f3)) = (1,12,78, 360, 1309, 3956, 10258, 23296, 46986, 84984, ... ),

1 69108 4 1
etc. Hence the obtuse matrix is O(f3) = 162154110184 257 302 | = O(f1)>.
19 451624621095 2217
11278 3601309 ...
1
4 _ | 141230 64 118 188 258 302 298244162843281 .
Note O(f1)" = | "1€ 10156512 14683756 8692 . Consid-
112 84 44219207218 24144
ering f4(z) = (1,4,12,30, 64, 118, 188, 258, 310, 298, 244 162,84,32,8,1)(z°, ..., )7,
1
141230 64 118 188 258 302 298 244, 162,84,32,8,1
we get P(fs) = 1 8 40156 512 1468 3756 869218356 35588 635883
112844421920721824144

[ui,j] satisfying ui7j_14+8ui,j_13+32ui7j_12—|—84u¢,j_11+162ui7j_10+244ui7j_9+
29811,2'7]'_8 + 302’[1,2'7]'_7 + 2581@'7]'_6 + 188’(14'7]'_5 + 118Ui7j_4 + 64’(14'7]'_3 + 30’[@7]‘_2 +
12ui,j—1 + 4ui’j + U, j4+1 = Wi41,54+1- So it is observed O(f4) = O(f1)4 O

The polynomials f;(z) such that O(f;) = O' (1 <i < 4) in Theorem 4.1 are
fol@) = (@ 1)@ +2+1) = file)(@+ fi(@)), fo(x) = (4 1)+ o+ 1)+
23+ 202 + 22 + 1) = fo(x)(z* + f2(x)) and

fa@) =@+ 1)@ +z+1)(2* + 23+ 222 + 22 + 1)

(28 4+ 27 + 325 + 62° + 924 + 1023 + 822 + 42 + 1) = f3(z) (28 + f3(x)).

Theorem 4.2. O(f;) = O with fiy1(x) = f;(2) (=% + fi(z)) and fi(z) = z+1.

Proof. For fa(x) = 2% f1(x)+f(x), since 22 f1 (x) = 2%r1(P)(x, )T = (1,1)(23,2%)T
and fi(z) = 7‘2(P)(gc2 DT =(1,2,1)(22, x )T, we have

fa(z) = (1, 1) (2%, 2%)T 4+ (0,1,2,1) (23,22, 2, 1)T = (1,2,2,1)(2®, 22,2, 1)7T,
so r1(O(f2)) = (0,1,2,2,1). But since 7‘1(0) is of size 1 x 3, we have

(%)= 1 (0)leo(O)] -+ [ea(0)] = (0.1.1) [*Cerogra, . 1= (0.1,2,2,0)
s0 11(0?) = r1(O(f2)) and O? = O(f2).

From z* fo(z) = 2*r1 (P(f2))(z3, ..., DT = (1,2,2,1) (27, ..., 2Y) T and f3(z) =
ro(P(f2))(x5,...,1)T = (1,4,8,10,8,4,1)(2®,..., )T, we have f3(x) = 2 fo(x)+
f2(x) = (1,3,6,9,10,8,4,1)(27,...,1)T so 1 (O(f3)) = (0,1,3,6,9,10,8,4,1).
Note 71(0?) is of size 1 x 5, and |£51] + 1 > 5 if j > 9. Thus for j > 9, ¢;(0)
begins with more than 5 zeros by Theorem 3.1, so r1(0?)c;(0) = 0. Hence

1

1 (0%)= 1 (0)eo(O)] -+ [es(0)] = (0,1,2.2,1) | a1
14641
=(0,1,3,6,9,10,8,4,1) = 1 (O(f3)).
Similarly 28 f3(z) = 28 7“1( (fg))( T, DT =(1,3,6,9,10,8,4,1) (25, ... 2T
and f2(z) = ro(P(f3))(@',..., 1) = (1,6,21,54, 110, 184, 257, 302, 298, 244, 162,

84,32,8,1) (x4, ..., 2,1)7T yield
fa(z) = 28 fa(2) + f3(2)
= (1,4,12,30, 64, 118, 188, 258, 302, 298, 244, 162, 84, 32,8,1) (%, ..., 2, 1)T.
Thus 71 (O(f1)) = (0,1,4,12, 30, 64, 118, 188, 258, 302, 298, 244, 162, 84, 32, 8, 1)
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Note 71(0%) is of size 1 x 9, and |Z5%] +1 > 9 if j > 17. Thus for j > 17,
¢;(O) begins with more than 9 zeros by Theorem 3.1 so r1(0?)c¢;(O) = 0. Hence

1
11
]
1,8,28,...,1
= (0,1,4,12,30,64, 118,188,258, 302,298, 244, 162,84, 32,8,1) = r1(O(f4)).
We now assume OF = O(fy) for some k. Since deg fi(x) = 2F — 1, write
fe(@) = (Loage g, a1, 1)(z* 1, ..., 1)T. Then 11 (P(fi)) = (1, agx_g,...,1)
and P(fx) = [u;;] hold a recurrence

r1(0)=711(0%)[co(0)| - - - |e16(0)] = (0,1, 3,6,9,10,8,4,1)

(1, Aly...,09k_3,09k_9, 1) o (ui)j,QkJrl, e 7ui,j—1; um, Ui’j+1) = ui+1,j+1.
Hence the 2"drow ro(P(f1)) is obtained from r1(P(fi)) that
T2(P(flc)) = (17 (an,% 1) © (17 a2k72)7 (a2k737a2k’727 1) o (17(121@,27&27@,3),
(agk_4, @k _3, a9k _3,1) 0o (1, a9k _g, Ggk_3,a96_4), ..., 1),
thus it gives
f}?(l”) = (1, (agrk_2,1) o (1, a9r_3), (agr_3, Az _9,1) 0 (1, a0k _o, agr_3),

k+1_
(agk_4, @k _3, a9k _o,1) o (1, a9k _o, Ggk_3, a9k _4), ..., 1) (x2 S 1)T-
Therefore i
fin(@) = o fulo) + 20) -
= (1,a9x_9, G0k _3,... a1, 1)(x® ~1 .. 2%+ 22T
+(0,1, (agk_9,1) o (1, a0k _3), (agk_3, age_9,1) o (1, a2k72?ka’2k73)a .
+1_ +1_
(agk_g, gr_3, agr_9, 1)0(1, agk_o, agk_3, agk_y), ..., 1)(2? t,l'z S b
+1
= (1,a2k72+1,a2k73+2a2k,2,a2k74+2a2k,3+a§k72, e )(SL’Q _1, ey 1)T
Hence

Tl(O(karl)) = (0, 1,@21@,2 + 1, a2k,3 +2a2k,27a2k,4+2a2k,3 +a§k727 ey 1)

1
=(0,1,a5:_,...,a1,1) [ 1%%?1)31] = 11 (O(f1))O = r1(0F)O = r,(O*H)

by the inductive hypothesis. Therefore O(fry1) = OFFL = O(f1)F+1. O
i—1

Corollary 4.3. (1) fi(z) = f1(z) H(ka + fe(x)) of degree 28 — 1 fori > 1.
k=1

(2) Let Fo(z) = x and Fyi1(x) = Fy(z + 22) fori > 0. Then fi(z) = 2 ' F;(x).

These formulae of f;(z) are easily followed. The coefficients of z¢ in Fj(x)

make the below matrix M which shows r;(M) = r1(P(f;)) for all ¢ > 1.
1

1
9 108 4 1

30 64 118 188 258 302 298 244 162 84,32,8,1
70 220630 16564014 8994 18654 35832 63750 ...
13556021707916 27326 89582279622 832680 ...

See [5] for M. The next theorem on P(f;) is an analog of Theorem 2.2.
Theorem 4.4. P(fy) = P(f,) 01221,

Proof. Note P(f;) = P&V = P, Then fi(z) = (2 + 222 + 22 4+ 1)* =
(X +1)"=r,(P)(1,X,---, X" with X = z(2? + 2z + 2). But since

11
M= 171%,
1520
1630
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Xi = Iiri(P(l’ZZ)T)(lﬂ Lyeney I2i)T = ((_)17 Ti(P(LZZ)T); GS(n—i))(lﬂ s ’xSn)T

we have

)

TO(P(1,2,2)T);63n)
1,..., X7 = | Ori(PE?2M)050-0) | (1,..., 23T = 02D1T(1, .. 37T,
(@i ru(P22))
It therefore follows that
ra(P(f2)) (L, a®)" = f3(x) = ro(P(f1))O2DT(L, - a®m)T,
hence 7, (P(f2)) = ra(P(f1))0122T and P(f,) = P(f;)01:22)1, 0

Theorem 2.2 and Theorem 4.2 show P"O = P11 and O™ = O(f,). We
ask about a generating polynomial Opon(x) of PO™. Clearly 6p(x) = x +
1 = fi(z) and Opo(x) = 22 + 2 +1 = 22 + Op(z) = 22 + fi(z) because

1

—_

_ 1 2 _ (1122 3 _ (1136 9 10 8 4,1
PO = P, And PO? = |135% 10 , PO 127 183974 126 ] yield
13919.. 13123799237. ..
generating polynomials 0pp2(z) = x* + 2% + 222 + 22+ 1 = 2* + fo(z) and
Opos(z) = 28 + 27 + 32° + 625 + 92* + 1023 + 822 + 4z + 1 = 2% + f3(x).

Theorem 4.5. 0pon (z) = 22" + fo(x) and fni1(x) = fn(x)0pon(x) forn > 0.

Proof. Clearly Opon (z) = 22" + f,(x) for 1 <n < 3. Since deg fn( )=2"-1
with leading coefficient 1, write f,,(z) = 22"~ + agn_o2®" "2 4+ -+ + ayz + 1.
Then

PO" = PO(fy) =

et o et e

1
1 10
21 161]'271_2"' ar 1 = |11lagn_o oarl
331 1 12a2n_2+1...
4641 s
by Theorem 4.2, so the generating polynomial of PO™ is
Opon(x) =" + 2% P agn_o2? 24 arz+1 =22 4 fo(). O

Finally we prove that P(f,) is obtained from P(f,—1) for all n > 1.
Theorem 4.6. r;(P(f,)) = > (;) (6]9;Ti.t,.k;(P(fn_]_));()anl(i_k)) for all 1.
k=0
Proof. Note P(f1) = PV = P and f,41(2) = fu(2)(22" + fu(2)). Then from
FE) = 2 200) + 205 300) + 1) v bave

)
ra(P(£)) a5, o )T = f3(x)
= ro(P) (25, 2° a:) + 2r3(P)(2°, 2*, 2® xz)T+r4( Yt .z, DT
= ((ra(P): 04) + 2(0:75(P); 0g) + (s (P))) (4, ..., 1)
Also f3(x $6f1( ) + 32" fi (z) + 32 15(95)+f1(95) implies

)=
r3(P(f2))(@°,..., 2, )T = fi(z) o
= ((r3(P); 0 )+3(0 r4(P);04) + 3(02:75(P); 02) + (033 76(P))) (2°,..., DT
Thus any i*"row r;(P(f2)) of P(f2) satisfies
ri(P(f2))

= (Tz(P), 02i) + (1) (0371 (P); Oig) + -+ + (i)(ﬁi;rm(P))
= kz::O (,Zc) (Ok; 7ig & (P); 025 1))
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Now for fg(x) = z4f2( ) + f3(z) of degree 7 and P(f3), we have

ri(P(fs)) (@, ..., )T = fa(a) = ri(P(f)) (a7, ..,a")T +ra(P(f2)) (2, ..., 1)

= ((r(P(f2)); 04) + (0;72(P(f2))) (2, ..., 2, )T

And f3(z) = 308 22( )+2w‘4f2( ) + f3 () implies

ra(P(f3))(z',. D" = fi(x)

= T2(P(f2))(zlf, .. ,:178)T + 27‘3(P(f2))(x1f, v 2T 4y (P(fo)) (212, )T
= ((r2(P(f2)); 08) + 2(0;73(P(f2)); 0a) + (05 74(P(f2)))) (™, z, )T,

Therefore for any ¢ > 0, it follows 1mmed1ately

ri(P(f3)) = ()( {(P(f2)); 040) + -+ + (1) (05 7i44 (P (f2)))
= Z (1) (On; mi i (P(f2)); 0agimiy))-

Now for any n, since degf, (x) = 2™ — 1 we have
( (f2+1))( 2”+ 717,; sy Ly 1) = fn—‘rl(x) = xznfn(si) + fﬁ(x)
=z2"r (P (fn)l(mQ Lo DT + TQ(P(']in))(.ITQ@ Doz DT
= (1 (P(fn)); 020) + (03 72(P(£2))) (&> 71, 2, )T,

1P (frt1)) = (11 (P(fn)); 020) + (072(P(fn)))-

Similarly from f2,,(z) = 2" f2(z) + 222" f3(x) + f(z), we have

ra(P(fu)) (@0, a )T = R ()

= 22" g (P(f)) (22 D DT 4 222 g (P(f,)) (2370 )T

+ra(P(fu)) (@70, l)T

= ((r2(P(fn)); O2n+1) +2(0 rs(P(f

72(P(fnt1)) = (ra(P(fn)); 0n+1) + 2(0;73(P(fn)); 02n) + (02,7"4( ()

Continuing this process to i*"row of P(f,41), it follows that

ri(P(fat1)) (2 @ DT = fy (@) .

= ((ri(P(fn));: Ogn1) + (i)(O 7it1(P(fn)); 020) + (5) (023 ria(P(£2)))
+eee Tt (Oia T2z( ( )))) ( 2"*1_1)1" <o 1)T

= 3 (1) Ousisa(P(fa-1): O (i) (@00, )T O
=0
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