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ABSTRACT

In this study, expressions for the magnetic field and magnetic gradient tensor due to an elliptical disk were derived. Igneous intrusions and
kimberlite structures often have elliptical cylinders with axial symmetry and elliptical cross sections. An elliptical cylinder with varying
cross-sectional areas was approximated using stacks of elliptical disks. The magnetic fields of elliptical disks were derived using the Poisson
relation, which includes the direction of magnetization in the gravity gradient tensor, as described in a previous study (Rim, 2024). The magnetic
gradient tensor due to an elliptical disk is derived by differentiating the magnetic fields, which is equivalent to obtaining ten triple-derivative
functions acquired by differentiating the gravitational potential of the elliptical disk three times in each axis direction. Because it is possible to
exchange the order of differentiation, the magnetic gradient tensor is derived by differentiating the gravitational potential of the elliptical disk three
times, which is then converted into a complex line integral along the closed boundary curve of the elliptical disk in the complex plane. The
expressions for the magnetic field and magnetic gradient tensor derived from a complex line integral in complex plane are perfectly consistent with
those of the circular disk derived from the Lipschitz-Hankel integral.
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Fig. 1. The schematic geometry of an elliptical disk. The center of the elliptical disk is located at (&,,7,5,). a and b are the two radii of the
elliptical disk respectively. The heading « is the angle between the north and one axis of the elliptical disk. Identical Cartesian
coordinates are used for both observations and the elliptical disk.

Geophysics and Geophysical Exploration Vol. 27, No. 2, 2024 + 109



0o
ol
)

A tE‘/l\" W—’] ]-‘v::él (5~6)-‘4' 71—0] ZO1X]E]'

u'(t)=—asintcosa—bcostsinx %)

v'(t)=—asintsina +bcostcoso (6)

Aild 0w wE ARe Safsha Lyl etlet B Apolo] Aol e Hiet

BRIl oJ3k 242 I WG4l o] AA7(Rim, 2024)014 o] 1] Gk ER o] Ofat F2 wiake: HAo] ol BAA(H 792
2.8 5to] FIERIT). Hokd TAA S QT Wir ok AT rFe] H81E 2 1] o)Al that S W ast At wEh o] 4] (1)
7} 7-0 =5t HBALS a5l Qs EAJL 0]-83F TA|2lo]tRen ef al., 2017; Ren ef al., 2019).

R

1
bx :_(gxxmx +g}07m)7 +gxzmz) (7)
w
1
b, = %( g, m, +g,m +g m) 3
1
bz :_(gxzmx +g}'zm}/ +gzzmz) (9)
w

ol7]4] Epgiato] AT WAk 2 AShEl Q{Tka S, A7) AL Wl 4] (10)2} 2o] B2(/), MZH( D) DA 7 ()2 HE
s,

m, cos/cosD
m=| m, |=x| cos/sinD (10)
m sin/

z

whebA] Bhluto] o3t 58 HiShE: ’IAE Zold WA4 o2 Heksto] Fiedt el uo] WE| A2l thEat Ut

3 x3 (Z) ('ﬂ

b= __6,([){ 2 2(40 }6,1(,){3r+6(§0—z)2_(g“o—zf

¥ 4 r
+ﬂJ.2”|:3r+ =2 (o2) (Ot (11
2 70 r r
~2) j '(t){ 3 (40 }ﬁxz(t)dt
b, = ﬂr”{&w 6(60=2)" —(4022)4}9,30)4#
yoo2 r r !
_j _0 (z){ 2 2(40 2 }6,(;)—[3”6(;0;2)2 _(g“r—z) () dt (12)

+—(:0—z>j m{ (Q%)}@yzmdr

110 « XE2iet S2[EAtVol. 27, No. 2, 2024



B Ofeh A2 & X[ tHatg HIA 2ESA

o[- { o }%(r)dt

m, _s (go_z)z
T )J (r){ + }az(odr

+mZLMB (g"r 2 }ﬁ(t)dt

(13)

Ap2 e (2] 11~13)0| 4 =38 232} 2] HHES Z1510] 3 IS AR A= 00(0), 01(7), 0(0), 0,2(0), 0:5(1) B 0,5()= A

(31-40)3} o] FofzIct.

b, =ib =Jm +J m +J m, (14
Toox i
0
b,=—b,=J m+J m +J m (15)
dy
h= b=J_m+J 16
zz - g xZZmV + yZZm)/ + JZZZmZ ( )
0
b,=—b=J m+J m+J m, (17
ox 7
b = 0 b,
=3,k =J,.m +J, m +J _m, (13)
0
bXZ :_b JX’CZm.X +J m +JXZZmZ (19)
ox ©
o714 4 vl T U, 2 58 HEkE ' g, 2 oS 22 TAAES 7HIT
1
pqt_%atgpq p’g7t_xy’ (20)
A Ul T4 20)= v A ERE 52 B2 F 10 S7L A vE ee7t E 851tk AFS vlE S 5 4] (21~26)31 0]
¥R ulEo] Hoj 135] o)A X3 H9=F4 5 1aFe] vlEo] B e HlHAS A2 E mE s AdE s et 2 445t
8 kS BlA BEZ 22 vl &St HEZ 18 4= Qlt} ol & 501 45 vE O U e B8 WIS 'IA 9 g A S 22 1 ESH] f
4= Stk Sl S iRk wlEo] A EIE|R] 92 AFE vl T(4] 27~30)2 HA 58 HElEE 33 v|ESE T olF RS BA
HHo A R A Q] HEAS whet A FE O R AP AIAA Y. o]of et ARAgE R 32 B0l A5tk

Geophysics and Geophysical Exploration Vol. 27, No. 2, 2024«

111



0o
ol

J = _3 I 2”(40_5_2)6)0 (t)dt
4 T

E 27 _(gO—Z) (§0_2)3
+2I0{ EE }gl(t)dt

4 r r

3 27r(§ —Z)
=y | =60t

+§J21{_(Co;Z)JF(ZO—SZ)}}Q(z)dt
0 r

2 7

4 r r

_lp1 3¢ -2,
Jm—EJ.O {7——} (t)dt

rS

e IMF‘ 2oz, Gom2) }%(r)dt
0 r

2 r r

__l 27 L_M !
J.==3, L; = }‘(l‘)dt

W3 r,, 1 _2(403—2)2 +(§o—52)4 }gﬂ(t)dt
2Jo K r r »

R IM{ 156,-2) , 10¢,=2) 3, ;Z)S}ﬁ(t)dr
0 r

[ e e
. 3 ]/‘5 x3

nyz =ljz,, _15(§O—Z)+10(§03—Z)3 _3(4,0 5_2)5 }yS(Z)dl
2Jo | r r r
_2 27 _L M [
Jm—gfo { r3+ e }V(t)dt
3 27 ]
_gjo Fevo(t)dt
9l _1,26-28 (-2
+8-[o { V+ P r }QZ(t)dt
+§J.z”[5r+ 15, —2) _5(&, :2)4 + (4 _52)6 }QXA‘(t)dl
g Jo r r r

_8 .
3 2z 1

-3k 79},0(Z)dt

+2J'2”|:_l+ 2(4, 3_2)2 _ (9 _52)4 :|6yz(t)dt
8 0 7 7 r

o e o
87J0 r r

112 - X722t 22/t Vol. 27, No. 2, 2024

- }aﬂ (t)dt
-

(22)

(23)

24

25

(26)

@7

(28)



B Ofeh A2 & X[ tHatg HIA 2ESA

———f”{ 1,3~ z)} -~

+—j ”—Seyo(z)dt

(29)
{ AT A ﬂ i
Luls(;o S N Z’} (0
r
__LM{ 13- z)} W
_J'z”ie (t)dr
gdo 570 G0
+Ej2”|:—l+ 2(¢, 3_2)2 _(;0 _52)4 :|0x2(t)dt
8 Jo r r r
g Jo r r r

o171 bl AR AOIEHE u() 9} v(r) H o5 mlto] HRHE 6(1) T ThEI o] Follck. 6) F0) B 51
Q¥4 (x, )R 7HAI 30 9131 5] W4 27} 2 ;I A) ke o]tk

0,t)=u()v'(t)+v(t)u'(t) (31
6, = (> (1) =V’ (O)WV'() + 2u(t)v(1)u (1) (32)
8,0 = (u* ()= v () '(t) + 2u(t)(1)v () (33)
u(@Ww'(t)—w(tu'()
9 =
() u (1) +V2(1) @4
( (1) =v* () V() = 2u(t)v(D)u (1)
9x2(t): 5
(v () +v* (1)) (35)
0.0 (1 (1) =v* () u'(6) + 2u(D)v(1)v (1)
g (O +v () ©6)
0 (- (1 (1) =3u(t)v* () v'() = (3’ () =v* (1) )u ()
i () +v () 7
0.0~ (2 (1) = 3u(e)* () )u'(6) + (3u> ()(1) = v' () ) v ()
" (@O +v () %)
YO =61t (V) +vH))v'(6) = (4’ (O)v(e) = 4u (v (£) )u (¢
9x4(t):(” W (OV () +* () V(1) = (4 ((E) = 4u(0)v’ (8) )u (1) )

PROEO))

Geophysics and Geophysical Exploration Vol. 27, No. 2, 2024 + 113



(' ()= 6 ()W () +v* (1) )u (1) + (40 (D)v(1) = 4u () (1)) v ()
(w2 +v (@)

0,,(1) = (40)

HElld o] 2o W= H(Blakely, 1996; Lowrie and Fichtner, 2020) A2 HI}E- €A 0] thzh AE-0] (b, + by, + b, = 0)2 00| 1L H]|ThZ}
-2 RS 7HA AL s o] BRlaof] 2fgk A48 Hakg A Hh3-Alo A SRIE T E3k 58 HIls 'lA Q] th A& ok

oz vlEet A-E LR BRI 3/ AF vl T s + gy ez = 0, iy gy Sz = 0, e+ e + e = 0) 2 07
ST =+ U

RH2 o Xf2 HatS HA U

Fig. 2= EFIEE9] 24301 (0, 0, -500 m), Th1 400 m, 17 800 m, B ThE10] 45:0] W92k N6OW, Aj8} Hiake S B2}
HlZat 87} 520, T2} 802 P AT A} e e M1 S Slsle] | Ami AASIaL e gkl thet <t Wl S Aok Bl
7159] 21k A2 ¥l (Rim and Eom, 2023)0} Bl gl Ho| 1 e dnke] 23 w0 2 A A3 o)A g2 Bolzek gy
3} 9974 A sk Yt o e Aol ofg <jel wE e} u st Fig. 33} o] ghutalA QX3 Yol oJ3k 4 e
= Rim (2022)2] 9Fg-A10 2 AT, BRO] A Th AL Tl 2l412-5H 8 Eason eral., 19552 ] §3fe] S A
02 o] AT 2§ Bk MG o ST AIT} I ThE YA 0% SESGAT F WE] A2l whg-419] AT 107 nT 0]}
932 Qs A L 5 ek

22 el thak <2l Wske WA WS (Fig. 412 4R eF) 7]50) 22 kg FAI(Rim and Eom, 2023)3} ¥]553k Qp4folch
A ol ] Yk vhgT} ] AT 5 AT AL 0 2 Uko] At WS Tl (Rim, 2022)} e S W] w3k Fig. 59} 0] 94
REEREEE

nT nTy 107
Y 15 2 :
1 3
g 1000 £ 1000 7 o £ ,
o ) 0 o
£ 0 £ 0 ‘ £
£ £ @ 05 = ) 1
S ‘5 <}
< -1000 c -1000 -1 c
0
-1.5
-2000 . -2000 &
-2000 0 x10° -2000 0 x10° easting (m)
easting (m) easting (m)
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Fig. 3. Differences in the magnetic fields of circular and elliptical disks.
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+§J~2”|:5r+15(§0_z)2_5(4103_2)4_{_ ; ) :|0x4(f)dt
8 0 r r
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