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MEROMORPHIC SOLUTIONS OF
SOME NON-LINEAR DIFFERENCE EQUATIONS
WITH THREE EXPONENTIAL TERMS

MIN-FENG CHEN, ZONG-SHENG GAO, AND XI1AO-MIN HUANG

ABSTRACT. In this paper, we study the existence of finite order mero-
morphic solutions of the following non-linear difference equation
F7(2) + Pa(z, f) = p1e“1% + p2e®2® + p3e®s?,

where n > 2 is an integer, Py(z, f) is a difference polynomial in f of degree
d < n — 2 with small functions of f as its coefficients, p; (j = 1,2,3) are
small meromorphic functions of f and a; (j = 1,2, 3) are three distinct
non-zero constants. We give the expressions of finite order meromorphic
solutions of the above equation under some restrictions on o; (j = 1,2, 3).
Some examples are given to illustrate the accuracy of the conditions.

1. Introduction and main results

It is an important and difficult problem for complex functional equations
to prove the existence of their solutions. In [15], Yang and Laine proved the
following result.

Theorem A. A non-linear difference equation
(1.1) 3(2) + q(2) f(z 4+ 1) = csin bz,

where q is a non-constant polynomial and b, ¢ are non-zero constants, does not
admit entire solutions of finite order. If q is a non-zero constant, then equation
(1.1) possesses three district entire solutions of finite order, provided b = 3mn
and ¢3 = (71)”“%(32 for a non-zero integer n.

Recently, there has been a renewed interest (see [2-4,10-12,17]) in solvabil-
ity and existence for entire or meromorphic solutions of non-linear difference
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equations or differential equations. In 2019, Chen, Gao and Zhang [3] improved
and extended Theorem A and obtained the following result.

Theorem B. Let n > 2 be an integer, q be a non-zero polynomial, c, X\, p1, P2
be non-zero constants. If there exists some entire solution f of finite order to
equation

(1.2) F"(2) + a(2)Acf(2) = pr1e?* + ppe™™

such that A f(z) = f(z+¢) — f(z) £ 0, then q is a constant, and n = 2 or
n = 3. When n = 2, then f(z) = ¢+ c1e3% + coe 27, where ¢t = 4pipo,
c? = p1, 3 =p2, Ac = 2kmi, k € Z and k is odd; When n = 3, then f(z) =

cle%Z —1—026_%2, where ¢° = %plpg, c‘;’ =p1, cg =po, A\c=3kmi, k€ Z and k
is odd.

More recently, Liu and Mao showed in [12]:

Theorem C. Let n > 2 be an integer, Py(z, f) be a difference polynomial in
f of degree d < n — 1 with polynomial coefficients, and let pj, o; (j = 1,2) be
non-zero constants satisfying

t
ale{—L,
(6%} n
If difference equation
(1.3) ["(2) + Pa(z, f) = p1e®'” + pae®*”

admits a finite order meromorphic solution f(z), then one of the following
holds:

(i) f(z) = +yrenE + e, and oL = —1, where y1, 2 are constants
satisfying 7' = pj, j = 1,2, 70 is a polynomial.

(ii) f(2) = me* + 0, and & = 2 (or L), where nf = a1 (or az), M
is a non-zero constant satisfying v = p1 (or v = p2), Yo is a polynomial.
Moreover, if Py(z,0) # 0, then vy Z 0.

|3

:1§t§n—1}.

Clearly, there are only two exponential terms on the right side of difference
equations studied above. It is natural to ask what we would obtain if the right
side has three linearly independent exponential type functions. In this paper,
we consider this question and obtain the following result.

Theorem 1.1. Let n > 3 be an integer, Py(z, f) be a difference polynomial
in f of degree d < n — 2 with small functions of f as its coefficients, and let
pj,a; (j =1,2,3) be non-zero constants. If

t

(1.4) ale{szlgsgn—l},age{:1§t§n—1},85£t,
(65) n (65 n

and if f is a finite order meromorphic solution of the difference equation

(1.5) f™(2) + Pa(z, f) = p1e™® + pae®?® + p3e®3®,
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then f(z) =y +v2e "%, v1 is a constant, 7o is a non-zero constant satisfying
v = pa. Moreover, if Py(z,0) £ 0, then y1 Z 0.

Remark 1.2. In Theorem 1.1, the condition P4(z,0) # 0 is only a sufficient
condition which guarantees y; # 0. See the following Example 1.3.

Example 1.3. f(z) =1+ e* solves the difference equation
3(2) = f(z+1In2) = e* + €3 + 3e*%.

Heren:3,d:1,a1:1,a2:3,a3:25atisfyg—;: a3

1
37 ag

Wi

The conditions (1.4) and d < n —2 in Theorem 1.1 are necessary, which can
be illustrated by the following two examples.

Example 1.4. Let n =3, d =2, and a1 = 1, ag = 3, ag = —3 satisfy g—; = %,

53 = —1. Then the following difference equation
2

£2(2) = 3f%(2) +2f(2) — f(z —In2) +1 = gez +e¥ fe

z

has a transcendental entire solution f = 1+ e* 4+ e~ *. But it does not satisfy

the result of Theorem 1.1.

Example 1.5. Let n =3, d =2, and a1 = 4, ay = 6, ag = 5 satisfy 3—; = %,

3 — %. Then the following difference equation
s
1 1
Fiz) = 512(2) = S F(2) f (2 4 mi) = 2¢% 4 €% 4 3¢

has a transcendental entire solution f = e*(1+ e*). But it does not satisfy the
result of Theorem 1.1.

How to find the solutions of the equation (1.5) under the conditions n = 2
and d = 07 To this end, we shall prove the following result.

Theorem 1.6. Let p; (I = 1,2,3) be nonzero meromorphic functions, oy (I =
1,2,3) be distinct nonzero constants. If f is a finite order meromrphic solution
of equation

(1.6) F2(2) = pre®® + pae® + pye®”,

and satisfies T(r,p;) = S(r, f) (1 =1,2,3), then f(z) = vie? —l—’yje%z, where
Vi,7; are meromorphic functions and satisfy %2 = pi, 7]2 = pj, 27V = Dk,
o; + Q= QOék, {Z7J7k} = {172a3}

We assume the reader is familiar with the basic results and standard nota-
tions of Nevanlinna theory (see [1,8,14]). Let f be a meromorphic function in
the complex plane C. We use o(f) to denote the order of growth of f. For
simplicity, we denote by S(r, f) any quantify satisfying S(r, f) = o(T(r, f)),
as r — 00, outside of a possible exceptional set of finite logarithmic measure,
we use S(f) to denote the family of all small functions with respect to f. Let
Ny (r, %) and N, (r, %) denote the counting functions corresponding to simple
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and multiple zeros of f, respectively. In general, a difference polynomial in f
is defined to be a polynomial in f and its shifts f(z + ¢) with small functions
as its coefficients, that is, a difference polynomial Py(z, f) in f is denoted by

ty
(L.7) IACHIEDSINON | FICER M

pnel j=1
where I is a finite set of the index u, a, (u € I) are small meromorphic
function of f, t,, l,; (w € I, j = 1,...,t,) are natural numbers, J,; (n €
I, j =1,...,t,) are distinct complex constants. The degree of P;(z, f) is
defined by d = max{l, : 1, = S g

2. Some lemmas

Lemma 2.1 (Clunie’s Lemma [6]). Let f be a transcendental meromorphic
solution of f™(2)P(z, f) = Q(z, f), where P(z, f) and Q(z, f) are polynomials
in f and its derivatives with meromorphic coefficients, say {ax|A € I}, such
that m(r,ax) = S(r, f) for all X € 1, I is a finite set of the index \. If the total
degree of Q(z, f) as a polynomial in f and its derivatives is < n, then

m(r, P(z, f)) = S(r, f).
Lemma 2.2 ([7, Corollary 3.3]). Let f be a non-constant finite order mero-
morphic solution of f™(2)P(z,f) = Q(z,f), where P(z, f) and Q(z, f) are
difference polynomials in f with small meromorphic coefficients, and let c € C,

d < 1. If the total degree of Q(z, f) as a polynomial in f and its shifts is < n,

then
m(r. Pz 1) = o (HEEI) o )

for all r outside of a possible exceptional set with finite logarithmic measure.

Remark 2.3. Lemma 2.2 still holds for the case P(z, f), Q(z, f) being differ-
ential-difference polynomials in f with functions of small proximity related to
f as its coefficients.

Lemma 2.4 ([5, Corollary 2.6]). Let 11,12 be two complex numbers such that
m # 12 and let f be a finite order meromorphic function. Let o be the order
of f. Then for each € > 0, we have

m (r, LEEMY _ opo-tve)
< f(Z+772))

Lemma 2.5 ([12, Lemma 2.3]). Let f be a transcendental meromorphic solu-
tion of the difference equation

f(2) + Pa(z, f) = H(2),
where n > 2 is an integer, Py(z, f) is a difference polynomial in f of degree
d <n-—1, and H is a meromorphic function satisfying N(r,H) = S(r, f). If
f is of finite order, then N(r,f) = S(r, f) and o(f) = o(H).
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Lemma 2.6 ([12, Lemma 2.4]). Let n > 2 be an integer, o (j = 1,2) be
distinct non-zero constants, and let p; (j = 1,2) be non-zero meromorphic
functions. Then the equation

["(z) = p1e™® + pae®*®
cannot admit a meromorphic solution f such that T(r,p;) = S(r, f) (j =1, 2).
Lemma 2.7 ([16, Theorem 1.51]). Suppose that fi, fa,...,fn (n > 2) are

meromorphic functions and g1, go, . . ., g, are entire functions satisfying the fol-
lowing conditions:

(1) Z;‘lzl fjegj =0.
(i) g; — gx are not constants for 1 < j <k <mn.
(iii) For 1 <j<n,1<h<k<n,
T(r, f;) = o(T(r,em %)) (r — oo,r & E),
where E is a set with finite linear measure. Then f; =0 (j=1,...,n).

Lemma 2.8 ([9, Lemma 6]). Suppose that f(z) is a transcendental meromor-
phic function, a,b,c,d € S(f) such that acd # 0. If

af? +off' +c(f)? =d,
then

d/
c(b* — 4ac)g + b(b* — dac) — c(b* — 4ac) + (b* — dac)c’ = 0.
Remark 2.9. The condition acd # 0 in Lemma 2.8 is not necessary and it can
be replaced by ed # 0. Cf. the proof of Lemma 6 in [9].

Lemma 2.10 ([8, Theorem 3.9]). Letn € N and f(z) be a non-constant mero-
morphic function. Suppose

g(Z) = fn(z) + Pnfl(zvf)a

where P,_1(z, f) is a differential polynomial in f of degree at most n — 1 with
small functions of f as its coefficients and that

N, f)+ N <r, ;) = S(r, f).

Then g(=) = (1(2) + [(2))", where (2) € S(f).

Lemma 2.11. Letn > 3 be an integer, Py(z, f) be a difference polynomial in f
of degree d < n — 2 with small functions of f as its coefficients, p; (j =1,2,3)
are small functions of f and let aj (j = 1,2,3) be non-zero constants satisfying
(1.4). If f is a finite order meromorphic solution of difference equation

(2.1) f(2) + Palz, f) = p1e™'" + p2e®* + p3e™”,

then m(r7 %) =S(r, f) or m(r, %) =S(r f).
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Proof. Set
ty
(2:2) Paz, £) = 3 bu(2) [T £z + 80",
pel Jj=1
where I is a finite set of the index p, t,, {,; (k€ 1, j=1,...,t,) are natural
numbers, 0,; (u € I, j =1,...,t,) are distinct complex constants. Denote
Guj(2) = % and substitute this equality into (2.2) yields
ty d
Lo
(23)  Pu(z )= [ 0u(2) [T 05 (2) | F(2) =D Ba(2) (),
pel 7j=1 q=0

where [, = Z?‘Zl luj, d = max,er{l,}, Bq(z) = Zz“:q (bu(z) H;‘;l gi{}j (z))

(g=0,...,d). By applying Lemma 2.4, we have
(24) m(r, 5q(z)) - S(Ta f) (q = Oaad)

Without loss of generality, we assume that P;(z,0) # 0. Otherwise, we make
the transformation g = f—c for a suitable constant ¢ satisfying ¢"+Py(z, ¢) Z 0.
Then (2.1) is changed to the form ¢"(z) + Qa(z, g) = p1e**? + pae®2* 4 pges?,
where Q4(z, g) is a difference polynomial in g of degree at most n— 1 with small
functions of g as its coeflicients, and Q4(z,0) = ¢ 4+ P4(z,¢) # 0. Noting that
Pi(z,0) £ 0, it follows from (2.1) and (2.3) that

25) 1 - - ) -()
. Zle pie®® — Py(2,0) Z?Zl pie®iz — Py(z,0) \ f )

It follows from (2.1) and Lemma 2.5 that S(r, f) = S(r,e*). On the other
hand, by [13, Satz 2], then we have

1
m <Ta 2?21 pieaiz _ Pd(Z, O)) = S(T’, f)7

eajz
m | r, =S(rf), j=1,2,3.
( Zg’:lpieaiz _ Pd(Z,O)) ( f) J

By the above two equalities, (2.4) and (2.5), we obtain

1 a5z
(26) m<r7f) :S(T’,f), m(raefn) :S(rvf)a ]:17233
By (1.4), we see that s #¢,if s <t,then 1 <s<n—2<t<n-—1, and the
fact that

a1z a1z

fs

a2z

1
fn—?—s :

e

fn—2

(& €

fn

1
’ fn—?—s




MEROMORPHIC SOLUTIONS 751
It follows from (2.6) that
ealz
m (T, f”l—2> = S(T,f)
If s > t, similarly, we can prove that
eOt3z
m('f‘,fn_2> :S(T,f) 0
3. Proof of Theorem 1.1
Proof. Set Py(z, f) = P. Then (1.5) can be rewritten as

(3.1) "+ P =pi1e™® + p2e®** + pze®”.
Differentiating (3.1) yields
(32) nfnflf/ + P/ — a1p16alz + a2p26azz + 03p36a3z.

Eliminating e*2? from (3.1) and (3.2), we have

(3.3)  aof" —nf"lf +ayP — P = (ag — ay)p1e®” + (ap — az)pse®sZ.
Differentiating (3.3) yields

5.0 oo f"71f = n(n = D ()2 = nf TN+ aa P - P

= ai(az — a1)p1e™” + az(az — az)pze™”.

Eliminating e*# and e®3% from (3.3) and (3.4), respectively, we have

aragf" —n(on + ag) f*f +n(n = 1) P2 ()2 +nfr

3.5

& +a10oP — (a1 + a2) P’ + P = (az — az)(on — a)pse®,
and

ge el e T o) nln =1 )

+ agazP — (ag + a3)P' + P" = (a3 — ag)(az — ag)pre®'?.

Rewriting (3.6) as

(3.7) f"2p(2) = —[agazP — (ag + a3)P' 4+ P"] + (a3 — a1)(ag — oy )p1e™?,

where

(3.8) p(2) = agas f? —n(ag + az) ff +n(n —1)(f')* +nff".

By applying Lemma 2.11, we get m(r, %) =S(r,f) or m(r, %) =S(r, f).
If m(r, %) = S(r, f), by (3.7), (3.8) and the same proof of Lemma 2.2,

we have

(3.9) m(r, ) = S(r, f).

It follows from (1.5) and Lemma 2.5 that N(r, f) = S(r, f). Combining (3.8),

we get N(r, ) = S(r, f). By (3.9), we get T(r,p) = S(r, f). We consider two
cases below.



752 M.-F. CHEN, Z.-S. GAO, AND X.-M. HUANG

Case 1. If ¢ = 0, it follows from (3.7) that asasP — (ag + a3)P' + P =
(az — aq)(ag — aq)p1e®?. Then the general solution of above equation is of
the form P = p1e®? 4 cpe®2® + c3e®3%, ¢, c3 € C. It follows from (1.5) that
™ = (p2 — c2)e*?* + (p3 — c3)e***. By Lemma 2.6, we get ps # co and ps = c3
or po = ¢o and ps # c3. If po # co and ps = c3, then f™ = (p2 — c2)e*??, and
f=mew?, V8 = pa — ¢o. Substituting the expression of f into (2.3), we have

P = fa(y2e ™ )+ faca (v )" o4 o
:plealz + 0260422: +p360432'
Noting that d < n — 2 and by applying Lemma 2.7, we obtain co = 0. Then
f=maeT® A =py, P=pre® fpgeta, 2= £ 9 L] <5<t <d

Qo n’ as
If po = c2 and p3 # c3, similarly, we conclude that f* = p3e®3?*, v& = ps,

P = p1e®'? + poe™??, % =7, Z—i = %, 1 < s <t <d, which contradicts with
(1.4).
Case 2. If ¢ £ 0, it follows from (3.8) that

’ 7\ 2 "
% = % [042043 —n(az + Oéa)Ji +n(n—1) <f> + nf—

f f f
From the above equality, we obtain

om ( ]{) —m ( J}Q) < S(r f).

If 29 is a multiple zero of f, then 2o must be a zero of ¢, and Ny (7", %) <
N(r, é) < T(r,) = S(r, f), which implies

T (r, }) — Ny (n }) S0 f).

Differentiating (3.8) yields
(3.10) ¢’ = 2asasff —n(as+as)ff—n(as+as)(f)2+n2n—1)f f"+nf f".
Combining (3.8) and (3.10), we get

asas@' f2 — [n(az + as)¢’ + 2aza30] f
(3.11) + [n(n = )¢ + n(as + az)el(f)?

+ [n¢" + nlaz + az)e]ff" —n(2n — Ve f f" —npf f" = 0.
Suppose z; is a simple zero of f which is not the zero of coefficients of (3.11). It
follows from (3.11) that z; is a zero of (2n—1)pf" —[(n—1)¢’ + (a2 +a3)¢]f’.
Denote
(2n —Def" = [(n = 1)¢" + (a2 + as)pl [/

(3.12) o= 7
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Then we have T'(r, ) = S(r, f). It follows from (3.12) that

1 ¢ @

1 1 — _ 1 o ’ = s
(3.13) P =g [0 08 e an) £+
Substituting (3.13) into (3.8) yields
(3.14) af?+aflf +a(f)?=e,
where

q1 = Q03 + (2/7:%)@’

(3.15) @ = "=t [£ —2(az +ag),
qgs =n(n—1).

By (3.14) and Lemma 2.8, we have

s0/
(3.16) as(a5 — 4q1q3)g = q3(¢2 — 4q193) — q2(d3 — 4q103).

We distinguish two subcases as follows.
Subcase 2.1. Suppose that g5 — 4q1q3 # 0. It follows from (3.15) and (3.16)
that

¢’ (63 —4q193)’
3.17 20 +a3) =2n— — (2n — 1) —5—F—-.
(3.17) ( ) @ ( ) % — 4q13
By integration, there exists a ¢4 € C\ {0} such that
(3.18) 62(a2+a3)z — c4¢2n(q§ _ 4q1q3)—(2n—1)7

which implies e2(®2+3)2 ¢ S(f), then ay + as = 0, a contraction.
Subcase 2.2. Suppose that ¢3 — 4q1q3 = 0. Differentiating (3.14) yields

(3.19) ¢ =+ o+ @)+ a(f) +aff" +2af .
Suppose z is a simple zero of f which is not the zero of ¢;, g2. Then it follows
from (3.14) and (3.19) that 2 is a zero of 2¢f" — (¢’ — Z—igp)f’. Denote

2p0f" - (w/ - chp) f

3.20
(3.20) 7
Then we have T'(r, 5) = S(r, f) and deduce that
1o g B

3.21 ":(_ LBy
(321) r=(-2)rfs
Substituting (3.21) into (3.19) yields

/
(3.22) ¢ = q4f2+Q5ff’+q3%(f’)2,
whereq4:q’1+%, s :2q1+qé+%2%_2%+% =q'2+q72%+%.

Eliminating (f’)? from (3.14) and (3.22), we have
(3.23) A f+ Axf' =0,



754 M.-F. CHEN, Z.-S. GAO, AND X.-M. HUANG

where
!
A=g-as=d- aZ+ 28
@ o 29’
vy ef | ah

Ay =qs —q2— =¢q
e P 2¢ o

and A, As are small functions of f. Suppose z3 is a simple zero of f which
is not the zero of Ay, As. Then it follows from (3.23) that A; = A = 0. By
(3.21), we have

1 o'
24 L e R I
where ¢ = "Q(Z_P [—“"/ —2(ag + ag)} % 0. If gg = 0, then % = 2(as + a3).

By integration, we get ¢ = csel@2t3)z ¢ S(f), ¢s € C\ {0}, which implies
az + a3 = 0, a contradiction. Substituting ¢3 = 4¢1¢3 and (3.15) into (3.24)
yields

2n{ : {(n _ )

S [(Z) -l (‘g)2+<a2+as>ﬂ 3

It follows from (3.13) and (3.25) that

(3.26) g = —% l(i)l - % (‘gf + (a +a3)‘g] .

If ¢’ # 0, differentiating (3.26) gives

e () ) ()]

It follows from (3.15) and ¢2 = 4q1q3 that ga2qb = 24} q3, namely,

o (&) ety (2 [ een]

Denote v := %. By (3.27) and (3.28), we have

f/l —

6|6

+ (a2 + 043)} f!
(3.25)

(3.29) (a2 +az)y =nyy = (2n - 1)y"

If v/ = 0, then ¢ = c4e"?, cg,c7 € C. It follows from ¢’ # 0 that cger # 0,
which implies that ¢ & S(f), a contradiction. If 4/ £ 0, it follows from (3.29)

that
N —(2n—1)
e(a2+a3)z — CSQPn (((p) ) , C] € C \ {0}7
¥
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which implies that e(®2t23)2 ¢ §(f), then ay + a3 = 0, a contradiction. If
¢ =0, by (3.26), we have & = 0. Combining (3.15) and substituting these
equalities into ¢2 = 4q;q3 yield

(0% 2 [0
(3.30) n(n—1) <az> —[n?+ (n— 1)21072 +n(n—1)=0.

Solving the equation (3.30) shows that £2 = n=l or @ — . Noting that

n (e %) n—1

(1.4), we have 52 = 2=l Substituting ¢’ = 0 into (3.25), we get

(3.31) f =

S 2n—1
Note that T'(r, %) = Ny (r, %) + S(r, f). Then we obtain the solution of (3.31)
of the form

(CVQ + ag)f/.

M —1)cy anta:
Me e e + ¢10, ¢9,c10 € C\ {0}.

a9 + Qa3
By ¢ = "T_l, we get [ = ’;—?e%z + c10. Substituting this formula into (1.5)

gives (”—?)nzpz,%Z%,lﬁsﬁn—l.

«
If m(r, %) S(r, f), similarly, we also obtain f(z) = v +v2e 7 2, 71 is a
constant, 72 is a non-zero constant satisfying v5 = pa. O

4. Proof of Theorem 1.6

Proof. Suppose that (1.6) has a meromorphic solution f such that T'(r,p;) =
S(r, f) (1 =1,2,3). It follows from (1.6) that

NG, f) = SN(r, f2) < %(N(r, PLe®®) + N, poe©?) + N(r, pse®?)) + O(1)
= S(T’ f))
T(r, ) = 570, 1) < O(T(r,¢)) + S, ).

Then N(r, f) < S(r, f), S(r, f) C S(r,e*). Rewrite (1.6) as
(4.1) (fe=F

o3

Set g = fe"=2 %, 01 = a1 — as, B2 = as — ag, which implies 8, # B2. Rewrite
(4.1) in the form

as—a3)z

)% — py = prel@ )7 4 poel

(4.2) g% — p3 = p1e”1* 4 paef?®,
By g= fe_aTBZ, we have
N(r,g) < N(r, f) + N(r,e"3%) < S(r, f),

T(r,g) < T(r, )+ T(r,e”%%) < O(T(r,¢%)) +5(r. f) < O(T(r,e%)) +S(r %),
and N(r,g) < S(r, f), S(r,g) C S(r,e?). Differentiating (4.2) yields
5 =

(4.3) 299" — Py = (P} + Bup1)e”* + (ph + Bap2)e?>.
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Eliminating e2* and %1% from (4.2) and (4.3), respectively, we have

(4.4) 9229’ — (P + Bap2)g] + P = A7,

(4.5) gi2pg’ — (P} + Bip1)g] + Q = —AeP?,

where A = pa(p} + Bip1) — p1(ph + Bap2), P = —paps + ps(ps + Bop2), @ =
—p1ps + p3 (P} + f1p1). We claim that A £ 0. Otherwise A =0, and 81 — f2 =
%’z - %. By integration, we get 22 = cretPr=82)2 ¢ §(f), ¢; € C\ {0}, which
implies 81 = B, a contradiction. By S(r, f) C S(r,e?), S(r,g) C S(r,e*) and
(4.4), we have

1

T(r, e’Blz) < m(r, Aeﬁlz) +m (T, A)

IN

m (r, g <2p2Z — (ph + szz)) + P) +T(r, A)
m(r,g*) + S(r,9) + S(r, f)
2T(r,g) + S(r,€?),

and S(r,e*) C S(r,g). This shows that S(r,e*) = S(r,g). Differentiating (4.4)
yields

(4.6) —(py + Bap2)'g® — 2B2p299’ + 2p2(g')* + 2p299” + P' = (A" + ABy)e=.
Eliminating e'* from (4.4) and (4.6), we have
(4.7) d1g® + dagg’ + ds(g')* + dagg” = R,

where

INIA

dy = (py + Bap2) (A" + AB1) — (py + B2p2) A,
dy = —2p2(B1 + P2)A — 2pa A,
(48) d3 = 2p2A,
dy = 2p2 A,
R= (A + AB)P — AP

Ifdy = 0, then %_% = (3. By integration, we have coe®* = % €

S(f), c2 € C\ {0}, which implies $; = 0, a contradiction. Hence d; # 0. If
R = 0, that is (A’ + AB1)P — AP’ = 0. If P = 0, then & — 22 = 3,

b3 p2

By integration, we have cze®?* = 2—2 € S(f), cs € C\ {0}, which implies
B2 = 0, a contradiction. If P # 0, then %, — % = —[;, by integration, we

get cue™ P17 = % € S(f), ¢y € C\ {0}, which implies #; = 0, a contradic-
tion. So R # 0. From (4.8), we have T(r, R) = S(r,g). By (4.7), we deduce

that 2m(r, é) = m(r, % (d1 + dg% + d;»,(%/)2 + d4g?”) ) < S(r,g). Therefore,
T(r,g) = N(r7 %) + S(r,g). Suppose zg is a multiple zero of g which is not the
zero of d; (j = 1,2,3,4). By (4.7), we conclude that zp must be a zero of R,
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which implies Nz (r, %) < T(r,R) = S(r,g). Then T(r,g) = Ny (r, %)—i—S(r, 9).
Differentiating (4.7) yields
R = dyg® + (2dy + dy)gg’ + (d2 + d3)(g")* + (d2 + d}) 99"

+ (2d3 +ds)g'g" + dagg”".

Combining (4.7) and (4.9), we have
(d\R —dR)g? + [(2dy + d5)R — doR')gg’ + [(do + d4)R — d3R')(¢')*
+[(d2 + d})R — dsR'lgg" + (2d3 + da)Rg'g" + daRgg" = 0.

(4.9)

(4.10)

Suppose 21 is a simple zero of g, which is not the zero of coefficients of (4.10).
It follows from (4.10) that z; is a zero of (2ds +d4)Rg"” +[(d2 +d5)R—d3R']g’.
Set

(2d3 + da)Rg" + [(d2 + d5)R — dsR']¢’

4.11 o=

(4.11) p

Then we have T'(r,a) = S(r, g). It follows from (4.11) that
(4.12) "_ dsR' — (dy + d5)R , o

(2d3 + d)R 7 " (2ds + dy)RY
Substituting (4.12) into (4.7) yields

(4.13) ©9° + 0299 +a3(¢')* = R,

where
_ d
q1 = dl + &2({215,4)}(2? d/)R]
—(da+
@2 =do+ = "Ggrdr

q3 = ds,
are small functions of g. It follows from (4.8) that
@ 1R 1p, 2 A

4.14 =
( ) qs3 3R 3 D2 3

From (4.13) and Lemma 2.8, we get
/

R
(4.15) q3(q3 —4q193) — +a2(a5 —4aq193) — a3(a5 — 4q143) + (65 — 4q1q3) g5 = 0.
R

Now we consider the following two cases.
Case 1. Suppose that ¢2 — 4q1q3 = 0. It follows from (4.13) that

2
q
%(d+;g>=R,
q3

and g’ + %g must be a small function of g. Set v = ¢'+ 2‘%9. Note that R # 0.
Then v # 0. Substituting ¢/ = v — Z‘%g into (4.4) and (4.5), respectively, we
have

(4.16) ¢*Ry — 2peyg — P = —Aeﬁlz,
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and
(4.17) 9’ Ry — 2p17g — Q = A,

where Ry = p + faps + ngf, Ry = pi + fip +p1—. Now we discuss the
following four subcases.
Subcase 1.1. Suppose that Ry = 0 and R, = 0. By R; = 0 and (4.14), we
get

Pe L/ 11;2 A’

o + fo = 3R+ + = (51+[32)

Then by integration, we get
A3
(p26ﬁ2z)3 = C5p2R 62(51+'BZ>Z7 Cs € C \ {0}7

which 1mphes el32=2(81+82)12 ¢ §(g), and thus 38, — 2(B1 + B2) = 0, that is
gi = 2. By R2 =0 and (4.14), we get

/ 1R 1 A’
%4-51 = —gf‘f' 71772_'_ (51 + Ba2) +
Then by integration, we have
A3
(pre")° = g2, e € €\ {0),

which implies el?%1=2(81+62)12 ¢ §(g), and thus 38, — 2(81 + B2) = 0, that is
g; = 2, which is impossible.

Subcase 1.2. Suppose that Ry =0 and Ry # 0. By Ry = 0 and the Subcase
1.1, we get 5 61 = 5, and

(4.18) 7 = e3P22,
By (4.17) and Lemma 2.10, we have

A
(4.19) (0 +1)? = Lo,
Ry

that is g = ule%z — 11, p1,v1 are small functions of f. Note that T'(r,g) =
Ny (r, %) + S(r,g), so uyvy Z 0. It follows from (4.18), (4.19) and (4.2) that

B2 1
(me?? —v1)? — ps = pre2*

+ pae™
that is,

(13 — p2)e?* + (—2puv1 — pr)er?* + v —ps = 0.
By applylng Lemma 2.7, we get u? = pa, —2u1v; = p1, V¥ = 3. Note that
g= fe~ e , B1 = a1 —as, B2 = ag —as, we conclude that f = uje 3 Z—ule bR
and 2a1 = ag + as.
Subcase 1.3. Suppose that Ry # 0 and Ry = 0. By Ry = 0 and the Subcabe
1.1, we get % = 2. Similar to the Subcase 1.2, we obtain f = ugea21 7 e z

u% = p1, —2usVy = pa, 1/22 = p3 and 20 = a1 + ag.
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Subcase 1.4. Suppose that Ry # 0 and Ry # 0. By (4.16), (4.17) and
Lemma 2.10, we get

A A
(9+ws)* = -5 (g+u)’ = e

Then
B
(4.20) g= et —vy, g=juet’ —u,
# # 0. It follows from (4.20) that

where p = —4- # 0, 43
81
puse2® — ,u46ﬁ72z — (3 —vg) =0.
Noting that f; # P2 and by applying Lemma 2.7, we get pus = uq4 = 0, a
contradiction.
Case 2. Suppose that q3 — 4q1q3 # 0. It follows from (4.15) that

¢ _ (63 —4qag) ¢ R

q3 4 —4q93 g3 R
By (4.14) and the above equality, we get

R gy vy LA (6 —4ags)
2By +Bo) =4— +3B _P2_32 3 .
(B +-52) R~ g3 p2 A 4 —4q1q3
By integration, we have
R4q3
2(B1+B2)z _ 3
e =c , cr € C\ {0},
"p2A3(q3 —dqrgs)® T WO
which implies e2(%1+72)2 ¢ S(g), and thus B; + B2 = 0. Multiplying (4.4) and
(4.5) deduces that

(4.21) FY+T =A%,

where

¥ = [2p1g" — (P} + B1p1)9][2p29" — (P + B2p2)g),
T = g[2p1g" — (py + B1p1)g]lP + g2p29" — (Ph + Bap2)g]Q + PQ,

are differential polynomials in g of degree at most 2, with small functions of g
as its coefficients. By (4.21) and Lemma 2.1, we obtain m(r, ) = S(r, g). Note
that N(r,g) = S(r,g). Then T'(r,¢) = S(r,g). If ¢ = 0, then 2p1¢’ — (p} +
B1p1)g = 0 or 2pag’ — (ph + Pap2)g = 0, so we deduce that N(n %) =S(r,g), a
contradiction. Hence ¥ # 0. Denote v = 115, where

(4.22) v = (0 + Bips)g — 2p9’, §=1,2.
Then

N (r, wl) + N(r,v;) < N(r,91) + N(r,p2) + T(r, ) + O(1) = S(r, g).
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It follows from (4.22) that

Pyt Bope P1+ Bipa
2B 2B

where B = p1(ph + B2p2) — p2(p}y + Bip1) # 0. Otherwise % — % = 1 — Ba,
and then cge(P1=F2)2 = P2 € S(g), cs € €\ {0}, which implies p; = 52, a
contradiction. Differentiating the first equality of (4.23), we get

/ 4 ’ /

4.24 ro_((P2) 2t Py, Pt
2y ! <(B>+B¢1 it (B>+B¢2 vz
Substituting (4.24) into the second equality of (4.23), we have
(4.25) Dytpy — Datpy = 0,

where

(423) 9=+ Dus 4= $1+ s,

D7P§+52P2 <P2)’ P2 V]
| = Paeb2 (P2

2B B) T By
(4.26) , , ,
D, =1 + Bip1 (g) Yy
2B B By’
and T'(r,D;) = S(r,g9), j =1,2. If D; # 0, it follows from (4.25) that
1 1 Do)
T(?“, wl) = iT(Ta ’l/)%) = §T (7", D21 ) S S(T, g)

It follows from the first equality of (4.23) that

7(r,9) =T (7 20) <7 (1 =208+ B10) 4 T, 0) +0(1) = 5(r,9)
which is impossible. So D; = 0, then Dy = 0. Combining with (4.26), we
obtain

1 1
(427) ’ll)l = Cng2 QCBTQZ7 '1/12 = ClOBpl QG%Z, Cg, C1p € C \ {0}

Substituting (4.27) into the first equality of (4.23) yields
(4.28) g=meT + et

1 1
where y1 = c10p7 £ 0, y2 = —cop3 # 0, 81 + 2 = 0. Substituting (4.28) into
(4.2) yields

(1 = p1)e™* + (93 = p2)e™* + 27172 —p3 = 0.
By applyiang Lemma 2.7, we have v3 = p1, 73 = p2, 27172 = p3. Note that
g = fe 7% B = a; —as, B2 = az — az. By (4.28), we conclude that
f= 'yleTlZ +72672Z and 2a3 = a7 + as. O
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