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SOME EVALUATIONS OF INFINITE SERIES INVOLVING
DIRICHLET TYPE PARAMETRIC HARMONIC NUMBERS

HoNGYuAN Rui, CE XU, AND XIAOBIN YIN

ABSTRACT. In this paper, we formally introduce the notion of a general
parametric digamma function ¥(—s; A,a) and we find the Laurent ex-
pansion of ¥(—s; A, a) at the integers and poles. Considering the contour
integrations involving W(—s; A, a), we present some new identities for
infinite series involving Dirichlet type parametric harmonic numbers by
using the method of residue computation. Then applying these formulas
obtained, we establish some explicit relations of parametric linear Euler
sums and some special functions (e.g. trigonometric functions, digamma
functions, Hurwitz zeta functions etc.). Moreover, some illustrative spe-
cial cases as well as immediate consequences of the main results are also
considered.

1. Introduction

Let C, Z, N and N~ be the sets of complex numbers, integers, positive
integers and negative integers, respectively. We also denote by Ny the set of
non-negative integers and by Ny the set of non-positive integers.

Recall that for any a,b € C\ N, Alzer and Choi [1] defined the following
four parametric linear Euler sums:

) > Hr(Lp)(a) 3 . o0 Hr(Lp)(a) o
S;;'(a,b) .:Zi’ S+ (a,b) -sz(—l) 7

n=1

s *np) a o o ﬁr(f]) a o
Sy (a,b) ;:27( ) s (ab) ;Z<n+§))2(1) .

n=1
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where p,q € C are adjusted so that the involved series can converge. Here

Hr(lp)(a) and HY (a) are the parametric harmonic numbers of order p and the
alternating parametric harmonic numbers of order p, respectively, defined by

n

(1.2) HP (a) ;—;(jja)p (neN, peC, ac C\N7)

and

(1.3) AP (a) ;:zn:(_l)j_l (neN, peC, ac C\N).
" = (G+a)f ’ ’

For convenience, we let Hép) (a) = I_{ép) (a) := 0. In particular, if taking a = 0
in (1.2) and (1.3), then we get the so-called the generalized harmonic numbers

Hr(lp ) of order p and generalized alternating harmonic numbers H,(Lp ) of order P
defined by

"1
(14) H’Etp) = H’r(Lp)(O) = Z k77 Hn = H,,(ll), Hép) = 0,
k=1
_ _ n -1 k—1 B B B
(15)  HP =HP0):=) % @, =8, AP =o.

o~
Il

1

When taking the limit n — oo in (1.2)-(1.5) we get the so called the Hurwitz
zeta function, alternating Hurwitz zeta function, Rimann zeta function and
alternating Riemann zeta function, respectively:

(16) C(pia+1):= lim HP(a) = i ﬁ (Re(p) > 1, a € C\N7),
(1L7) ((pra+1):= lim HP(a) = i Enlja)l (Re(p) >0, a€ C\N7),
(1.8) ¢(p) =C¢(ps1) = lim HP = fjlnlp (Re(p) > 1),

(1.9) ¢(p) =C(ps1) = lim HP = i (_2# (Re(p) > 0).

Clearly, setting a = b = 0 in (1.1) becomes the classical linear Fuler sums
defined by (see [9])

++ ++ S Hf(lp) +— +- S Hf(bp) -1
S =810,00=> s S =50,(0,0) =Y Erala A
n=1 n=1
(1.10) o o) -
S+ ES;j(O,O)::Z—nT; s Spa =Spg (0,0):=>" n’; (=1)" L,
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Investigation of Euler sums has a long history. The origin of the study of linear
Euler sums (or double zeta star values) S, , goes back to the correspondence
of Euler with Goldbach in 1742-1743; see Berndt [3, p. 253] for a discussion.
Euler elaborated a method to show that the linear sums S; q+ can be evaluated
in terms of zeta values in the following cases: p =1, p=¢q, p+qodd, p+gq
even but with the pair (p,q) being restricted to the set {(2,4),(4,2)}. For
more details on linear Euler sums, the readers are referred to [2,4,9]. Flajolet
and Salvy [9] introduced and studied the following special Dirichlet series that
involve harmonic numbers

> H’r(Lpl)Hr(LPQ) L. vapr)
(1.11) Sp.g =

)

n=1 nt
we call them generalized (non-alternating) Euler sums. Moreover, if r > 1 in
(1.11), they were called nonlinear Euler sums. Here p := (p1,po,...,pr) (1,p; €
N, ¢ =1,2,...,r) with p; < ps <--- <p, and ¢ > 2. The quantity w :=
p1+- - -+pr+qis called the weight and the quantity r is called the degree (order).
They considered the contour integration involving classical digamma function
and used the residue computations to establish more explicit reductions of
generalized Euler sums to Euler sums with lower degree. In particular, they
proved the famous theorem: a nonlinear Euler sum S, ,,...p, 4 reduces to a
combination of sums of lower orders whenever the weight p; +p2+---+p,-+¢q
and the order r are of the same parity. Due to surprising applications in
many branches of mathematics and theoretical physics, Euler sums and related
variants have attracted a lot of attention and interest in the past three decades
(for example, see the books by Srivastava-Choi [17] and Zhao [24]). Some recent
results of nonlinear Euler sums and related variants may be seen in the works
of [5-8,10-16,18,20, 23] and the references therein.

Motivated by Alzer-Choi’s paper [1] and Xu’s papers [21,22], they studied
many interesting features and identities of some parametric linear Euler sums.
For example, Alzer and Choi discussed the analytic continuations and mingling
connections of parametric linear Euler sums S+ (a,b), S\ (a,b), S, F(a,b),
S, 4 (a,b). Xu [21] defined the following two combining sums involving para-
metric harmonic numbers

= Hi (—a) = ()" H (a)

Spq (@) := Z nd )
o0 (p) —a) — (—1)PTe 7(lp) a .
Spq (@) = Z 2 (~a) (nql) Hn { )(_1) )

Il
—

n

and used the residue computations to establish two explicit formulas of S, ; (a)
and S, 4 (a) via trigonometric function, (alternating) Riemann zeta values, (al-
ternating) Hurwitz zeta function and (alternating) digamma function. For
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instances, for any real 0 < |a| < 1, we have (see [21, Cor. 4.4])

Shala) = — 2 — 3¢ (dsa+ 1) 422 0FDED
w2 1 1
+¢(2;a+1) (s1112(7r¢z)_612) + 27 cot (ma) <aB+C(3;a+l)>
2

a%sin® (ra)’

~ 3 In2—-¢(l;a+1

S22 (a) = 7¥734(4;a+1)—2 Cég )
- 1 w%cot(ma) 27 1 -

2; | —— — —C(3; 1
+6(Zart )(aQ sin (7a) )Jrsin(ﬂa) <a3 ¢Bra+t )>
72 cot (ma)
a?sin (ra)
Let A := {a,}, —00 < n < o0, be a sequence of complex numbers such

that if n — 400, a, = o(n®), a < 1. In [21,22], Xu defined two parametric
digamma (or Psi) function ¥(—s,a) and ¥(—s; A) by

1 (1 1
1.12) ¥ (- =— - -
(1.12) W (—s,a)+7 S_a+§(k+a k+a_8) (s€C,acC\N")
and

[¢)) > af ag
1.1 U(—s;A) = — = — :
119 wena)= T (o) eecim

Clearly, when a = 0 in (1.12) then the ¥(—s,0) becomes the classical digamma
function denotes by

o0

(1.14) P (—=s)+v:= é-i— (i—k15> (s € C\ Np).
k=1

Moreover, Xu used these two functions and residue computations to have found
a large numbers of formulas of infinite series of parametric harmonic numbers
and infinite series of Dirichlet type harmonic numbers, respectively. Here
denotes the Euler-Mascheroni constant defined by

n—00
k=1

n
1
v:= lim <Z Z 1nn> ~ 0.577215664901532860606512 . . . .

The primary goal of this paper is to study the explicit relations of parametric
linear Euler sums S, *(a,b), S} (a,b), S, F(a,b), S, . (a,b) and (alternating)
Hurwitz zeta functions by using the method of contour integrations and residue
computations.
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For convenience, for positive integers p and g > 2, let

— p+q
Spa(a,) ;(nfb)q;(kf a)P nzl nerqu k+a
(1.15) = S ¥ (—a,—b) — (1)1} ¥ (a,b),
Sy q(a,b) == i 1 i (_1)k p+qz i
Pai nzl(nfb)qkzl(kfa) nl n+bq 1 k+a
(1.16) = — S, (—a,—b) + (—1)**5, F(a,b)

and for positive integers p and g, let

RS G R N - (D"
LP’q(a’b)'_Z(n_b)q;(k—a Z n+bqk2::1 k—l—a

(1.17) = —:s;q—(—a, —b) + (—=1)PT18F " (a,b), i
Ly q(a,b) := i =1 f: CUt f: f:
P n:1(n_b)qk:1(k_a) — n+bqk:1 k—l—a
(1.18) =S, (—a,—=b) — (=1)P*9S " (a,b).

In this paper, we extend the parametric digamma function ¥(—s,a) and
U(—s; A) to general function ¥(—s; A, a). Define function ¥(—s; A, a) by

(1.19) U (—s;A,a)+y:= o —i—Z( h —ak), (-l<a<).
k=1

s—a k+a k+a—s

Clearly, the function ¥(—s; A, a) is meromorphic in the entire complex plane
with a simple pole at z = n + a for each nonnegative integer n. More-
over, when a = 0 then ¥(—s;A4,0) = ¥(—s;A) and when A = {1"} then
U(—s;{1},a) = ¥(—s,a). We will use the method of contour integrations in-
volving ¥(—s; A, a) and residue theorem to establish some explicit relations of
infinite series involving Dirichlet type parametric harmonic numbers which are

of the form

ag -
— nmeEN, ac C\N").
S (N agCiN)
Further, this allows us to find some new explicit evaluations for S, ,(a,b),
Sp.q(a,b), Lp q(a,b) and Ly 4(a,b).

2. Some preliminaries

We first state two lemmas and some theorems that will subsequently be used
in our proofs of main results.

Flajolet and Salvy [9] defined a kernel function & (s) by the two requirements:

1. £ (s) is meromorphic in the whole complex plane.
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2. £ (s) satisfies € (s) = o(s) over an infinite collection of circles |s| = py
with pp — co. Applying these two conditions of kernel function & (s), Flajolet
and Salvy discovered the following residue lemma.

Lemma 2.1 ([9]). Let £(s) be a kernel function and let r(s) be a rational
function which is O(s~2) at infinity. Then
(1) Y Reslr(s)€(s)s =a] + D Reslr ()€ (s),5 = §] =0,

a€e0 pes
where S is the set of poles of r(s) and O is the set of poles of £ (s) that are not
poles r(s). Here Res[r (s),s = a] denotes the residue of r(s) at s = .

Moreover, from classical expansions and the properties of 9 function, they
listed the followmg Laurent series of 7 cot(rs) and M at an integer n.

Lemma 2.2 (cf. [9]). For integer n,

(2.2)  wcot(mws) 82” — 224 (2k)(s —n)?*~t (n e ),

sin(ms)

(2.3) T _s2n L qyn <+2Z§ (2k)(s — n)%~ 1) (n € 7).

Using the similar approach of the proofs of [21, Thms. 2.1 and 2.2] and
[22, Thms. 2.1 and 2.2], we can deduce the following Taylor expansion and
Laurent expansion formulas.

Theorem 2.3. For positive integers n and a € (—1,1),

n—1

9]
N (—S; A, a) + fysa:fn Qf—n + Z QA — Ak—n
k=1

k—i—a k+a

Ak—n - Ak—n 7
(2.4) +Z<Z )]+1—;(k+a)j+l>(s+n).

Proof. To prove identity (2.4), we first observe that the right-hand side of (1.19)
can be rewritten as

= a a = a
k 0 k—n
U(-s;A,a = — _
( )+ k+a s—a k+a—s—n
=1 k=n+1
Hence, if setting s — —n and applying the power series expansion
1 o0
= U (z e (—1,1)),
11—z —

we can find

n—1

. s—>_—noo Qg Qf—n Qf—n
W(=sida)+q = ;k+a+k_1k+afsfn_zk+afsfn
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_nil Qp—n 1 i Qk—n 1 ay
B k+al—stn k+al-— S+" Ck+a

k=1 k+a
n—1 0o 7 e} ') 7
. Af—n s+n Ak—n s+n ag
B k+az<k+a> 2 k+az<k+a> k+a
k=1 7=0 k=1 j=0
[e%S) n—1 ; 0o :
B ap—n(s+n)’ ag—n(s+mn) Sy ag —
N N e B T

1
n—1 a [e%s} a a o) n—1 a 0 a
k—n k — Uk—n k—n k—n 7
- +Z+Z(Z-+1 —Z-H)@m«
imktae o k+ta j=1 \k=1 (k+a)’ o1 (k+a)

We have now completed the proof of Theorem 2.3. (|

Theorem 2.4. For integer n > 0 and a € (—1,1),

n
(s A,a) +4 2 Z"_’;+Zak e

s—n—a k+a
fe's) B p n &_"Caki S—’I’Lj
(2.5) +j§ (( 1) ; (k—a)y ™! ; (k+a)j+1>( )

Proof. The proof of Theorem 2.4 is similar to the proof of Theorem 2.3. Ap-
plying the power series expansion

1 = k

= Z ¥ and
I
we arrive at

n—1
—n Qo an, ak
s; A a ="
w(= )+ + + k—|—a

SSNCEE (e (-1)),

k=0

s—a n+a n—|—a—s Pt kdta—s
ag
+ > (2 )
k=n+1 kta kta—s
Qa n a n a a
n k k n—k
- P (- )
s—n—a k:1k+a = k+a k+s—a—n
Pt k+a k+n+a-—s
— Qnp, - Ap—k _ Atn, B ap
B 5—"—a+ k—a1+53 Z</~c+a1 iTa k+a)
R oY PEPIVE S Gk R e T Gl ) "
jz:o(( 1);; (k —a)itt ; (k+a)*'  k+a
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2%
s—n—a
 a, "\ Uk = A — Qkin
N s—n—aJrk:lk—a g k+a
j n—k k4+n j
(S S ) ey
j=1 ( = (k= a)’ i (B + a)’
This completes the proof of Theorem 2.4. O

Theorem 2.5. For integer n > 0 and a € (—1,1),

o)
W(—s A S‘>£+¢l Qnp Un—k ag _ Ak4n
(=5;4,0) +7 s—n—a+z k +Z k+a k
k=1 k=1
= — Ap—k > Af+n j
(2.6) +)° ((—1) T~ D p ) (s—n—a).
j=1 =1 k=1

J
k=

Proof. According to the definition, it is easy to see that when s — n + a and
a € (—1,1), we have

U(—s;A,a) +
ta a a a “/ a a
s—n+a 0 n_ n k _ k
B s—a+n+a n+a—s+;(k+a k—i—a—s)
- a a
k k
+ 2 (e
it k4+a k+a-—s
a "\ a - a a
_ n k- ko n—k
_s—n—a—i—kilk—f—a ;(k—f—a k—i—s—a—n)

— [ ay Qhtn
+;<k+a k+n+as)

_ an Ap—k 1 B > Ak4n 1 Gk
_S_n_a+z k14 5=n—a ;( L 1_ s—n—a k+a>

k=1 k k
B > 1\ ~ an_k(s—nfa)j_oo ak_,_n(sfafn)j_ ak
-3 (o (el
3=0 k=1 k=1
an,
s—n—a
 an ~ank | N~ O Gkpn
T s—n—a k +Z<k+a k >
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Ap—k = Ak+n J
+Z< k]Jrl_ kj+1>(8—n—a),
k=1

k=1

where we used the following power series expansions

We have now completed the proof of Theorem 2.5. (|

In particular, taking n = 0 in (2.5) yields

(2.7) U(—s;A,a)+ 7820 d__ Z (Z )]H> s

Differentiating identities (2.4)-(2.7) p — 1 times with respect to s, respectively,
and noting that

e (s(__l:;p i( T ) (:”)ml (s = ),

Jj=1

we can get the following corollaries.

Corollary 2.6. For positive integersn > 1, p > 1 and a € (—1,1),

(2.8)

WED (=534, 0) spn S ( jt+p—1 ) . Gpn = g .

P St Rtk Rt/ —1)? : B ] - i
(p—1! (-1 jgo p—1 kzzl(k_,’_ayﬂ) ; (k+a)1+p (s+n)

Corollary 2.7. For integersn >0, p>1 and 0 < |a|] < 1,

(2.9)

U (—s54,0) son (1)) [ j-1 Uy = Qpin L P
(r—1)! - (sfn)";(p—J EJFZ(/@M J; ) (s=n).

Corollary 2.8. For integersn >0, p>1 and a € (—1,1),
TP=1 (—s; A, a)
(p— 1!
— j_l - Af+n J - An—Fk Fi
: -1 : —n—
(snapj_p< )(Z kI * )Z k:J)(S n-a

k=1 k=1

s~>n+a

an
2.10 —_—
(2.10) + (s —n—a)
Corollary 2.9. For positive integer p > 1 and 0 < |a| < 1,
(2.11)
=1 (—s; A, a) s—0 o~ jH+p—2 = i1
(p—1)! = Z( p—1 ) a]+Pl+Z1 k:+a”p1 s

=1
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3. Main results

Theorem 3.1. Let A := {a,} and B := {b,} (—oc0 < n < o0) be sequences of
complex numbers, p > 1 be an integer and 0 < |a| < 1. Then

> an " by bi, brin
n-+a +a
St (B S0 )

-1 k
> by, T R ak Qkin
+> . ( +Y° ( —~
— (n+a) — k — k+a k
_ i anbn, ag > br bo > ak
—(nta)lftt  ar! k(k+a) ar?! k(k+a)

k=0 o1 (nta)? — (n+a)
) a 0o bk
(3.1) + ( ) < é) —0,
j1+g::p71 ; (k +a)’ i 192::1 (k+a) i
J1,j221

provided that if n — £oo, then a, = o(n%), b, = o (nﬁ) with a, B < 1.

Proof. To prove Theorem 3.1, we apply Lemma 2.1 and consider the kernel
function

&1(8) :=U(—s;A,a)¥(—s; B, a)

and the base function 71 (s) = s7P. Clearly, for the function Fy(s) := & (s)r1(s),
the only singularities are poles at s = 0 and s = n + a, where n € N™. By
Theorem 2.5, the pole at a real s =n + a (n is a negative integer) has order 2
and the residue is

Res[Fi(s),s = n + a]

= lim i(s —n—a)?Fi(s)

s—=n+a dS
. d an Nk s~ @k Qgn
= 1 _ —
s—gg—ls-ads{<sna+; k +;(k+a k

bn - bnfk = < bk bk+n)> (S -—n-— a)2 }
eyt (e
(s—n—a =k —\k+a k sP
an, (Zzzl b”;;k + Y1 (klzilja - kaJr)) (n+a)?

(n+a)?r

b (S e+ 305 (s — ) ) (n ot a)

(n+a)?p

+
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_pln+ a)’ ta,b,
(n+a)?»

o [e7% <n bnfk+ = < bk bk+n>>
(n+a)p =k = \k+a k

bn Ap—k - ag Ak+n Panby
+(n+a)P (Z k +;<k+a k )) (n+ a)pt1’

k=1

Similarly, using (2.7), the residue of the pole of order p at 0 is found to be
Res[Fi(s),s = 0]

LI dr1
= (p— 1)l 550 dsp1

sPFy(s)

j=1k=1
k k +
+ > I ps’
Pl (k+ a)n-i— f (k:—l—a)ﬂ‘*‘
2 e’} e}
pagbg 1 ( by, 2%
= o k+1 | @0 Z —% T 0o Z —k
aP = = (n+a)P = (n+a)P
> a > b
k k
+ - - .
I (St )
Jrge=l

Then, by using Lemma 2.1, we know that
Z Res[F1(s),s =n + a] + Res[Fi(s),s = 0] = 0.
n=0

Summing these contributions yields the statement of the theorem.

Corollary 3.2. For real 0 < |a| < 1, we have

oo

— (n+a)? 22 +¢(2;a+1) (w(a+ 1) 4~ a)
(3:2) +((Bsa+1),
Ya+1)+~y 3 ) S

NE
=
I

= +§C(4;a+1)fﬁg(2;a+l)f

as 2

3
Il
_

681
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(3.3) +CBia+1) <¢(a+ )4y i)

Proof. Taking p = 2,3 and ax = by = 1 in (3.1), by straightforward calcula-
tions, we obtain the two results. [l

Theorem 3.3. For integer p > 1 and real 0 < |a| < 1, we have
i 1 i Ap—f Ak —n
_ —1)?
Enpz<k_a ma)
RN RN ( 3 )

1= 1

[p/2] C2k
EOELEEIDY cwm( —n)
2k1+ka=p =
k1,ko>1
4 _1)? kg — Gy + ) (ak_alc n)
B4 Y s zl z i

where n — +o0, then a, = o (n®) with a < 1.

Proof. The proof is similar to that of Theorem 3.1. To prove Theorem 3.3, we
need to use Lemma 2.1 and consider the following function
Fy(s) = meot(sm)(V(—s; 4,a) +7)
sp
Clearly, the function F5(s) only has poles at s = 0,4+n and n+a—1 for n € N.
At a positive integer n, the pole s = +n and n + a — 1 is simple and by the
expansions (2.2), (2.4), (2.5) and (2.6), these residues are

n—1 e’}
(=P Ak—n Z ag — g—n
F = — =
Res[Fy(s), s " np — k+a + k+a ’

(p>1).

a 1 < a 1 a a
—k k— G+
Resllo(s)s=nl=—C 040D 1ot w2 Fta
k=1 k=1

ap—17 cot(am)

(n+a—1)P
Further, applying (2.2) with n = 0 and (2.7), the residue of the pole of order p
at 0 is found to be

Res[Fa(s),s=n+a—1] =

00 [p/2]

R0 =0 = (0 s = 5 e 2 3
n=1
k O .
+2 le%:p ¢ (2k1) (,; (n+ a)k2+1>

k1,k2>1
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Then using Lemma 2.1, we have

oo

Z (Res[F3(s),s = —n] + Res[Fa(s), s = n] + Res[Fa(s),s =n+a —1])

+ Res[Fz(s),s =0] = 0.
Summing these four contributions yields the statement of the theorem. O

Corollary 3.4. For real 0 < |a| < 1, we have

_ 1 CBatl) ¢PlatD)+y

nzl Zk‘2 7ﬁ+ 2 ; 2a?
(3.5) _ meot(ma) (2a)

. 5 ,

i 1L (@C@atl) vt +y ()
;E;kg*(ﬂ_ﬁ_ a a 2a4 243
(3.6) i ¢ (4;2aa+ 1)  mcot (7r2aa) ¢(3; a),
e k:(—l)k_ 1 Ya+1)+y ((B;a+1) mcot(ra)l(2;a)
; n? ;W*(ﬂ_ﬁ_ 2a? a 2 a 2
(37) +(Csarn - 5 ) €@+ @)

Proof. This corollary follows directly from (3.4) with p = 2,3, ax = 1 and
p=2 a, = (_1)k‘ -

Theorem 3.5. For integer p > 1 and real 0 < |a] < 1,

Y n(icris)

n=1 k=
) 1 <= ay, n > ay
ap+1 + a;*p(*l) +; (n+a)p+1
g [p/2]
m ao Qnp C 2]€)
- — — 2a
sin (7a) aP+n§::1(n+a) p(-1 >+ Z ap—2k+1
_ R a o0 n
+2 ) ¢(2k1)<2nk1>+a0 pz
2k1+ko=p n=1 (n+a) * n=1 np n+a
ki,ko>1

(3.8) — i (=1)" i ay — apn + (=1)" (a, — ap—n)

k+a ’
n=1 k=1 +

where n — +o00, then a, = o(n®) with a < 1.
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Proof. The proof is based on the function
m(V(=s;4,a) +7)

sin(7s)sP

Fg(S) =

and the residue computation. Similar to Fs(s), the function F3(s) also only
has poles at s = 0,£n and n+ a — 1 for n € N. Using (2.3), (2.4), (2.5) and
(2.6), by a similar argument to the proof of Theorem 3.3, we deduce that for
positive integer n,

n—1 ag_n Ap—k—n
+
Res[F3(s),s = —n] = (—=1)P*" D k1 Tita PRy Fta

npP
(-1)"*la, (=1)" " (=)™ > ak — Ak+n
R F = p—
es[F3(s),s = n] oo + — k—a+ — Z Fta
k=1 k=1
TQpn—1

Res[Fa(s), s =n+a—1] = (-1)"" s — o

Applying (2.3) with n = 0 and (2.7), the residue of the pole of order p at 0 is
found to be

a 00 (p/2] 5 2k‘)
Res[Fy(s), s = 0] = — P ) marmpresy (n p+1 — 2a0 Z Gp—2k+1
n=1
—2 Y {(2k) <Z i ra k2+1> :
2k1+ka=p 1
ki,ka>1
Then, by using Lemma 2.1, we know that
Z(Res[F3(s), s=mn+a— 1]+ Res[F5(s),s = —n] + Res[F5(s), s = n])
n=1

+ Res[F3(s),s =0] = 0.

Hence, combining these four residue results, we obtain the desired evaluation.
O

Corollary 3.6. For real 0 < |a|] < 1, we have

1 CBja+1) In(2)—(¢(l;a+1)
nz:l n2 Z k2 T 243 + 2 + 2a2
7((2;a)
(3.9) - m,
= ) 1 ((a+1)  In(2)—C(La+1)  ((2)
nz::l kz:: T 245 + 2a + 2a4 + 2a3

7((3;a) N C(2)¢(25a+1)

(3.10)  2asin (a) a

)
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21 & o1 m@)-C(a+1) ((3;a+1
ZrT )ZZﬁJr (2) 2(@(2 +1)  (( 2+)
n=1 k=1

w((2;a) - .

Proof. Setting p = 2,3, ar = 1 and p = 2, ar, = (—1)* in (3.8) yield the three
desired results with simple calculations. O

Theorem 3.7. For integers p,q > 1 and real 0 < |a| < 1, we have

1 S An—k _  qyp+a_%k—n
Z (e ((k —a)’ 1) (k+ a)p>
o +1 p+q— 1 ap = Qn,
= (=" ( p—1 ) (aerq +;(n+a)fg+q>
p ko +p—2 a0 S n
e, 2 ( 21 Yoo (e K o)

2k1+ko=q+1
k1,k2>1
1 dP~t [ mcot (ns)
p+q+1 e
aoz )IJ (p—1)! z;) " dsp—1 ( s ) s=n+a
L & = 1 & apn a1

3.12) +—— V2 =i
(3.12) +—7 nz ;nqz Grar Y Gray )

where n — to0, then a, = o(n®) with a < 1.

Proof. Define the function Fy(s) by

7 eot(ms) WP (—s; A, a)
(p—1)lst '

It can be found that Fy(s) only has poles at s = 0,£n and n+a—1 for n € N.
By Egs. (2.2), (2.8)-(2.11), for positive integer n, the corresponding residues
are

Fy(s) =

Res{Fi(s), s = —n] = (~Lte L el ;fi"n (1 >+Zn"“*
+ (—1)p+q(n+a%,
Res[Fy(s),s =n] = (_nlq);?n + (=0 Zk 1 (ZT(;)LP +’i (kai,;)W
=1
feslfals)s = o= = ﬁ sagﬂfl c;ipp_fll an_lﬂscq()t(ﬂ-S)a

Res{ro).s = 0] = (-1 (" 71 7 ) (aﬁiq > M)
k=1
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SCIND S 2)4(21@1)(&;@2631+Z<n+$’32+p1>‘

2k1+ko=q+1
k1,k2>1

Using Lemma 2.1 we have
Z(Res[F4(s), s=mn+a— 1]+ Res[Fy(s),s = —n] + Res[Fy(s), s = n])
n=1

+ Res[Fy(s),s = 0] = 0.
Summing these four contributions yields the statement of the theorem. O

Corollary 3.8. For real 0 < |a|] < 1, we have

i % (HP (~a) - HP(0)) = - % _3C(dsa+1)+ QW%;)H
n=1
w2 1
FC(2at) (SmQ(m) _ a2>
(3.13) + 2w cot (ma) ((3;a) + m7
> (_nlz)n (A2 (@) - AP (~a)) = a% (C(2) = C(Za+1)) —2(2)C(2a+1)
—3((4;a) + 5—3(1/1(a +1)+7)
+ 27 cot(am)((3; a) + 72 esc? (am)((2; a)
(3.14) +¢(2) (;2 —2¢(2;a+ 1)).

Proof. Takingp =q=2,a;, =1andp=q=2, ar = (—1)* in (3.12), by direct
calculations, we arrive at the two results. [l

Theorem 3.9. For integers p,q > 1 and real 0 < |a|] < 1,

- (=" S an—k p+q_Ak—n
(=

n=1 k=1

_ w1 p+tqg—1 4o S An
(e )
+2(71)p+1 Z (k2+p 2 )E(Qk )( k2+p I +Z n+a)k2+p 1>

2%y +kp=q+1 e (
k1,k2>1

ter1 o (=D)" i
+(=1)P ao; ni(n+a)” (p— 'Z df’p ! (Si“(m)sq)

s=n-+a



SOME EVALUATIONS OF INFINITE SERIES 687

(_1)P+1 - an n P S (=nH" > Ak+n q Qk—n
(3.15) +— ’2;%;«4J —(-1) 2; p ;;((k+aY’+(D @7?@?>’

where n — o0, then a, = o (n®) with o < 1.

Proof. Similarly, we consider the function

0P (s A a)
sin(ms)(p — 1)!s?

Fs(s) :=

It is obvious that the function Fs(s) only has poles at s =0,+n and n+a—1

for n € N. By Egs. (2.3), (2.8)-(2.11), for positive integer n, the corresponding
residues are

VP (S X e ag
F; =nj=—— -
Res[F5(s), s n| nd ; (k+a)P ; (k+a)P + (n+a)r )’
(1P (a4, O~ Qpgn ok
Res[F5(s), s = n] o " +; (ki + ) +(-1) kZ::l (k+a)y |’
1 dp_l Ap—1T

Res[Fh(s),s =n+a—1] = (p—1) s—mi-rs—r}z—l dsP—1 sin(ms)s?’

Res[F5(s),s =0] = (—1)P <p ;3; 1> (ai‘?“l + Z (k_:ls)pﬂ>

+2(=1)" Z [(kQ;__pl_ 2) C(2ky) <akzai;1 + Z (n+ aa)leerpl)} ’

2k1+ko=q+1 n=1
k1,ka>1

Then applying Lemma 2.1 we have

oo

Z(Res[Fg,(s), s=mn+a— 1]+ Res[F5(s),s = —n] + Res[F5(s), s = n])

n=1

+ Res[F5(s),s = 0] = 0.
Summing these four contributions yields the statement of the theorem. O
Corollary 3.10. For real 0 < |a| < 1, we have

i (_nlg) - (HP (~a) - HO (@)

=1

3

In(2) — ¢ (1;a+1)
a3
5 (9.4 1 72 cot (ma) 2w((3;a) 72 cot (ra)
(3.16) +C(Za+1) <a2 sin (ra) ) i (ma)  a2sin(wa)’

3

NE

oz (9@ - 52 (-a)
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- aiQ (5(2) +C(25a+ 1)) —3C(4;a) — 2¢(2)((2;a)
+ 27 esc(am)((3; a) + 72 cot(ar) cse(am)((2; a)

(3.17) - % (C(1) = ¢(La+1)) +¢(2) (2<(2;a+1) - ;2)

Proof. This corollary can be obtained immediately from (3.15) with p = ¢ = 2,
ar =1and p=q=2, ap = (—1)*. O

Applying the partial fraction decomposition

-2

11 1 ”Z 1 1
n(n+af e Tn(nta) (g e

then (3.1) can be rewritten as

k=1 k=1
> bn - Ap—f > Qg [07 7
3 (3 (5 - )
mnta) \i= k = \k+a k
- anbn, > bi e ak
Y LN W LU W L
n; (n+a)™ ,; k(k+a)’ ; k(k+ a)’
- ag > b
(3.18) + <  ) ( ) =0.
j1+j§::p—1 ; (k +a)]1+1 ; (k—i—a)”ﬂ
J1,J221

Corollary 3.11 ([19]). For integer p > 1 and real |a| < 1,

(o) -2
H, p 117 . .
=2 La+1)— = —jra+1 La+1
P e A A A R PO SN A L
= 1 S 1
a4 1 —
+al(piat );n(n—&-a)—i_;n(n—ka)p’
3= HE-HY & H, i H,
2n:1 (n+a)p I'L_l( + )p+1 7L:1n(n+a)p
p—1 [ee]
H,
j=2 \n=1 (n+a
= H, = 1
+a o -
) (S i)
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oo Hn
racta >(Zm+a>)a
n Jr a

p
n=1 = (nt+a)

: (Z ot @y > (i P j)

n=1

o (Sotr) (Santa)

Proof. Taking (ay,bx) = (1,1), (1, Hy) and (Hy, Hy) in (3.18), and noting that

i Hi  Hypn __af: H,  H:+HY
k+a k N n(n+a) 2

k=1 n=1

Yo \pt+L

M8

by simple calculations, we can obtain the desired formulas. ([

4. Further extensions

Similarly to the definition of classical (alternating) Hurwitz zeta function,
let r € N, for any p; € C and a; € C\ N~ (1 < j < r) we define the Hurwitz
zeta function with r-variables and the alternating Hurwitz zeta function with
r-variables by

(4.1)
= 1
((prar+1,... a,+1) Zj Gra ey Rt 4p)>1),
(4.2)
_ oo n—1
C(p;al"_]-v G,,,‘—F]. Z Tl—‘y—ﬂq ) (n+a) (%(p1++Pr) 2 ].)

In particular, Alzer and Choi gave the following evaluation that for p,q € N
and a,b € C\ N~ with a # b,

((pgiat+1,b+1) = (1)q(19+q—2>w(b+1)—w(a+1)

—1 (a_b)p-irq—l
—1 .
p+q-— 3—2 @ (b+1)
Z (e
1 pta—j—2\ v9(a+1)
(43) + (_1)17 ﬁ ( q— 1 > (b _ a)p_;’_q_j_l)



690 H. RUI, C. XU, AND X. YIN

((p,gsa+1,b+1) = Z(_l)j(q+j_1>w

o q—l —a)q_j
&, u(pti-1\Clg—gib+1)
(4.4) +j§::O( 1) ( oo )(a_b)p_j ,

where ¢U)(a + 1) = (=1)7+151¢(j + 1;a + 1) for j € N.
By applying the same kernel functions to different base functions in Section
3, others general identities can be established.

Theorem 4.1. For integer p > 1 and reals 0 < |a| < 1, b ¢ Z with a # b,

= ahn - (=1)P = ag — Ag—n
Z<n+b k+a>+;<(n+b)l’; kta )

= n

i 1 - Ap—f;
an—b (n—b)szlk—a

n=1

ak—ak+n 41 o
—1)p+t1 20
(n—b = k+a >+( ) abp

+ m dsP*1 (7r cot(ms)W(—s;4,a))|,_,

(4.5) n Z Tn =0,

tan(am)(n + a — b)P

where if n — to0, then a, = o (n®) with o < 1.

Proof. The proof follows from the function
7 eot(ms)W(—s; A, a)
(s —b)?
and the residue computation. By straightforward calculations, we can find the
following residues that for positive integer n,

n—1 ag_n o0 A —Ck—n
Zk:l kkiJra + Zk:l kkJr]:z
(=1)P(n +b)P ’

GQ(S) =

Res[G2(s),s = —n] =

o an P D S e =i
RGS[G2(8)7 s = n] - CL(TL — b)p + (TL — b)p )
o . _ TAp—1
Res|Ga(s),s =n+a—1] tan(ar)(n +a—b—1)P’
1 ar—1
Res[Ga(s),s =b] = o Dids T (mcot(ms)W(—s; A, a))|,_,,

(—1)p+1G0

Res[G2(s),s = 0] = T
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Then according to Lemma 2.1 we have

Z (Res[Ga(s),s =n + a — 1] + Res[Ga(s), s = —n] + Res[G2a(s), s = n])

+ Res[G2(s), s = 0] + Res[Ga(s),s = b = 0.
Thus, by a simple calculation, we may deduce the desired result. O
Corollary 4.2. For reals 0 < |a| <1 and b ¢ Z with a # b, we have
S12(a,b) = 75 (~a, ~b) + S7F(a,b)
- (b o))
—\(n— b2 (n+10b)?
- L +¢(1,25a+1,b+1) + w — mcot(am)((2;a —b)

ab?
(4.6) + 7 cot(bm)((2;a — b) + 72 csc? (br) (U(—bya) +7),

S13(a,b) = SI;(—CL, —b) — Sf’;‘(a, b)

-3 (5 - s)

n=1
1-b
= <3+) —¢(1,3;a+1,b+1) —mcot(am)((3;a — b) — %
— 73 cot(br) csc? (brr) (U (—b; a) + )
(4.7) + meot(mb)¢(3;a — b) — w2 csc? (bn)((2;a — b),

Ly 2(a,b) = Siz (—a,—b) 4+ S7 5 (a,b)

R G N N G e G VA S N G
- nz::l ((n+b)2k§_:1 k+a + (n —b)? — k—a)
¢(2; —b)

=((1,2;a+1,b+1) + + mcot(bm)((2;a — b)

— meot(am)C(2;a — b)

+C(151+a) (C(2514b) +¢(251+b) + (21 —b) +((2;1—1))
(4.8) —n?esc®(br) (((15a —b) + {(La+1)).
Proof. Letting p = 2,3,a, = 1 and p = 2,a, = (—1)* in (4.5), by elementary
calculations, we obtain the three results. [l

Theorem 4.3. For integer p > 1 and reals 0 < |a| < 1, b ¢ Z with a # b,
i (_1)n+p n—1 P . i (_1)n+p i Ak — Gf—n
—\ (n+b) i k+a (n+b)P k+a

n=1 k=1
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— (=1 an - (=1)" o~ @k — Gkin 1 %
— S/ n —_1)pt1 22
;a(nfb)i’—'_; (n—b)p; k+a +(=1 abp

7 dP7l U(—s;4,a) i "ray,
(p—1)ldsP=1  sin(mws) = sin(am)(n —|— a—b)P

+

w o E(25E Zi?) -

where n — 00, then a, = o(n®) with a < 1.

Proof. The theorem results from consider the function
7¥(—s; A, a)
sin(ms)(s — b)P’
and performing the residue computation. We leave the detail to the interested
reader. O

Gs(s) =

Corollary 4.4. For reals 0 < |a| <1 and b ¢ Z with a # b, we have
Ly(a,b) = — 815 (—a,~b) — S5 (a,b)

_ v ((ED)"Ha(=a) | (=1)"Ha(a)

- Z( o )

- T; —((1,25a+1,b+1) — ((2;Z—b) - sin?aw)z(zk b)
(4.10) + ﬁ(j@; a —b) + 7% csc(brr) cot (brr) (¥ (—b;a) + ),

Ly 3(a,b) = Sffg(a,b) — Sffg(—a, —b)
_ (=)' H,(a) | (=1)"Hn(—a)
-3 )

(n+b)3 (n—b)?
= (1,350 +1,b+1) — 1( )( . 1 (31_b)
— 72 cot(br) ese(br)((2;a — b) + msc(wb ¢(3;a—b)
(4.11) - (”3 COtQ(b;T) cse(br) | 70 est M) gy, A

Si2(a,b) = — S5 (a,b) = Sy 5 (—a, —b)

_\ 1 (D 1 D
B Z((n+b)22k+a+(n—b)22k—a>

n=1 k=1 k=1

—((1,25a+1,b+1) + 24(2; —b) 4+ mese(bm)((2;a — b)
—C(1;1+a) (C(2;1+b) + (251 +b) +C(2;1—b) +¢(2;1 — b))
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(4.12) — mese(am)((2; a—b)—m” cot(br) esc(br) (C(1;a+1)+((1;a—b)).

Proof. Tt follows immediately from (4.9) with p = 2,3, a, = 1 and p = 2,
ap = (—l)k. O

Theorem 4.5. For any 0 < |a| <1 and b ¢ Z with a # b and positive integers
p=1l,g>1,

(PN an g CDPTRS aken ()P
;( FO 2 s a2 (a0 2 (a2 (b
S (_1)17 S Af+n - 1 - Ap—k
i e a2 B 2 e ap
(=1)Ptagy  (=1)PHT X ay . apm  dP7' cot(ws)
- - > > -
arba be “(k+a)p = (p—DdsP=! (s =b)T|,_,,,
1 d9 ' meot(ms)UP—1(—s; A a)
4.1 A, _
(4.13) Jr(qfl)!ds‘if—1 (p—1)! b 0,
where n — +o0, then a, = o (n®) with a < 1.
Proof. The theorem follows from the function
meot(ms) WPV (—s: A a
Gls) o TEHTV D (5 Ava)
(p—1)!(s —b)1
and the direct residue computation. (I

Corollary 4.6. For any 0 < |a] <1 and b ¢ Z with a # b, we have
So.2(a,b) = S;;‘(—a, —b) — S’;‘; (a,b)

= (HP (-a)  HP ()
2 ( (n—0b2 (n+b)?

n=1
= (a1 (C@1- b+ (1) - LD et
1 2
— e + Sin;rm(@; a —b) + 2m cot(ma)((3;a — b))
(4.14) %{(2; a—0b—2mcot(mb)((3;a — b) — ((2,2;a+1,b+ 1),
sin®(7b)

Laa(a,b) = S35 (—a,—b) = Sy 5 (a,b)

Z(n—bQZ —a2_n+b2; k—i—a >

1

= — %5(2; —b) + 2w cot(am)((3;a — b) + 72 esc*(am)C(2;a — b)
— 27 cot(bm){(3;a — b) 4+ 72 csc? (br)((2;a — b)
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(4.15) —C(2,25a+1,b4+1) = ((2;a+1) (((2;64+1) — ((2;-D)) .
Proof. The corollary follows immediately from (4.13) if we set p = ¢ = 2,
ay=1and p=gq =2, a; = (—1)~. O

Theorem 4.7. For any 0 < |a| <1 and b ¢ Z with a # b and positive integers
p=1lq>1,

n+p+q o (_1)n+p+q n-l

Ak—n Af—n
nz::l n+b kz_:(k—ka)?’ nz::l (n+b)e ;(k‘—&—a}?’
> ( 1 "H’a 0 ( 1 n+p

+ Z b)iar + Z (n—0b)4 Z (kai+;)p

> -1) n+2p Ay k o dPTl 1
+nz:1 Z Z ( ) dsP=t sin(ms)(s —b)7| _, .,
(_1)p+qa0 (_1)p+q ak
T T Z;w+aw
1 drt auP—D(—s; A a)
41 14, _
(4.16) Jr(q —Dldsa=t  sin(ms)(p —1)! |,_, 0
where n — to0, then a, = o (n®) with o < 1.
Proof. We consider the function
WP (—s; A, a)
G = ” .
38) = s = D(s = b7
By direct calculations, we compute that for positive integer n,
( 1)"+q+p Zk ak an Z;l ak—an
Res[G5(s),s = —n] = ( e = )p>7
(n+b)e
Resl B B ( n+p 0 ak+n o n G
es[ 5(8),S—n]—ﬁ +Z ) Zm 5
k:l k=1
1 dp_1 Ap_1T
Res|G = —1]=-—— lim
es[ 5(5)75 n+a ] (p71)| s—nta—1 dsP— ISIH(WS)(S*b)q7
1 di=t 7PN (—s; A, a)
-} = li 3 41y
Res|Gs(s),s = bl = =31 I} T s o= 11
(~1)7+a (28 + T30 ity )
Res[Gs(s), s = 0] = T G
From Lemma 2.1 we have
o0
Z (Res[G5(s), s =n + a] + Res[G5(s), s = —n] + Res[G5(s), s = n])
n=1

+ Res[G5(s), s = 0] + Res[G5(s), s = b] = 0.
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Summing these five contributions yields the statement of the theorem. O

Corollary 4.8. For any 0 < |a] <1 and b ¢ Z with a # b, we have
Loa(a,b) = — S35 (—a, - )+5§r2 (a,b)

B (- HP (—a)  (-1)"H ()
‘Z< (n —b)? (n +0)? )

n=1
= C(2a+1)(C(21-0)+C(2;1+Db)+C(2,2;a+1,b4+1)
C(2;1—b) 2 o C(2;a+1)
i a? sin(am) (Ba—b)— b2

+ cot(an) csc(ma)m¢(2;a — b) —
(4.17) + cot(b) esc(mb) T3¢ (2;a — b),
S22(a,b) = — S5 3 (—a,—b) + 855 (a,b)

N I G Ol 1 (DF
Z<<n—b>2kz_:1(k—a)2(n+b)2z(k+a)2>

n=1 k=1

gl 27 cse(mb)((3;a — b)

= G214 ) (G 1+ ) + (2 ) — (2 D)

+ 2m csc(am)((3;a — b) + w2 cot(ar) csc(am)((2;a — b)
—2mesc(bm)((3;a — b) + (2,20 + 1,0+ 1)
(4.18) + 7% cot(br) csc(bm)((2; a — b).
Proof. Setting p=¢q =2, a,=1and p=q=2, a; = (—1)* in (4.16) yield the
two desired evaluations with elementary calculations. O
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