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ON THE GROWTH OF ALGEBROID SOLUTIONS OF
ALGEBRAIC DIFFERENTIAL EQUATIONS

MANLI L1u AND LINLIN WU

ABSTRACT. Using the Nevanlinna value distribution theory of algebroid
functions, this paper investigates the growth of two types of complex
algebraic differential equation with algebroid solutions and obtains two
results, which extend the growth of complex algebraic differential equa-
tion with meromorphic solutions obtained by Gao [4].

1. Introduction and results

The algebroid solution of differential equation, originally studied by P.
Painleve and P. Bouroux, appears more frequently than the meromorphic so-
lution of a differential equation. For example, the equation w’' = 1;;“4 has
2-valued algebroid solutions. As far as we know, equations with a large range
of single valued meromorphic solutions are very special. Thus, complex differen-
tial equations with multi-valued algebroid solutions have attracted a great deal
of attention. Some scholars studied certain differential equations with single
valued meromorphic solutions, at the same time they also discussed equations
with multi-valued algebroid solutions on related problems.

Let w = w(z) be the v-valued algebroid function defined by a irreducible

equation

A, (2)w” + A, 1 (2) w44 Ag(2) = 0,
where A, (z), Ay_1(2),..., Ap(2) are entire functions without any common ze-
ros in |z| < +o0.
Let w(z) be a v-value algebroid function and a be a pole of w(z). Then in
a neighbourhood of a, we have the following expansions of w:
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where i = 1,2,...,v(a)(<v), 1 <73, 1 < B;, .6 = v and S(t) is a regular
power of ¢ such that S(0) # 0. For more theories and basic results we refer the
readers to [8-10,14].

In 1934, Yosida in [13] considered a type of differential equation w’ =
R(z,w), and he showed that the equation can be reduced to a new form with
p < 2v, ¢ < 2(v — 1) if it has v-valued algebriod solutions, which called
Malmquist Theorem of equations with algebriod solutions. With the devel-
opment of this topic, He and Xiao in [7] investigated a type of higher order
differential equations with algebriod solutions, and they gave a correspond-
ing Malmquist Theorem. Obviously, it can be viewed as the generalization of
K. Yosida’s result.

In the year of 1978, Bank ([1]) showed that the growth of meromorphic so-
lutions of linear differential equations, hence of algebraic differential equations,
with meromorphic coefficients cannot be estimated uniformly in terms of the
growth of the coefficients alone. Two years later, such uniform estimates for
the growth of meromorphic solutions were given by Bank ([2]) and Bank-Laine
(13)).

Xiao-He ([12]) and He-Laine ([6]) considered algebraic differential equations
of the form

Q(Zv w) - R(Za ”LU),
where Q(z, w) is a differential polynomial with meromorphic coefficients, R(z, w)
is irreducible and rational in w. They gave some estimates for the growth of
algebroid solutions of the equation.

Actually, one can see the above equation is only the case that the left hand
side of the above equation is a quite general differential polynomial. It is
natural to pose the question about the growth of meromorphic solutions on a
differential equation with rational left hand side.

In 2002, Gao ([5]) considered the growth of meromorphic solution on two
types of differential equation with rational left hand side as follows:

Qi (z,w m k ;
(11) [wko (w/)kl(. .. (L)(n))kn] - ZO ai(z)w )
Q4 (z,w) P(z,

(12) : - Plew)
(w=a)*Qa(z,w)  Qz,w)
where @ is a nonzero constant.
It is known to us all, for a differential equation a meromorphic solution is
a special case of an algebroid solution. Especially, we should considered both
poles and branch points of an algebroid solution while we only considered the
poles of a meromorphic solution. Therefore, it inspired us to pose the question
as follows.

Question 1.1. What can be said for the growth of algebroid solutions on the
above two differential equations with rational left hand side?
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In this paper, we shall consider the growth of algebroid solutions on the
generalized higher-order algebraic differential equations and we give our results
as follows:

Theorem 1.1. Let w be a v-valued algebroid solution of (1.1), 2 < k < m.
Then

T(r,w) < K(N(r,w) + N(r, i) + Nw(r,w)) — K1 Np(r,w)

—|—K2(ZT(T,G(Z —l—ZTraz )+S(r w),
(@)
where K, K1 and K5 are positive constants.
Theorem 1.2. Let w(z) be an algebroid solution of (1.2) with v branches and
p>q+ A1+ Xo. Then for any o > 1, there exist positive constants Kqg and rg
such that for all v > rg,
T(r,w) < KoF(or),
where
F(r) = N(r,w) + Ny (r,w) + Ny(r,w) + ZT(T, agy)
(’)
+ZTrb Z raz—|—ZTrb
(4) =0

To arrive at our results, we introduce some definitions and notations.

Let
Qi (z,w) = D ag(2)w™ W)™ - (w™))in
(1)erl

me Ywh (w7 - (™) (n > 1)

and

be differential polynomlals. We denote P(z,w) = Y>0_ a;(z)w’, Q(z,w) =

>0 bj(z)w, where {a;)(2)}, {by)(2)}, {ai(2)} and {b;(z)} are meromorphic
functions, I = (ig,i1,.--,in), J = (Jo,J1,---,Jn) are multi-indices of nonnega-
tive integer for a(;) # 0, b¢;) # 0, respectively, and a,b, # 0.

The term Q) = cyw' (w')™ -+ (w™)in is a differential monomial in w,
the degree A(;) and the weight A of ;) are defined by A, = So it
Ay =0 (t+1)ip in (2, w) or Qa(z,w). We denote oy = > (2t — 1)y,
L) = 2oyt = D).

The degrees A1, A2 and the weights Aj, As of Q1, Qs are defined by

A1 = max{Ay }, A = max{A}, A2 =max{);)}, Az =max{A}.
Let

o1 =max{ox}, l1 = max{l)}, o2 = max{o;)}, lo = max{ly)}.
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In addition, for an algebroid function, we put

v(a)

ny(r,w) = Z Z(Bz - 1),

jaj<r i=1

T t _
VN (r, w) :/ mo(t, w) ; m(r w)dt+nb(0,w) log .
0

2. Some lemmas

In this section, we are devoted to proving several technical lemmas. The
proof of the first lemma for algebroid functions is similar to that for meromor-
phic functions in [11], and we omit the proof here.

Lemma 2.1. Let go(2) and g1(2) be v-valued algebroid functions and linearly
independent over C, and put

9o(2) + g1(2) = @.

Then we have

T(r,g0) <m(r,®)+ N(r,g0) + N(r,g1) + N(r, =) + N(r, =) 4+ S(r),

’ 9o 7 g1
where

(r)= O(1), when go and g1 are rational,
) Olog™ T(r, go)+log™ T'(r, g1))+O(logr) (r — oo, & E), otherwise.

Lemma 2.2. Let w be a v-valued algebroid function in C and k a positive
integer. Then

N(r, ﬁ) < N(r, i) +EN(r,w) + (2k — 1) Ny (r,w) — (k — 1) Ny(r,w) + S(r, w).

Proof. Let w(zy) = a € C.
Case (i): If a # oo, in a neighbourhood of zy, we have

W' (2) = (z — 20) T By (2), wi(z0) # 0,00 (r>1,a>1,8>1).

When 7 — a8 < 0, 2y is a pole of w(®)(z) with multiplicity a8 — 7.
Case (ii): If a = oo, then

w®(2) = (2 = 20) T Py (2), wi(z0) # 0, 00,

which implies that z is a pole of w(®(z) with multiplicity a8 + 7. Combining
Case (i) with Case (ii), we get

n(r,w®) = Z (T4 af) + Z (-t +ap)t,
w=00 wW#oo
where (=7 + af8)T = max{0, —7 + af}. Since 8 > 1, a > 1, 7 > 1, note that
—T4+af<af-1<2a-1)(B-1).
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Thus
n(r,w®) < > (r+af)+ (20— 1) ; (B—1)
= wZOO(T—l—a—i—a(ﬂ—l))—i—(?a—l) ; (B-1)
= Z(T+a)+(2a—1) Z (B—1)
i_ga -1 ; (8-1) i_(Of;z -1 w_oo(ﬁ -1)
= > (T+a)+2a-1)Y (B-1—(a=1) Y (B-1)
= :(Tow) +an(r,w) + (2076—@1)%(7“, w) — (o —u{):rj:(r, w),

N(r,w'®) < N(r,w) + aN(r,w) + (2a — 1) Ny (r,w) — (o — 1) Ny (r, w).
Further, the following inequality gives that
T(r,w) — N(r, )<T(7w(k)) N(r, m)—&—S(rw)
We obtain
N(r, o)
T(r, w(k )+ N(r, L) = T(r,w) + S(r,w)
m(r, ) £ m(r,w) + N(r,w®) + N(r, L) = T(r, w) + S(r, w)
( w) + N(r,w) + kN (r,w) + (2k — 1)N,(r,w) — (k — 1)Ny(r, w)
N(r, ) T(r,w) + S(r,w)
< N(r, 5) + kN (r,w) + (2k — 1) N, (r,w) — (k — 1) Ny(r,w) + S(r,w). 0

Lemma 2.3 ([7]). Let R(z,w) = % be an irreducible rational func-

tion in w(z) with the meromorphic coefficients {a;(z)} and {b;(2)}. If w(z) is
a v-valued algebroid function, then

T(r, R(z,w)) = max{p, ¢}T(r,w) + O{ Y T(r,a;) + » _ T(r,b;)}.
Lemma 2.4. Let w be a v-valued algebroid function. Then

N(r, [yt &) o ]my

ko (w’)kl ...(w(n))kn

< Cs (N(r,w) + N(r, L) + Ny(r,w)) — CaNy(r, w) —I—ZNra y) + S(r,w)
(4)

for some positive constants Cy, Cs.
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Proof. Let
N (r, [ty )™ ko ) (™) Ee]m)

wko (w/)kl (w(n))kn

Qq 5 m 1 n 1M
= N(r, [ty ™) + N [wh (w)F - (™))
_ N(

1
" [w’“O(w')k1~~~(w<n>)kn]m)-
Using the similar method as the proof of Theorem 1 in [4], we can obtain

N(T, [ Q1 (z,w) - ]m’ [,wk'o (w/)k1 . (w(n))kn]m)

wko (w/)kl (w(w))

< max{N(r, Qu(z,w)™), N(r, [wh (w)* - (™))}

Further

Q4 (z,
N(r, [wko(w’)il(u;lzjfj)("))kn ™)

(2.1) < max{N(r, % (z,w)™), N(r, [wko (w’)k1 e (w("))k"]m)}
+ N(T, [wFo (w')F1 _El,(w(n))kn]m) - N(T7 [wko (w/)kl T (w(n))kn]m)'

Next, we will give the estimation of

N(r,Q1(z,w)™), N(r, [wk‘) (u/)k1 e (w("))k“]m), N(r, L ).

[wF0 (w)F1 - (w(m) )Fn]m

First,
N(r, Q1 (z,w)™) < mMN(r,w) + (A — \)N(r,w) + 01 Ny (7, w)
— [y Ny(r, w)] + m%: N(r,a@(2))
< m(AlN(r, w) + 01Ny (r,w) — I Np(r, w) + Z N(r, a(z’))),
Next, )
N(r, fw*o (@) - (w™)kn]m) < m(zn;(i + ki) N (r,w) — m(zn;iki)Nb(n w)
- m(zn;(% — 1)k;) N (7, w).

By using Lemma 2.2, it yields

N(r, s taryers )

m{koN(r, =) + kiN(r, %) + - + ko N(r, —5)}
m{koN (r, %) + -+ ky[N(r, i) +nN(r,w)

+ (2n = 1)N,(r,w) — (n — 1) Np(r,w)]}

CiN(r,w) + CoN(r, L) + C3Ny(r,w) — C4Ny(r,w)

for some positive constants C; (i = 1,2,3,4).

A IA

(2.2)

IN
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It follows from (2.1) and (2.2) that
N (1, [y ooy ™)

WF0 (w)F1 - (w(M)Fn
< max{N(r, Qu(z,w)™), N(r, [(w)* - (w)*]™)}
+ C1N (r,w) + CoN (1, £) + C3 Ny (r,w) — C4Ny(r,w)
<AN(r,w) + C1N(r,w) + CoN(r, L) + C3N,(r,w)
— CyNy(r,w) + Z N(r,a¢) + S(r,w)
(@)
< C5(N(r,w) + N(r, 1) + N, (r,w)) — C4Ny(r,w)
+ Z N(r,aiy) + S(r,w),
(@)
where A = max{mA; — m(ko + 2k; + --- + (n + 1)k,,),0}, C5 = max{A +

017 CQ; 03}
This completes the proof of Lemma 2.4. O

Lemma 2.5. Let w be a v-valued algebroid function and a be a monzero con-
stant. Then

N(r, miisra;) < MN(r

T (w—a)*1Qy

rars) TN g;)
+ (A1 = M) (N(r,w) + Ny(r,w)) + ZN(T, ag))-
(@)
Proof. We denote the order of pole of w at z = zg as n(r,w).
Case (i): when zp is not a pole of w,

(2.3) n(r »m) < n(r, (w_la)xl ) +n(r, Q%) + Zn(r, ag))-
(1)

Case (ii): when z¢ is a pole of w, in a neighbourhood of &,

nr, (20)i0) = p(r, (=2 yiny — gy,

Therefore
ag wio...(w(n))ln
n(r, ey )
(2.4) <p Z lig +n(r, é) +n(r,ax))
' 1=1
(Z L+ e =Y i) +nlr. &)+ n(r.ag).
=1 =1

In the following, we will proof that claim:

(2.5) n(r, W_ZZW) < (A —X\)B+ Zn(r, agy) +n(r, Q%)
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In order to proof our claim, we make use of the methods of mathematical
induction. In fact, for ¢ = 1, one can immediately see that Q;(z,w) is a
differential monomial. Thus, it follows from (2.4), we can obtain that inequality
(2.5) holds for i = 1.

Now, we suppose inequality (2.5) holds for ¢« = n. For convenience, let 2 =
Siamwe - (w™)n and A, X be the weight and the degree of
S agyw' - -+ (w™)in respectively.

For i = n+ 1, we have Q1 = Q + a(,4pyw' -+ (w™)% and

9251 _ 0 A’ - (w)
(w—a)MQy  (w—a)MQy (w—a)MQy
Thus
Q
n(r: ;)
Ani1 w0 . ( (™) )in
< max {n(r, (w_&?MQz ), n(r, = +(1>U_&)A§QZ ) }
(2.6) -
< max {(A - AN)p+ Zn(r, agy) +n(r, é),

i=1
(A(g1) = Amg1))B +n(r, agagy) +n(r, Q%)},

where A(,11), A(ny1) are the weight and the degree of a(, 41w -« (w(™)i,
respectively.

Now, we discuss inequality (2.6) by the following two cases.

Case (a): If A > A(11), we can get

(A =N+ n(raw) +n(r,g;)
= (A = An41)B+ Mgy — A)B+ Z n(r,agy) +n(r, Q%)
< (A= Apan)B+ D _n(raq) +n(r, &)
Let Ag = max{A(,11),A}. Then
n(r, Q) < (Ao = Ang1))B + Z n(r,agy) +n(r, Q%‘)
Case (b): If A(n41) > A, we have
(A(nt1) = Ant1)B + n(r, aginy) + n(r, o5)
= (Ams1) = AN)B+ (A= A1) B+ (1, angry) +n(r, Q%)
< (Ang1) — A)B +n(r, a@y1)) +n(r, Q%‘)
Again, Ag = max{A,41),A}. Then

n+1
n(r, Q) < (Ao = NB+ > n(r,ap) + n(r, g)-

=1
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Combining Case (a) with Case (b), we can obtain that inequality (2.6) holds for
i =n+ 1. Thus, inequality (2.5) is proved. From (2.3) and (2.5), we completes
the proof of Lemma 2.5. O

Lemma 2.6 ([6]). Let U(r),H(r) (r € [0,00)) be two nonnegative and non-
decreasing functions, H(r) — oo as r — o0, a and b two positive numbers,

H(ro) > max{(a+b)log2, 22+%d(d+l~))}, forallr andt, 0 <rog <r <t, if the
following inequality satisfies

~ t
U(r) < alog™ U(t) + blog T + H(r),
then we have for 0 < ro <r <t,

U@»<(a+mkgtf

~+2H(1).

3. Proof of Theorem 1.1

Proof. We rewrite equation (1.1) as

[wko(w,{;éff’.}”&(n))k"} = ai(w +d(2))* + Zd w', 0<t<k—2

where d(z) = a;a’kl and dy is a rational functlon of a; (0<i<k). Let

t
A= —ap(2)(w+d(2)*, B= [wko(wf;il(,z,’,ﬁ(m)kn} , &= st(z)wS.
Then
A+ B=2.
Next, we claim that A and B are linearly independent.

We will prove this claim by contradiction. If A and B are linearly dependent,
by the knowledge of linear algebra, there exist a and b such that

(3.1) aA(z) +bB(z) =0, l|a|+|b] #0.
From (1.1) and (3.1), one can deduce that
aarw® + aap_1w* "t + - + aapd® = bagw® + bap_qwF T+ 4 bag.

Let D be a field of meromorphic functions a; satisfying T'(r,a;) = S(r,w).
Then 1,w,w?,...,w" are linear independent over D. It shows that a = b.
But

aA(z) +bB(z) = a(A(z) + B(2)) = az ds(z)w®.

Since Zi:o ds(z)w® # 0, this is a contradiction. Thus we have a = b = 0.
By Lemma 2.1, we obtain

(3.2) T(r,A) <m(r,®)+ N(r,A)+ N(r,B) + N(r, %) + N(r, 5) + S(r).
)

Now, we give the estimation of each term of (3.2



606 M. LIU AND L. WU

From Lemma 2.3, we obtain

T(r,A) = kT(r,w) +T(r,ar) + T(r,ax—1),

T(r,®) = tT(r,w) + > _ T(r,ds),
s=0
N(r,A) < kN(r,w)+ N(r,a) + N(r, i) + N(r,ag_1),

T(r,®—A) k 1 &
_— —SN"T(r,a;).
- (7"7w)+mi§:O (r,as)

Q1 (z,w
T(r, TS (w/)lil(“_(,i(n))kn) = m

By Lemma 2.4, we have
N(r,B) < C5(N(r,w) + N(r, i) + Np(r,w)) — CyNp(r,w) + ZT(’/’, a(i)) + S(r,w).
(4)
Note that
N(Tv %) < N(Ta #d(z)) +N(T - )

Y ag

<T(r,w)+T(r,d(z)) +T(r,ar) + O(1),

N(r, %) = N(r, 1/wko(wﬂl(27w) )

YKL (w () YEn

T(r Szl )+ 0(1)

) wko (w’)kl --A(w("))kn

IN

k 1
ET(”" ”LU) + E ZT(T, Clj) + 0(1)
7=0

IN

By the above estimation of each term and combining with (3.2), it gives
k
ET(r,w) < T(r,w) + ET(T, w) +tT(r,w) 4+ (k+ 1)N(r,w)
— CyNy(r,w) + C5(N(r,w) + N(r, L) + Ny(r,w))

k
+ K, [ZT(r,a(i)) + ZT(T, aj)} + S(r, w).

(2) 7=0

(k—1—i—t> T(r, w)

< (k+ 1)N(r,w) + C5(N(r,w) + N(r, i) + Ny (r,w))
k
— CuNy(r,w) + K, [Z T(r,ae) + > T(r, aj)} + S(r,w).
(2) 7=0
By the assumption that m > k > 2 and 0 < ¢t < k — 2, we can give that
(k—1—%£ —1)> 0. Immediately, we have for constants K, K; and K,

T(r,w) < K(N(r,w) + N(r, %) + Ny (r,w)) — K1 Np(r,w)

Further,
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+K2[2Tra +ZTra]]+S(7‘w)

(2) 7=0
This completes the proof of Theorem 1.1. O
4. Proof of Theorem 1.2

Proof. First, suppose that w(z) is a v-valued algebriod function satisfying
P yai(z)w’ = 0. Then we have

ap(2)wP = —a, 1 (2)wP™t — - —ag(2).

By applying Lemma 2.3 on the above equation, one can see that there exists
a positive constant K such that

pT(r,w) +T(r,ap) < (p—1)T(r,w) + Z T(r,a;(z2)),

T(r,w) < K Y T(r,ai(z)) < KoF(r).

i=0
If 38 a;(z)w" # 0, we rewrite equation (1.2) as follows
Ql(zv ’LU) _
(4.1) Q(z,w) - g P(z,w).
Since
_
(U} — fl)/\l QQ
_ w ) (w _ d)’ i1 (w _ &)(") in 1 1
a Za(i)(wf&) ( w—a ) ( w—a ) (w_&)/\rz?:oil@’
we have
Q4
m(r ey
4.2 " o
(42) < am(r, 225) +mlr &) +m(r, > ag) Z r, 28" a)() :

By Lemma 2.5, we get
N(r

< MN(r ghg) + (A = M) (N (r,w) + Ny(r,w))
+ ]\/v(’l"7 @) + ’I'L(’I", Z Cl(i))
From (4.2) and (4.3), we obtain

(r vm) < MT(r

97&9)
Y (w—a)M
(4.3) (w—a)"10

(A1 = A)(N(r,w) + Ny(r,w))

" wa) T

T(T,Qg)—i-T(r,Za Z r, = a)(a> .
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Further, we have
Q
T(T, (w_@)lM Qz)
< MT(r, 555) + 0T (r,w) + (A2 — A+ Ay — M) N(r, w)
+ (A1 = A1 = )Ny (r,w) + 02N (r,w) + T(r, Y agp))

()
+T(r E:bu>4*§: (r, 525)
Using Lemma 2.3 and together with the above inequality, we get

T(r, Q(%W%)
< T(r,Qz,w)) + T(r, sbimr—s)
< qT(r,w) + (A1 + X2)T(r,w) + (Ag — A + Ay — A1) N(r,w)

+ (A1 = Ay — I2)Np(r,w) + oo N (r, w)

(4.4)
+2Tra( +ZTrbj)+ZT7“b
()
+ n n ,(w a)(u) .

By means of Lemma 2.3, we get

(4.5) T(r, P(z,w)) = pT(r,w) + O{ ZT(T, ai)}.
i=0

From (4.4) and (4.5), it yields

PpT(r,w) < (g4 X+ X2)T(r,w) + (Az — X2 + Ay — A )N (r,w)
+ (A1 — A1 — )Ny (r,w) + oo N, (r, w)

+ZTra( +ZTrb +ZTrb
(4)

n

© Yl )+ Yt )
a=1

Noting that p > g + A1 + A2. One can observe
Ap =X+ A1 — A\ —
N(r,w Jr
—(g+ A+ A2) (rw)
(A — Ay — o)
—(g+ M+ X2)

g2
(q + A+ /\2)

Ny(ryw) + Q1(r) + D(r),

Ny (r; w)
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where

1 q
Qi) = 5= (g4 A1+ A2) { D _T(raw) + %T(T’ b)) + 2T bj)}’

(2) j=0

(@ = W)@
D(r) = m(r,22) + > m(r, 20,
a=1 a=1

By applying the generalized lemma of logarithmic derivative to D(r), it is

easy to get from the inequality (4.6) that

~ t
(4.7 T(r,w) < alogT(t,w)+ blog P + H(r),
—r
where @ and b are positive constants, and
Ag — A+ Ay — A —
H(r)= =2 22T 2L 2N ) + & Na(r,w) + Q1 (r).

p—(qg+ X\ +X2) p—(qg+ M +X\2)

Applying Lemma 2.4 to (4.7) and we get

T(r,w) < (a+ b)log ti + 2H(t).
- T

Set t = or, o0 > 1. Then T(r,w) < KoF(or). The proof is completed. O
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