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EXISTENCE OF A SOLUTION OF THE INTEGRAL EQUATIONS
ON TRIPLED QUASI-METRIC SPACES WITH APPLICATIONS

GHORBAN KHALILZADEH RANJBAR

ABSTRACT. In this paper we study a tripled quasi-metric with new fixed point
theorems around S-implicit contractions in tripled quasi-metric spaces. We give an
example on a solution of a integral equations.

1. INTRODUCTION AND PRELIMINARIES

It is well known that passing from metric spaces to quasi-metric spaces, drop-
ping the requirement that the metric function verifies d(z,y) = d(y, x) carries with
it immediate consequences to the general theory. For instance, the topological no-
tions of quasi-metric spaces, such as, limit, continuity, completeness all should be
re-considered under the left and right approaches since the quasi-metric is not sym-
metric. Furthermore, uniqueness of limit of a sequence should be examined carefully
since one can easily consider a sequence which has a left limit and right limit which
are not equal to each other. Thats why a few results on fixed points in such spaces
are considered.

In this paper, we introduce tripled quasi-metric and prove many fixed point results
in tripled quasi-metric. We come to the below of the definition of quasi metric space

previously defined by a mathematician.

Definition 1.1. Let Y be a non-empty and let d : Y x Y — [0,1) be a function
which satisfies:

(d1) d(u,v) =0 if and only if u = v;

(d2) d(u,v) < d(u,w) + d(w,v).

Then d is called a quasi-metric and the pair (Y, d) is called a quasi-metric space.
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Remark 1.2. Any metric space is a quasi-metric space, but the converse is not true

in general.

Definition 1.3. Let (Y, d) be a quasi-metric space, {y,} be a sequence in Y, and
y € Y. The sequence {y,} converges to y if and only if

(1.1) Jim_d(yn, y) = lim d(y,yn) = 0.

Remark 1.4. A quasi-metric space is Hausdorff, that is, we have the uniqueness of

limit of a convergent sequence.

Definition 1.5. Let (Y, d) be a quasi-metric space and {y,} be a sequence in Y.
We say that {y,} is left-Cauchy if and only if for every € > 0, there exists a positive
integer N = N(e) such that d(yn,ym) < € for all n > m > N.

Definition 1.6. Let (Y, d) be a quasi-metric space and {y,} be a sequence in Y.
We say that {y,} is right-Cauchy if and only if for every £ > 0 there exists a positive
integer N = N(e) such that d(yn,ym) < € for all m >n > N.

Definition 1.7. Let (Y,d) be a quasi-metric space and {y,} be a sequence in Y.
We say that {y,} is Cauchy if and only if for every € > 0 there exists a positive
integer N = N (e) such that d(yn,ym) < € for all m > n > N.

Remark 1.8. A sequence {y,} in a quasi-metric space is Cauchy if and only if it is
left-Cauchy and right-Cauchy.

Definition 1.9. Let (Y, d) be a quasi-metric space. We say that
1) (Y,d) is left-complete if and only if each left-Cauchy sequence in Y is con-
vergent.
2) (Y,d) is right-complete if and only if each right-Cauchy sequence in Y is
convergent.

3) (Y,d) is complete if and only if each Cauchy sequence in Y is convergent.

Definition 1.10. Let (Y,d) be a quasi-metric space. We say f : Y — Y be con-
tinuous if for each sequence {y,} in Y converging to y € Y, the sequence {fy,}

converges to fy, that is,
(1.2) Jim_d(fyn, fy) = Tim d(fy, fyn) = 0.

On the other hand the study of fixed point for mappings satisfying on implicit
relation in initiated and studies by Popa [21, 22]. It leads to interesting known fixed
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point results. Following Popa approach , many authors proved some fixed point,
common fixed point and coincidence point results in various ambient spaces, see
[14, 15, 16, 17, 19].

In the literature, there are several types of implicit contraction mappings, where
many nice consequences of fixed point theorems could be derived.

First, denote the set of functions ¥ : [0,00) — [0, c0) satisfying:

(1) 9 is nondecreasing,

(¥2) Y02 ¢"(t) < oo for each t € R, where 9" is the nth iterate of ). We

show by W, the set of all function 2.

Remark 1.11. It is simple to see that if ¢ € ¥, then ¢(t) < ¢ for any ¢ > 0.

2. MAIN RESULTS

Definition 2.1. Let Y be a nonempty set and let d : Y XY x Y — [0,00) be a
function which satisfies
(d1) d(z,y,z) =0 if and only if x =y = z;
(d2) d(z,y,2) < d(z,a1,a2) + d(y, a3, as) + d(z,a2,a3) for all z,y,z € Y and
a; €Y fori=1,2,3,4.
Thus d is called a tripled quasi-metric and the pair (Y, d) is called a tripled quasi-

metric space.

Example 2.2. Let Y = [0,00) endowed with the tripled quasi metric, d(z,y, z) =
lx| + |y| if x £y, ¢ # 2z, y # z and d(x,y, z) = 0 whenever x =y = z.

Definition 2.3. Let (Y, d) de a tripled quasi-metric, {y,} be a sequence in Y, and

x €Y. The sequence {y,} converges to z if and only if

lim d(yn,z,x) = lim d(z,z,y,) = le A(Yn, Yn,x) = le d(x, Yn,yn) = 0.

n—oo n—oo

Definition 2.4. Let (Y,d) be a tripled quasi-metric space and {y,} be a sequence
in Y. We say that {y,} is left-Cauchy if and only if for every £ > 0 there exists a
positive integer N such that d(yn, Ym,ym) < € for all n. > m > n.

Definition 2.5. Let (Y, d) be a tripled quasi-metric space and {y,} be a sequence
in Y. We say that {y,} is right-Cauchy if and only if for every £ > 0 there exists a
positive integer N such that d(yn, Ym,ym) < € for all m >n > N.
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Definition 2.6. Let (Y,d) be a tripled quasi-metric space. We say that {y,} is
Cauchy if and only if for every € > 0 there exists a positive integer N, such that
A(Yny Ym, Ym) < € for all n,m > N.

Definition 2.7. Let (Y, d) be a tripled quasi-metric space. We say that
(1) (Y,d) is left-complete if and only if each left-Cauchy sequence in Y is con-
vergent;
(2) (Y,d) is right-complete if and only if each right-Cauchy sequence in Y is
convergent;

(3) (Y,d) is left-complete if and only if each Cauchy sequence in Y is convergent.

Definition 2.8. Let (Y, d) be a tripled quasi metric space. The map f:Y — Y is
continuous if for each sequence {y,} in Y converging to y € Y, the sequence {fy,}

converges to fy, such that

Lim_d(fyn, fy, fy) = lim d(fy, fy, fya) = lim d(fyn, fyn, fy)

Definition 2.9. Let T:Y - Y and d: Y x Y x Y — [0,00) be mappings. We say
that the self-mapping T on Y is 8 admissible, if for all u,v,w € Y we have

(2.1) Blu,v,w) > 1= B(Tu, Tv, Tw) > 1.

Definition 2.10. Let (Y, d) be a quasi-metric space and f : Y — Y be a given
mapping. We say that f is an S-implicit contractive mapping if there exist two
functions f:Y xY xY — [0,00) and ¢ € ¥ such that

¢(/8(:L‘7 y7 Z)d(fx’ fy7 fz)7 d(I’ y’ Z)7 d(x7 fI, f2$)’ d(y7 fy7 f2y)’ d(z’ fZ7 f2Z)7
d(z, fx, z),d(y, fz,y),d(z, fy, z)) <0

for all z,y,z € Y.

Definition 2.11. Let ® be the set of all continuous functions ¢(t1,ta, ..., t3) : Ri —
R such that

(®1) ¢ is nondecreasing in variable t1;

(®2) There exists f1 € ¥ such that for all u,v,w > 0, ¢(u,v,v,u,w,v,0,0) <0
implies that u < fi(v);

(®3) There exists fo € ¥ such that for all ¢,¢1,te,t3 > 0 ¢(¢,¢,0,0,0,t1,t2,t3) <0
implies that ¢ < fa(t3).
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Example 2.12. Let

P(t1,ta, ..., t8) = t1 — arty — asts — asty — asts — aste — agty — arts,
where a; > 0 fori=1,2,...,7 and 21'721‘11' < 1.
Example 2.13. Let
¢(t1,t2,. . .,tg) =11 — k:max{tg,.. . ,tg},

where k£ € [0,1).
Theorem 2.14. Let (Y,d) be a complete tripled quasi-metric space and g : Y —Y
be an B-implicit contractive mapping. Let that

(i) g is B-admissible;

(ii) There exists xo € Y such that B(xo, gxo, g>r0) > 1 and B(g*x0, gro,x0) > 1;

(iii) g is continuous.

Then there exists A € Y such that gh = .
Proof. By assumption (ii), exists yo € Y such that

B0, g0, 9°y0) = 1 and B(g>yo, gy, y0) > 1.
We define a sequence {y,} in Y by yn,11 = gyn = ¢" yo for all n > 0. Let that
Tny = Tpo+1 for some ng. So the proof is complete, because,
U= Tpy = Tpg+1 = GTny = GU.

Consequently, throughout the proof, we assume that y, # yn4+1 for any n.
Since g is B-admissible and B(vo,v1,%2) = B(¥o, 9¥0,9*y0) > 1, so observe that
B(gy0, gy1,gy2) > 1. By repeating the process above, we obtain that

(2'2) B (yna Yn+1, yn+2) >1

for any n € NU {0}. Now, consider the case where 3(g*vo, gy0,y0) > 1. By using

the same way above, we get that

(2'3) B (yn+27 Yn+1, yn) >1
for all n € NU {0}. By using (1.2) we get

O(B WYn—1,Yn> Yn+1) d (9Yn—1, 9Yn, 9Yn+1), & (Un—1,Yns Yn+1) & (Yn—1, 9Yn—1,9°Un-1) »
d (Yn> 9Yn> 9Yn) + & (Ynt1, GYn+1, 9 Yns1) »
d(Yn—1, 9Yn—1,Yn+1) »d (Yns GYn—1,Yn) ,
d (Yn+1, 9Yn yn+1) ) <0,
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that is

OB (Yn—1:YnsYnt1) d (Y, Y15 Yn+2)s (Y15 Yns Y1) » & (Yn—15 Yns Y1) »
d (Yns Yn+1, Yn+2) » d (Yn+1, Yn+2, Yn+3) »
d (Yn—1,Yn> Yn+1) A (Yns Y, Yn) »
d (Yn+1,Yn+1:Yn+1) ) <0,

and

(Zs(ﬁ (yn_la Yns yn+1) d (yna Yn+1, yn+2)7 d (yn—17 Yn, yN-‘rl) ) d (yn—la Yn, yN-f-l) )
d (Y Yn+1,Yn+2) » & (Ynt1s Ynt2: Yn+3)
d (Yn—1,Yn; Yn+1) , 0, 0) <0.

By (2.2) and from (®;) in the first variable, we have

¢(d (yna Yn+1, yn+2)7 d (yn—17 Yn, yn—i—l) yd (yn—la Yn, yn+1) ,d (yna Yn+1, yn+2) >
d (yn+17 Yn+2, yn+3) ,d (yn—la Yn, yn+1) )0, O) <0.

Due to (®2), we obtain d (Yn, Yn+1, Yn+2) < f1(d(Yn—1,Yn,Yn+1)). If we go on like
this, we get

(2.4) d (Yns Yn+1, Yn+2) < f1' (d (Yo, y1,y2)) -

We prove that {y,} is a Cauchy sequence in the tripled quasi-metric space (Y,d).

Take m > n from (dz), we have

d (Yns Y Ym) < & (Yns Ynt1, Yn+2) + d (Ym, Yo Ym) + d (Ym, Ynt2, Ym)
< [ (d (Yo, y1,y2) ) +
< f1(d (yo, y1,92) )

+ [d (Y Ym> Ym) + d (Unt2, Ynt3, Ynta) + & Y, Yms Ynt3) |
< f1(d (o, y1,92) ) +

+ d (Ym, Ym> Ym) + d (Yn+35 Ym, Ym)
= f1(d (yo, y1,92) ) + 172 (d (Yo, y1,92) ) + d (Ynt3s Yms Ym)
< 1 (d(yo,y1,92) ) + 72 (d (o, 91, 92) )

+ [d (Yn+3, Yntas Yn+5) + d Yy Y Ym) + d Yo Yntas Ym) |

yma Yn+2, ym)

A2 (d (o, y1,92) ) + d (Yo Yo Ym)
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< F(d (o, y1 y2) ) + F12(d (o, y1,v2) )
+ 13 (d (o, y1,92) ) + d (Yo Yntas Ym)
< F(d (Yo, y1,92) ) + 172 (d (wo, w1, y2) ) + £ (d (o, y1, 92) )
+ d (Yms Yms Ym) + A (Yn+45 Ynt5, Yn+6) + d (Yms Yms Yn+5) -
Let n + p = m, then we have
(2.5)
d (Yns Y Ym) < f1(d (o, y1,92) ) + £ (d (o, y1,w2) ) + 1772 (d (o, 91, 92) )
+ 4 (d (o, yisy2) ) + o f1n+p(d (Yo, y1,92) )

<Y (Ao y192))
k=n

which implies that d (yn, Ym,ym) — 0, when n,m — oo, but f; € ¥. It follows
that {y,} is a right-Cauchy sequence. By similarly way we can prove that, {y,}
is a left-Cauchy sequence. There fore {y,} is a Cauchy sequence in (Y,d). Since,
(Y,d) is tripled quasi-complete, then there exists a point A in Y, such that y, — A
as n — oo, that is
(2.6)

Jim d(yn,y,y) = m d(yn,yn,y) = lim d(y,y,yn) = lim d(y,yn. ya) = 0.
We shall prove that g\ = \. Since g is continuous, we verify
(2.7) Jim d (yni1, Ynr1, 9A) = m d (gyn, 9yn, gA) = 0,

and

lim d (g)\vyn+1ayn+1) = 7}1_>H;od(g)\,gymgyn> = 05

n—oo

that is, lim,—0o Ynt1 = gA, by the uniqueness of limit, we conclude that g\ = A,
that is, A is a fixed point of g. O

At present, we define a new condition.

(H) If {y,} is a sequence in Y, such that 8 (yn,Yn+1,Ynt+2) > 1 for any n and
Yn — y € Y, until n — oo, then there exists a subsequence {y,,x)} of {yn}
such that 8 (yn(k), Y, y) > 1 for all k.

Theorem 2.15. Let (Y,d) be a tripled complete quasi-metric space and g : Y —Y

be an B-implicit contractive mapping. Let that

(i) g is B-admissible;
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(ii) there exists zog € Y such that B (zo, gz, g*z0) > 1 and B (g0, gzo, T0) > 1;
(iii) (H) is verified.

Thus there exists a,u € Y such that gu = p.

Proof. From the proof of Theorem 2.14, we hnow that the sequence {y,} defined by
Yn+1 = gyn for all n > 0 is Cauchy and converges to some p € Y. From condition
(iii), there exists a subsequence {y, )} of {y»} such that 3 (yn(k), u,,u) > 1 for all
k. We must show that gu = u. By (1.2), we have

F (B (Yn()—1- 1 1) d (Y k) 19 gi) 5 d (Yn(ky—15 s 12)
& (Yn(k)—15 GYn(k)—1> 9 Yn(k)—1) » & (11 910 G°18) & (Yu(h)— 15 GYn(i)—15 1)
d (ty GYn(ky—1- 1) - d (1, gpt, u)) <0.

Using (1) and B (31,1 j1) = 1, we gt
¢(d (yn(k)—lv gl g/") ) d (yn(k)—la Ky /L) ,d (yn(k)—17 Yn(k)» yn(k)+1) )
d (1, g, g°1) 5 d (1, g, 9°1)
d (Yn(k)—1> Yn()s 1) + & (1 Yn(ys 1) - d (11, gpas 1) ) < 0.

Letting k£ — oo and by continuing of ¢, we have

o(d (s g, ), d (p, ) 5 d (1, g, 1)
d (1, g, g°) 5 d (1 g, 9% 1)
d (g, oy 1) o d (g5 oy 1) o d (g, gy ) ) <0,

and ¢(t170707t27t270707t3) < 0. By (¢2)7 tp < 07 that is d(/,hg/.,b,gﬂ) < 07 which
implies d (u, gu, gu) = 0, that is, u = gu. O

For the uniqueness, we need additional condition.

(U) For all x,y, z € Fiz(g), we have B(z,y, z) > 1 where Fiz(g) denotes the set
of fixed points of g.

Theorem 2.16. Adding condition (U) to the hypothesis of Theorem 2.14 (resp.,
Theorem 2.15), we obtain that u is the unique fixed point of g.

Proof. We obtain by contradiction, that is, there exist u, v, w € Y such that u = gu,
v =gv and w = gu with u # v, v # w and u # w. By (1.2) we get
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¢(B (u, v, w) d(gu, gv, gw), d (u,v,w) , d (u, u,u),
d(v,v,v),d(w,w,w),d(u,u,w),
d(v,u,v) ,d(w,v,w)) <0,

and
gi)(ﬁ (u,v,w)d (u,v,w),d(u,v,w),0,0,0,
d (u,u,w),d(v,u,v) ,d(w,v,fw)) <0.
Due to the fact that 5 (u,v,w) > 1, so by (®1), we argue
qb(d(u,v,w),d(u,v,w) ,0,0,0,d (u,u,w) ,d(v,w,v) ,d(w,v,w)) <0.
Since ¢ satisfies property (®3), so there exists ho € ¥, such that
d (u,v,w) < he (d(w,v,w))

< 13 (d (w, v, w))

<.

< hy (d(w,v,w)).

Since Y o7 h3(t) < oo, for each ¢t € RT, then as n — oo, we have

(2.8)

lim hy(d(u,v,w)) = 0.
n—roo
Thus d (w, v, w) < 0, implies that d (w,v,w) = 0, that is, u = v = w a contradiction.

0

In the sequel we present the following corollaries consequences of Theorem 2.14 (resp.
Theorem 2.15).

Corollary 2.17. Let (Y,d) be a complete tripled quasi-metric space and g: Y —Y
be such that
B (x,y,2)d (92, 9y, 92) < ard (z,y, 2) + azd (2, 9, g°x) + azd (y, 9y, g°y)
+ asd (z, gz, 922) + asd (x, gz, z) + agd (y, gz, y)
+ard(z,9y,2),
forall x,y,z €Y, where a; >0 fori=1,2,...,7 and 22‘7:1 a; < 1. Let that
(i) g is B-admissible;

(ii) there exists yo € Y such that 5 (yo, gyo, 9%v0) > 1 and 5 (9*yo, gyo,v0) > 1;
(iii) g is continuous or (H) is verified.

Then there exists A € Y such that g\ = .
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Proof. 1t suffices to put ¢ in Theorem 2.14 (resp. Theorem 2.15) as given in Example
2.12. O

Corollary 2.18. Let (Y,d) be a tripled complete quasi-metric space and g: Y —Y
be such that

B(z,y,2)d (g2, gy, 9z) < kmax {d(x,y,Z) , (z, 92, 9°) ,d (v, 9y, 9°Y) ,

d(z,92,¢°2) ,d(z,9z,2),d(y,97,y) ,d (2, gy, 2) }

for any x,y,z € Y, where k € [0,1). Let that
(i) g is B-admissible;
(ii) there exists xg € Y such that ( (mo, ga:o,ngo) >1andfS (92:170, gxo, xo) >1;
(iii) g is continuous or (H) is verified.
Then there exists a A € Y, such that g\ = A.

Proof. 1t suffices to take ¢ in Theorem 2.14 (resp. Theorem 2.15) as given in Example
2.12, that is ¢(t1,ta, -+ ,ts) = t1 — kmax{ta,...,ts} where k € [0,1). O

Corollary 2.19. Let (Y, d) be a complete tripled quasi-metric space and g : (Y,d) —
(Y,d) be a given mapping. Let that
¢(d (g, gy,92) < d(z,y,2), (z, 92, ¢%x) ,d (y,9y,9%y) ,
d(2,92,9%2) ,d (2,97, 2),d(y,92,9) ,d(2,9y,2) ) <0,
forall x,y,z € Y, where ¢ € I'. Then g has a unique fized point.

Proof. Tt is enough to take 8(x,y,z) =1 for all z,y,z € Y in Theorem 2.15. Notice
that the hypotheses (U) is satisfied, so we use Theorem 2.14. O

Corollary 2.20. Let (Y, d) be a complete tripled quasi-metric space and g : (Y,d) —
(Y,d) be a given mapping such that

d(gx, gy, 92) < kmax {d(z,y,2), (v, 92, ¢°z) ,d (y, 9y, 9%y) ,
d(z,92,9°2) ,d(x,gv,2) ,d(y, gz, y) ,d(z,gy,2) } <O,
for all x,y,z € X, where k € [0,1). Then g has a unique fized point.

Proof. Tt suffices to take ¢ as given in Example 2.12. Then we apply Corollary
2.17. O

Now we show the following example establishing Corollary 2.18.
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Example 2.21. Let Y = [0,00) endowed with the ripled quasi-metric d(x,y,z) =
|z| + |y|, if  # y, y # z and = # z, also d(z,y,z) = 0 whenever z = y = z. It
is obvious that (Y,d) is a complete tripled quasi-metric space. Let the mapping
S :Y — Y defined by

g, x €10,2].

At first we observe that the Banach contraction principle for do(z,y, 2) = | — y| +

x2 -5 +6, x>2,
St =

|z — z| 4+ |y — 2| can not be used in this case because we have
do(S0,54,58) = dp(0,2,30) = 60 > dy(0,4,8) = 16.

We define the mapping 5: Y xY xY — [0,00) by f(z,y,2) = 1, if z,y,z € [0,1],
otherwise f(x,y,2) = 0. If z,y,z € [0,1] and = # y, y # z and z # z, we have

B(z,y, z)d(Sz, Sy, Sz) = d(Sz, Sy, Sz)

< |Sx| +Sy]
L Yy
3+3

1
= gd('x7 Y, Z)

< kmax {d(a:, y, 2),d(x, Sz, S%x), d(y, Sy, S*y),
d(z,S8z,52%),d(x,Sx, z),d(y, Sz,y), d(z, Sy, z)},

where k = 3. Now, we shall prove that the hypotheses (H) is satisfied. Let {zy}
be a sequence in Y, such that 8 (zp,Zni1,Tnt2) > 1 for all n and z, - z € Y
as n — oo. Then by definition of 3, we get (z,, Tnt1, Tnt2) € [0,1] x [0,1] x [0, 1]
for any n. Let that x > 1, then x, # « for any n. Since z, — x € Y, so
d(x,z,z,) = 2|x| — 0, which is a contradiction. Thus = € [0,1]. We obtain that
(n,x,2) € [0,1] x [0,1] x [0,1] for all n, that is B(x,, z,z) = 1, (H) is verified. Put
ro = 1, we have B(xg, Szo, S%xq) = B(1, %, %) and ((S%xg, Sxo, 20) = B(%, %, 1)=1.
The mapping T is S-admissible. Let x,y, z € Y such that 5(z,y,2) > 1, so z,y,z €
[0,1]. Then

Ty z)
f— —, . — = 1
B(Sw,5y.52) = B (5. 5.5
All hypotheses of Corollary 2.18 hold and the mapping S has a fixed point in Y.
Note that in this case, we obtain two fixed points of S, that are A = 0 and A = 3++/3.
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Definition 2.22. Let (Y, <) be a partially ordered set and g : ¥ — Y be a given
mapping. We say that f is nondecreasing with respect to < if x < y then gz < gy
for all x,y,€ Y.

Definition 2.23. Let (Y, <) be a partially ordered set. A sequence {z,} C Y is

said to be nondecreasing with respect to =, if x,, < x,41 for all n.

Definition 2.24. Let (Y, =) be a partially ordered set and d be a tripled quasi-
metric on Y. We say that (Y, <,d) is regular if for every nondecreasing sequence
{n} C Y such that z, — x €Y as n — oo, there exists a subsequences {,,,} of
{ws} such that z,;) < = for all k.

We state the following result.

Theorem 2.25. Let (Y, <) be a partially ordered set and d be a tripled quasi-metric
on'Y, such that (Y,d) is complete. Let g: Y — Y be a nondecreasing mapping with
respect to =. Let that there exists a function ¢ € I' such that

o(d (92, 9y, 92),d (2,y,2) . d (z, gz, 9*x) . d (y, 99, 5°y)  d (2, 92, 9%2) ,
d(z,92,2),d(y,92,y) ,d(2,9y,2)) <0,

forall x,y,z € Y withx =y > z or x <y =< z. Let that the following conditions
hold.

(i) There erxists xg € Y such that xg < gro = g°x0 0T goxo =< gTo = To;

(ii) g is continuous or (Y, <X,d) is regular.
Then g has a fixed point. Moreover, if Fixz(g) is well-ordered, we have uniqueness
of the fized point.

Proof. Define the mapping f:Y xY xY — [0,00) by f(z,y,2) =1,if e Sy <z
or z = y =< x, otherwise 8(x,y,z) = 0. Obviously, ¢ is an S-implicit contractive

mapping, that is

o(B(z,y,2)d (92, 9y, 92),d (2,9, 2) . d (z, 92, g*x) ,d (y, 9y, *y) , d (2, 92, 9°2) ,
d(z,gz,2),d(y,gz,y) ,d(z,9y,2)) <0.
From condition (i) we have (:Eo,gzno,92m0) >lorp (gzmo,gajo,xo) > 1. Moreover,
for all z,y,z € Y, from the monotone property of g, we have B(z,y,2) > 1, then
xryrzorx Xy =z 80gr =gy gzorgr =gy =gz hence f(gzx, gy, gz) > 1.
Thus g is f-admissible. Now, if g is continuous the existence of a fixed point follows

from Theorem 2.14. Consider now that (Y, <, d) is regular. Let {z,,} be a sequence
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in Y such that (z,, zp+1, Tnt+2) > 1 for any n and z,, — z € Y as n — oo. From the
regularity hypotheses, there exists a subsequence {z,,)} of {z,,} such that z,) < =
for all k. This implies from the definition of 3 that B(zy),z,2) > 1 for all k. In
this case, the existence of a fixed point follows from Theorem 2.15. To show the
uniqueness. Let z,y € Y, (r <y or y < z). By hypotheses, there exists z € Y such
that z <y < z or z = y < x, which implies S(z,y,z) > 1 or 5(z,y,x) > 1. This, we
deduce the uniqueness of the fixed point by Theorem 2.16. O

3. APPLICATION

Now, we provide an application on the research of a solution of an integral equa-
tion. For instance by Corollary 2.20 , we will prove the existence of a solution of the

following integral equation, where E : [0,1] x R — [0, 00) is a continuous function

1

() = /0 Gls,t)E(s, 2(s)) ds,
1

(3.1 o) = [ GlaEG.y()ds,
01

A(t) = /O Gls,)E(s, 2(s)) ds.

Let Y = C([0,1],]0,00)) be the set of nonnegative continuous functions defined on
[0, 1], Take the tripled quasi-metric d: Y x Y x Y — [0,00) defined by d(z,y, z) =
lz]loo + |Ylloos if @ # y, x # z and y # 2z, d(x,y,z) = 0 whenever z = y = z,
where [|z[lcc = supycpq#(t). It is easy to show that (Y,d) is a complete tripled

quasi-metric. Now, we define the mapping S : Y — Y as follows

Sm(t):/o G(s,t)E(s,z(s)) ds.

Theorem 3.1. Let the following condition hold. Assume that there exist p1, o, i3 €
[0,1) such that py + p2 +ps < 1 and for any s € [0,1] and z,y,2 €Y, (v #y, x # 2
and y # z), we have E(s,x(s)) < p[[#l/oc, E(s,y(s)) < p2llylloc, and E(s, 2(s)) <

psl || o, where

1 1
| Gs0BG st ds # [ G EGy)ds
0 0
1 1
/G(s,t)E(s,x(s))ds;A/ Gls, 1) E(s, 2(s)) ds,
0 0
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1 1
| Gls.0BG ) ds £ | Gls.0B s 2(5)) ds.
0 0
Then the integral equation (3.1) has a unique solution x € C ([0, 1], ]0,00)).

Proof. For all x,y,z € Y, (x #y, v # z and y # z), we have

1

1

[Sz[loc = sup / G(s,)E(s, 2(s)) ds < gpulllieo,
tef0,1] Jo

1

1

ISl = sup [ Gls. OB y(5) ds < Gl
t€[0,1] J0

1
1
IS2l = sup [ Gls B, () ds < gl
tef0,1] Jo
It follows that for all z,y,z € Y, (x # y, * # z and y # z), we obtain
d(Sz, Sy, Sz) = [|5z(lcc + [|5Ylloo
1

IN

1
plzllo + gr2lyllo

IN
0| — 0| — 0o

([ lloo + llylloo)

d(z,y, z).

Therefore,

d(Sz,Sy,Sz) < émax {d(a:, y, ), d(z, Sz, S%x), d(y, Sy, S%y), d(z, Sz, $%2),
d(x, Sz, z),d(y, Sz, y),d(z, Sy, z)} .

On the other hand, obviously (3.2) holds. Therefore all condition of Corollary 2.20

are satisfied and so S has a unique fixed point. O

(3.2)
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