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CURVELET TRANSFORM AS AN EXTENSION OF WAVELET
TRANSFORM AND ITS OPERATIONAL CALCULUS

SACHIN MANE®* BHARAT BHOSALE® AND SHUBHAM D. SHEDGE ¢

ABSTRACT. In image and signal processing, the wavelet transform is frequently
employed. However, it has the drawback of having weak directionality, which has
limited its use in many applications. A recent addition to the wavelet transform,
the curvelet transform attempts to address crossing phenomena that occur along
curved edges in 2-D images.

As an extension of the wavelet transform, we discuss various curvelet trans-
form features in this paper. There are numerous uses for the curvelet and wavelet
transforms in image and signal processing.

1. INTRODUCTION

A multi-scale geometric analysis tool for images is the wavelet transform. Its
uses in the field of image denoising are numerous, and the advantage of the wavelet
transform is that it can reflect one-dimensional continuous signal singularity while
preserving the singularity of the edge of two-dimensional images, such as a variety
of straight lines, curves, etc. In a higher-dimensional plane, it is difficult to use the
wavelet transform to express its features [10]. Wavelet analysis is useful for mod-
elling acoustic scattering and sonar [6]. The curvelet transform, a new multi-scale
representation suitable for objects that smooth away discontinuities across curves,
was introduced by Candes and Donoho (1999) [7]. Wavelet-based multi-resolution
approaches have close ties to optical data analysis, biological and computer vision,
image and signal processing, and scientific computing. Wavelet functions are used
as the object in multi-resolution analysis to specify the signal as a collection of its
successive approximations[1]. Wavelets use the multi-resolution technique, which

is deeply related to signal processing [2]. Ridgelets are specially adapted only to
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straight singularities [5]. The wavelet transform decomposes a signal into a repre-
sentation that shows signal details and tends as a function of time [9].

Many fields have confirmed the effectiveness of the multi-resolution geometric
analysis technique using curvelets as basis functions [8]. In order to address intrigu-
ing phenomena that appear along curved edges in 2D images, the wavelet transform
has recently undergone an extension known as the curvelet transform [4]. Therefore,
compared to all other multi-scale transforms employed in image and signal process-
ing, the curvelet transform is more appropriate. As an extension of the wavelet

transform, we will now analyze the characteristics of the curvelet transform.

2. MATHEMATICAL PRELIMINARIES

2.1. Wavelet Transform :
The classical wavelet transform, also known as the Continuous Wavelet Transform
(CWT), is a decomposition of a function f(x) with regard to a fundamental wavelet

(x), produced by convolution of a function with a scaled and translated version of

().

(2.1) Wop(a,0)[f] = a3 / F @)

Where <, > is the inner product. The functions f and ¢ satisfy the admissibility

condition and are square-integrable functions.

2
(2.2) Cy = / ‘w\(w])‘ dw < oo

Cy is called the admissibility constant. Complex conjugation is indicated by the
superscript *, with ‘a’ standing for the scale parameter (a > 0) and ‘b’ for the

translation parameter.

2.2. Curvelet Transform :
A discrete version of the continuous curvelet transform called the discrete curvelet

transform is defined as [3],
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(2.3) Cimalf / @)
= (f)%kz(ﬁ)dé
Where,
(2.9 F6) =5 [ f@e =
. o ’
ina(€) = e "< ’§>Uj(Rej,u€)
(2.5) _ e—ibi!l§2fjW(2—j,y)VW

Jsl

2.3. Curvelet as an Extension of Wavelet Transform :

From equation (2.4) and (2.5), equation (2.3) becomes,

1 —1ix 7 CE
Conal @) = 5= [ e U, (Ryy o) (@)
1 *wﬁ ST T
=55 |, € U R, ) [ (@), where s = 1]

eop(x) f(x)dx, where w=s—¢&.

mz"/

Using () = exp(inz?) = exp[im(Z b) | as a mother wave.

Conilf @] = = |l [ emmeaplin(® ) e

1 1 1 [ @—b)2
2. = | —|al2 ilwa+m(£22)%]
(2.6 - ol [ F(@)de
1
Clpalf (@)] = ﬁWw [f(z)](a,b).
Curvelet Transform = ﬁ(Wavelet Transform), where f and v are square integrable

functions, and 1 satisfies the admissibility condition.

2.4. The test function space S :
An infinitely differentiable complex valued function ¢ on R™ is said to belong to the

test function space S(R") if, v,,8(¢) = . |DP¢(z)| < oo, for all B € N§

The dual space S’ is the space of tempered distributions.
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2.5. Generalized Curvelet Transform :
The distributional curvelet transform of f(z) € S*(R") is defined by,

(2.7) Cir{f()} =Cjpi(w,a,b) =< f(z), K(xz,w,a,b) >

where, K (z,w,a,b) =

\F[ |a )]] here K (x,w,a,b) € S and f € S*.

2.6. Graph of Mother Wavelet & Its Fourier Transform :

I
| ji'|ﬁealvalued

L Imaginary values

““““ [ E | Real valued
n,| | Lt | Imaginary values

_jj’vHurHH

Figure 2. Fourier Transform of mother wavelet exp(imz?)

3. RESULTS

3.1. Linearity Property of Extended Curvelet Transform :
Cjrifaf (@) +bg(x)} = aCjp{f(2)} +bCjki{g(z)}.
Proof. : Consider,

Cinrlaf (@) +bo(a)} = |l [~ (2) + (o)}

1 1 1 [°
_ 5 ifwz+m(E=2)2)
@ ’a‘ |:27T|a| /;Ooe f( ) :|
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oo
b gt [ e

Vlal

= aCjp{f(2)} +0Cjri{g(x)}.

3.2. Extended Curvelet Transform of Translation :

; 4T 2ziTx
Crami{f(x — z0)} = otz =2l [f(x)e B } .

Proof.
1 1 1 [°
Cinallo -2} = = | lalt [
|a‘ 21 —
Put © — 29 =t then x =t + x9, dx = dt.

1 1 oo t+ag—b
Cj7k’lf(x—1‘o): |:27r|a|§/ ez[w(t+xo)+w(7£ )Q]f(t)dt}

¢ [wm‘f‘ﬂ(xT_bﬁ] flx— $0)d33‘:| .

o0

-5

) [1|a|§ /oo eiwteiwxoeiag[(t—b)2+2(t—b)xo+m(2)]f(t)dt:|

Vil 27

o0 i | wt+m t=by2 7'rz2 i
_ iwxoi |:21|(l|%/ e |: +m(557) :|el'a2oe;72r[2(tb)ro]f(t)dt:|
m

= 5

) 0o i t+ﬂ-(tb)2:| ) i
; i 20 1 1 1 v |:w a im2tzg im2bx(
= W0 a2 {WQ / ¢ e o8 e o f(t)dt}

Vlal

wod i ' t+7r(tb)2:| '
. jT2g —im2bag ] o1 [ z[w o e
— WL o T [|a|2 / e e o? f(t)dt:|

e

Q)

—00

3.3. Scaling Property of Extended Curvelet Transform :

1y, o o2 o
Cjpi{f(az)} = écj,k,l [f(w)e(aal)lw'fe’aﬂ(— - 1)t2—2(a1)t]} .
Proof. : Consider,
1 1 1 [0 . b2
Cina{f(ax)} = [a|2/ gilwa+m(2; )}f(ax)dx]
v \/m 2T .
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Putaa::tthenxzé, dx:%.

il (0a)} = — [1|a|2 [ ettt ”f(t)dt]

Vlal 12 «@
i 00Ty (L)2-2Lo40?
LT [ e[S )
a/|a| |27 NS
r 00 (17‘*7—1)152 21— 2= Lypqp2
— l 1 i|a’% ezwt(lfi)ﬁ’l [ a? ) ]f(t)dt
a/|a| |27 oo
L1 [ 11 % r(i=t)2 (2L )it
= — — a2 e « VIf(t)dt e\ a :
a/|a| |27 oo

T [(aa21>;i2<%f>;2]]

1 7 a®—1y\;2 gra—1
= 2 Oyl fla)e it im o2ty

3.4. Differentiation of Extended Curvelet Transform :
d —b 27mx

2 Cika{f (@)}] = 1w + 2mi(—5)] Crpalf (@)} + = 5= Cipalef(2)] + Cilf (@)}
Proof. : Consider,

o L L [0 ezt
GOt = | orlalt [~ 2 i
1 z—b xz—>b
—m[ a \2/ (e 2 ()
1 1 1 [ irwmr(E=b)21;. ) 271
= m[%]a|2/_w{e[ (55 )][zw+2m(§)+%]f(x)}dx
+ ijk,lf/(x)
-b T /
= liw + 27 Caaal @)} + 200 Ol f (@) + Copalf ()
O
Similarly,

3.5. Extended Curvelet Transform of Differentiation :
m'

Cipilf (2 )}—*[ Cina{f(x)}] = {[1w+2m(ab)] Cikif(x) + —5 Cigalef ()]}
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4. MODULATION OF CURVELET TRANSFORM AS AN EXTENSION
OF WAVELET TRANSFORM

4.1. Property 1 :

Cjralf(x) costa] = %[Cj,k,l{f (@)((w +1),a,b)} + Crea{f(2)((w — 1), a,b)}].

Proof.

Cjralf(z)costa] = a2 / ellwe (T £(0) cos ta:dx]

oo o itx —itx
ot [ et o S o]

a|é/ ei[w$+7r(l‘ab)2}f(x)eitl'd$:|

11 1 Rl - .
+§ |:27T|a’;/ ez[w:v+7r( ab)Q]f(x)emdx]

11 1 1 ooiwfmﬂsz
# g |aplelt [ ]

= SOl @) (w4 1),00)} + Syt () (w0 — 1),0.6)}
1

=5 [Ceal{f()(w+1),a,b)} + Cipa{f(x)((w —t),a,b)}].

4.2. Property 2 :

Cjralf(x) sintz] = %[Cj,k,l{f(x)((w +1),a,0)} = Cipa{f(2)((w — 1), a,b)}].

Proof.

Cj,k,l [f(x) sin tx] = |:1‘a|é / ei[wm—&-W(zT_b)ﬂf(x) sin tl‘dl‘]

’a 2 — o0

itx —itx

1 1 1 [ ifwz+m (=2 e —¢
B Lwé/ e[*<awvmnzwﬂ
T —00

L T /OO ifwam(E=t)?] itz ]
=35 -—lal2 e a ' 1f(x)e*dx
2 |:27T| | oo (z)
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o)
1 |:1 ’a|% / ei[wa:—i—w(I;b)Q}f(x)e—itxdm}
™ —oo

L1 [T, 1 [ iwntroen(e=b2

~ 3 ra\[zw'“'z/ ! +t)+(“)]f(x)d4
L1 [ 1 1 [ wterm(=by2

T2 mr[%’““/ o t)“a)]f(”“")dx]

= SO @+ 1),0,0)} = 5Ciaa{f @) ((w — 1), 0,0}

— O @) + 0,00} = ol @) (w0 — 1) b))

5. APPLICATIONS OF EXTENDED CURVELET TRANSFORM

Extended Curvelet transform and its properties are useful to solve partial and
ordinary differential equations like time independent Schrodinger equation for the
quantum harmonic oscillator, Korteweg-De Vries equation. The curvelet transform
is also widely used in many other fields, including fluid mechanics, seismic data
exploration, signal and image processing, and the solution of partial differential

equations encountered in non-linear physical phenomena.
6. CONCLUSION

A multi-scale directional transform known as the curvelet transform enables the
best non-adaptive sparse representation of objects with edge data, particularly in
higher-dimensional signals. This paper presents some properties of the curvelet

transform as an extension of the wavelet transform with applications.

REFERENCES

1. G. Beylkin: On the representation of operators in bases of compactly supported
wavelets. STAM Journal on Numerical Analysis 29 (1992), no. 6, 1716-1740. https://
doi.org/10.1137/0729097

2. B. Bhosale: Wavelet analysis of randomized solitary wave solutions. J. Math. Anal.
Appl. 1 (2014), no. 1, 20-26.

3. B. Bhosale: Curvelet Interaction with Artificial Neural Networks Artificial Neural Net-
work Modelling (2016), 109-125. https://doi.org/10.1007/978-3-319-28495-8_6



10.

CURVELET TRANSFORM AS AN EXTENSION OF WAVELET TRANSFORM 187

B. Bhosale, A. Jain & et.al.: Curvelet based multiresolution analysis of graph neural
networks. International Journal of Applied Physics and Mathematics 4 (2014), no. 5,
313-316. https://doi.org/10.7763/IJAPM.2014.V4.304

E.J. Candes & D.L. Donoho: Ridgelets: A key to higher-dimensional intermittency.
Philosophical Transactions of the Royal Society of London. Series A: Mathemati-
cal, Physical and Engineering Sciences 357 (1999), no. 1760, 2495-2509. https://
doi.org/10.1098/rsta.1999.0444

L. Debnath & Shah, F.A. : Wavelet transforms and their applications. Boston: Birkha
user (2002), 12-14. https://doi.org/10.1007/978-0-8176-8418-1

D.L. Donoho & M.R. Duncan: Digital curvelet transform: strategy, implementation,
and experiments. In Wavelet applications VII SPIE 4056 (2000), 12-30. https://
doi.org/10.1117/12.381679

J. Ma & G. Plonka: A review of curvelets and recent applications. IEEE Signal Pro-
cessing Magazine 27 (2000), no. 2, 118-133.

S.D. Shedge & B.N. Bhosale: Operational Calculus On Wavelet Transform As An
Extension Of Fractional Fourier Transform. Journal of the Oriental Institute M.S. Uni-
versity of Baroda 71 (2022), 56-59.

J.S. Walker & Y. Chen: Image denoising using tree-based wavelet subband correla-
tions and shrinkage. Optical Engineering 39 (2000), no. 11, 2900-2908. https://doi.
org/10.1117/1.1315571

“RESEARCH SCHOLAR: DEPARTMENT OF MATHEMATICS,SHIVAJI UNIVERSITY KOLHAPUR, MAHA-
RASHTRA, INDIA.
Email address: sachinm3116@gmail.com

PPRINCIPAL, PROF.: SAMBHAJIRAO KADAM COLLEGE, DEUR, SATARA, MAHARASHTRA, INDIA
Email address: bnbhosale15@gmail.com

“PROFESSOR: DEPARTMENT OF MATHEMATICS, RAJARSHI CHHATRAPATI SHAHU COLLEGE, KOL-
HAPUR, MAHARASHTRA, INDIA
Email address: shedge.shubham@rcsc.ac.in



