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GENERALIZED (a,3,7) ORDER AND GENERALIZED (o, 3,7)
TYPE ORIENTED SOME GROWTH PROPERTIES OF
COMPOSITE ENTIRE AND MEROMORPHIC FUNCTIONS

TANMAY BIsSwASs? AND CHINMAY BISWAS P *

ABSTRACT. In this paper we discuss on the growth properties of composite entire
and meromorphic functions on the basis of generalized («, 3, ) order and generalized
(a, B,7) type comparing to their corresponding left and right factors.

1. INTRODUCTION

We denote by C the set of all finite complex numbers. Let g = E anz" be an

entire function defined on C. We hope that the reader is familiar WT;th the funda-
mental results and the standard notations of the Nevanlinna theory of meromorphic
functions which are available in [3, 9]. We also use the standard notations and def-
initions of the theory of entire functions which are available in [8, 9] and therefore
we do not explain those in details. For meromorphic function f, the Nevanlinna’s

characteristic function T (r) is defined as

Ty(r) = Ng(r) +mg(r),

where my(r) and Ny¢(r) are respectively called as the proximity function of f and
the counting function of poles of f in |z| < r. For details about T¢(r), my(r) and
N¢(r) one may see [3, p.4]. For an entire function g, the Nevanlinna’s Characteristic

function Ty (r) of ¢ is defined as

Ty(r) = my(r).
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Now let L be a class of continuous non-negative functions « defined on (—oo, +00)
such that a(x) = a(xg) > 0 for z < zg with a(x) T 400 as * — +oo. Further we
say that o € Ly, if o € L with a(a+b) < a(a) + a(b) + ¢ for all a,b > Ry and fixed
¢ € (0,+00). We say that aw € Lo, if @« € L and a(z + O(1)) = (1 + o(1))c(z) as
x — +o0. Finally, a € L3, if @ € L and a(a +b) < afa) + a(b) for all a,b > Ry,
i.e., a is subadditive. Clearly Ls C Li. Particularly, when a € L3, then one can
easily verify that a(mr) < ma(r), m > 2 is an integer. Up to a normalization,
subadditivity is implied by concavity. Indeed, if a(r) is concave on [0,400) and
satisfies «(0) > 0, then for ¢ € [0, 1],

altr) = altx+(1-1t)-0)
> ta(z) + (1 —t)a(0) > ta(x),
so that by choosing t = %5 or ¢t = aLerv
b
ala+b) = aiba(a+b)+a+ba(a+b)

< a(ai“a+®>+a(ai“a+w>
— a(a)+a(b), a,b>0.

As a non-decreasing, subadditive and unbounded function, a(r) satisfies
a(r) < a(r+ Ry) < a(r) + a(Rp)

for any Ry > 0. This yields that a(r) ~ a(r + Rp) as r — +oo. Throughout the
present paper we take o, aq, a0, 3 € L1, B € Lo, v € L3.

Recently Heittokangas et al. [4] have introduced a new concept of ¢-order of
entire and meromorphic function considering ¢ as subadditive function. For details
one may see [4]. Later on Belaidi et al. [1] have extended the concept and have
introduced the definitions of generalized (o, 3,7) order and generalized (a, f3,7)

lower order of a meromorphic function f, which are as follows:

Definition 1.1 ([1]). The generalized (o, 3,7) order denoted by p(a -)[f] and
generalized (a, 3,7) lower order denoted by A(,,3,4)[f] of a meromorphic function f

are defined as:

L a(log(Ty(r))) e ealog(Ty(r))
Pl = I G og(r ) 4 Al = MRS (g 3(0)))
Remark 1.2. Let a(r) = logP'r, (p > 0), 8(r) = logldr, (¢ > 0) and v(r) = r,

[0]

where log®l 2 = log(log* 1 2) (k > 1), with convention that logl® z = 2. If p = 0
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and ¢ = 0, i.e., a(r) = S(r) = r, the Definition 1.1 coincides with the usual order
and lower order, when a(r) = log?~Ur, (p > 1), (r) = r, we obtain the iterated
p-order and iterated lower p-order (see [7]), moreover when a(r) = log?"r and
B(r) = log[q_l] r, (p > ¢ > 1), we get the (p,q)-order and lower (p,q)-order (see
[5, 6])-

Belaidi et al. [2] have recently introduced the definition of another growth indi-
cator, called generalized (a, ,7) type of a meromorphic function f in the following

way:

Definition 1.3 ([2]). The generalized (a, 3,7) type denoted by 0, 3 [f] of a mero-
morphic function f having finite positive generalized («a, 8,7) order
(0 < pra,py)[f] < +00) is defined as :

s — iS008 (T 0)
(a,8,7) [f] r~>+oop (exp (,3 (log('y(r)))))p(aﬁ,w)[ﬂ

In this line, further one may introduce the definition of generalized (a, 3,7) lower
type of a meromorphic function f which is as follows:

The generalized («, 8,7) lower type denoted by 7, 3,)[f] of a meromorphic func-
tion f having finite positive generalized («, 3,7) order
(0 < pra,pyf] < +00) are defined as :

T(a i inf SP@Uos (T (1))
(.B7) [f] r=+o0 (exp (B (log(’y(r)))))p(a,ﬁ,w)[ﬂ

It is obvious that 0 < &4 g.+)[f] < (a8 [f] < +o00.

Analogously, to determine the relative growth of two meromorphic functions hav-
ing same non-zero finite generalized (a, ,7) lower type, one may write the defini-
tions of generalized (a, f3,7) weak type and generalized («, 3,7) upper weak type
of a meromorphic function f of finite positive generalized (o, 3,7) lower order as

follows:

Definition 1.4. The generalized («, 3,7) weak type denoted by 74, g.)[f] and gen-
eralized (a, 3,7) upper weak type denoted by 7, g)[f] of a meromorphic function
f having finite positive generalized (a, 3,7) lower order (0 < A4 g,4)[f] < +00) are
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defined as :
U~ i sup_ep(a008 (T (1)
sl = foxp (8 togr () e )

o exp(a(log (Ty (r))))
and 7o g [f] = gglj{.lof(exp( 3 (log(+ ()))))’Vaﬂw)[ﬂ‘

It is obvious that 0 < 7(4 5.1\ [f] < T(a,8,4)[f] < +00.

In this paper we study some growth properties of composite entire and meromor-

phic functions on the basis of generalized («, 3,7) order, generalized (a, 3,7) type
and generalized (a, (3, ) weak type as compared to the growth of their corresponding

left and right factors.
2. MAIN RESULTS

In this section, the main results of the paper are presented.

Theorem 2.1. Let f be a meromorphic function and g be an entire function such

that 0 < Xay,8)f(9)] < Plar,8)[f(9)] < +o0 and 0 < Xy 5)[f] < Plas,pm)[f] <
+00. Then

Mol F(@) _ e (08(Ty (1)
Plazslf] T~ rotoo s (log(T(r)))
min (a1,8,7) [f(g)] al,ﬁ'y f(g
: { A(ag,ﬁ'y [f] ’ Plas, B,W) f] }
max (a1,8,7) [f(g)] oal,ﬁ'y (g
< max{ Nengl] ' Plaso U] }
< limsup ™t (108(Ty(¢) (1) _ Plawsnlf(9)]
r—+oo Q2 (IOg(Tf( r)) )‘(azﬁ 7)[f] '

Proof. From the definitions of A, 54)[f(9)], L1, [f(9)]; Maa.s )]s Plaz.s)S]
and we have for arbitrary positive ¢ and for all sufficiently large values of r such

that

(2.1) ai (log(Ty(g) (1) 2 (Narsm [ f(9)] =€) Bog(v(r))),
(2.2) a1 (log(Ty(g) (1) < (Play,p[f(9)] + €) Blog(v(r))),
(2.3) as (log(T¢(r) = (Nas.sm)Lf] =€) Blog(7(r)))

(2.4) and o (log(T¢(r))) < (P(as,6,m1f] +€) Blog(y(r)))-
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Again for a sequence of values of r tending to infinity,

(25) a1 (log Tf(g ) ()‘((11 ByY) + 5) ﬁ(log(y(r))),
(2.6) a1 (Iog(Ty) (1)) = (P(an,pn 1 (9)] — ) Blog((r))),
(2.7) az (log(T#(r) < (Nas,pmLf] + ) Blog(y(r)))

(2.8) and az (log(T¢(r))) > (P(as,8.)f] — &) Blog(+(r)).
Now from (2.1) and (2.4) it follows for all sufficiently large values of r that

o1 (log(Ty(5) () _ A s [f(9)] — &
az (log(Ty(r))) = plassylfl +¢
As e (> 0) is arbitrary, we obtain that
(2.9) T (log(Ty(g)(r))) S Aar s (9)]
r=too o (log(Ty(r))) Plas.s) ]
which is the first part of the theorem.

9

Combining (2.5) and (2.3), we have for a sequence of values of r tending to
infinity that
o (08T ) _ NewsnlI0) ¢
ag (log(T¢ (1)) — Aagpmlf] =
Since ¢ (> 0) is arbitrary it follows that
(2.10) T (log(Ty(g)(r))) < Mar sl (9]
r—+oo ag (log(Ty(r))) Aaz,8m) L]

Again from (2.1) and (2.7), for a sequence of values of r tending to infinity, we

get
o1 (log(Ty(5) () _ A sy f(9)] =
ag (log(T¢ (1)) — Maysmlfl+e¢
As e (> 0) is arbitrary, we get from above that

s o1 (log(Tf(g)( ))) A(Oﬂ,ﬂ,v)[f(g)}
(2.11) 1H+Oop w2 (log (T (1)) > ool

Now, it follows from (2.3) and (2.2), for all sufficiently large values of r that

a1 (10g(Ty() (1)) _ Plensnlf(9)] +€
ag (log(Ty(r))) = AMazsmlfl—¢
Since ¢ (> 0) is arbitrary, we obtain that

o, 21108 Tr) (1) Pras s [ (9)
212 1r%+o§ az (log(T¢(r))) = Moo gl
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Which is the last part of the theorem.
Now from (2.2) and (2.8), it follows for a sequence of values of r tending to
infinity that

a1 (log(Tf(g) (T))) < Pa1,8,7) [f(g)]
ag (log(T¢(r)) = Plazsmlf] =
As e (> 0) is arbitrary, we obtain that
(2.13) i @1 198(Tr9) ()  Pleafr) MOl
r=+oo g (log(Ty(r))) Plaz,p.) ]
So combining (2.4) and (2.6), we get for a sequence of values of r tending to
infinity that

ay (log(Tf(g)(T))) S Pla1,B.7) [f(g)]
az (log(Tr(r) = Plaspylfl +e

Since € (> 0) is arbitrary, it follows that
(2.14) o sy 2L 108(Tr(0) (1) S, Plasf) F )]
r—+oo0 Q2 (log(Tf( 7))) Paz,B,7) [f]
So, the second part of the theorem follows from (2.10) and (2.13) ,the third part is
trivial and fourth part follows from (2.11) and (2.14).

Thus the theorem follows from (2.9), (2.10), (2.11), (2.12), (2.13) and (2.14). O

Remark 2.2. If we take “ 0 < Aay,89)09] < Pras,8,4)[9] < +00” instead of “ 0 <
Nas,8:9) [ f] < Plas,84)[f] < +00” and other conditions remain same, the conclusion
of Theorem 2.1 remains true with “A(q, 8.)[9]”5 “P(as,8,7)19]" and “as (log(Ty(r)))”
in place of “A(a, 84)[f]75 “Plas,8,)[f]” and “az (log(T¢(r)))” respectively in the de-

nominator.

Theorem 2.3. Let f be a meromorphic function and g be a non-constant entire
function such that 0 < X g)[f] < plaplf] < 400 and Napg)[f(9)] = +oo.

Then
a(log(Tygp(r))
im =
oo a(log(Ty(r)))
Proof. If possible, let the conclusion of the theorem does not hold. Then we can

find a constant A > 0 such that for a sequence of values of r tending to infinity

(2.15) a(log(Ty(g)(r))) < A - aflog(Ty(r)))-
Again from the definition of p(, g, [f], it follows for all sufficiently large values of r
that

(2.16) a(log(Ty(r))) < (p(a,8.mf] + €)Bog(y(r))).
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From (2.15) and (2.16), for a sequence of values of r tending to +o00, we have

a(log(T(g) (1)) < A(p(a,p,f] + €)B(log(v(r)))

. allog(Ty (1))
" lloglh ()

< A(pa,plf] +e)

This is a contradiction.
Thus the theorem follows. O

Remark 2.4. If we take “ 0 < Aq84)[9] < P(a,8,y)[9] < +00” instead of “ 0 <
Magy) [f] < p(a,8.)[f] < 400" and other conditions remain same, the conclusion of
Theorem 2.3 remains true with “a(log(7y(r)))” in replace of “a (log(7Tt(r)))” in the

denominator.

Remark 2.5. Theorem 2.3 and Remark 2.4 are also valid with “limit superior”
instead of “limit” if “A(, g.)[f(g)] = +00” is replaced by “p(q g4)[f(9)] = +00” and
the other conditions remain the same.

Theorem 2.6. Let f be a meromorphic function and g be an entire function such

that 0 < E(og,,@,’y) [f(g)] < O(a1,B,7) [f(g)] < 00, 0< E(ag,ﬂ,v) [f] < O (a2,8,7) [f] < 400
and Pla1,B8,7) [f(g)] = P(az,8,7) [f] Then

T (a1,8)f(9)] < lim .nfexp(al(lOg (Ty(g)(1))))
Olanpmf]  — =+ exp(aa(log (T (r))))

Smin{g(alﬁ’}’[ (9] (1,87 ficg] }
(9)]

Tarp)lfl 7 Olanpml

max 4 (1) (9] o splf
= { F(an 8] 7 F(az,pmf] }
< limsup 2108 Tr) (D)) _ 7(ar57 1/ (9)]
r—+oo  exp(az(log (Tr(r)))) = Tlaspylf]

Proof. From the definitions of 04, g ) (11, T (a2,8,7) [f], T(a1,8,7) [f(g)]and 5(a1,,8,7)[f(9)]7
we have for arbitrary positive (> 0) and for all sufficiently large values of r that

(2.17)
exp(ai(10g (Ty(g)(r)))) < (0, ) [F(9)] + ) (exp(Bog(1(r)))))er2 VL,
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(2.18)
expl(a1 (108 (Ty(g) (1)) > (T, 3£ (9)] — €) (exp(Blloa(y(r))))Pers @),

(219)  exp(az(log (T#(r)))) < (0(as,5,)f] +¢€) (exp(B(log(~(r))))) et IF]

(2.20) exp(ag(log (Tf(T‘)))) > (E(ag,ﬁ,v) [f] — 6) (exp(ﬁ(]og('y(r)))))p(az,ﬁ,w[f]'

Again for a sequence of values of r tending to infinity, we get that

(2:21) exp(on(log (Ty()()))) > (9(ay,5.7) [ (9)]—) (exp(Blog(v(r))))) e s V),

(2.22)
exp(n(log (Ty(g)(r)))) < (F(ar,5) [F(9)] +€) (exp(B(log((r))) er sl O,

(223)  explaz(log (T1(r))) < (F(ap,mf] + ) (exp(Bllog(y(r))))) 2o,

(224)  exp(oz(10g (T7(1)) > (0(ag,s9[f] — €) (exp(Bllog((r))))) s,

Now from (2.18), (2.19) and the condition p(a, g~)[f(9)] = P(as,3,1)[f]; it follows

for all sufficiently large values of r that
exp(a (log (Tf(g) (T)))) S U(al B,Y) [f(g)} -
exp(az(log (T¢(r))) ~  O(assmlfl +¢
As € (> 0) is arbitrary, we obtain from above that
log (T (a
. i P09 (T (1)) Ty o 9)]
r=toeexp(az(log (T¢(r)))) T (az,8.7) ]
Combining (2.22) and (2.20) and the condition p(a, g.+)[f(9)] = P(as,8)[f], We
get for a sequence of values of r tending to infinity that
exp(a (log (Tf(g) (T)))) < U(al B,7) [f(g)}
exp(az(log (Ty(r))))  —  T(aspmlf] =
Since € (> 0) is arbitrary, it follows from above that
log (T
- i P08 (T () _ Tl 0)]
r=toc exp(az(log (T¢(r)))) (2,8, f]
Now from (2.18), (2.23) and the condition p(a, g.+)[f(9)] = P(as,8,7)[f], we obtain

for a sequence of values of r tending to infinity that

exp(ai1(10g (Ty(g) (1)) _ Tianpnlf (9)] -
exp(az(log (T¢(r)))) — Tlasslfl+e
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As £ (> 0) is arbitrary, we get from above that

s exp(a1(log (T (1)) _ Tlar,ppf(9)]
(2:27) S p(an(log (T5(1)) ~ Tlapplf]

In view of the condition p(4, 3,)[f(9)] = P(as,8,)[f]; it follows from (2.20) and

(2.17) for all sufficiently large values of r that

exp(a1(log (T (r)))) - al,ﬁw[f(g)]
exp(az(log (T¢(r)))) = T(ansmlf] —

Since ¢ (> 0) is arbitrary, we obtain that
log (T T(a
. ey 2201098 (T (1)) _ Sl (6]
r—+oo  exp(az(log (Ty(r)))) T (a8 ]
Now from (2.17), (2.24) and the condition p(,, g+ [f(9)] = P(as,8~)[f]; it follows

for a sequence of values of r tending to infinity that

eXp(al(log (Tf(g) (T)))) < O(a1,B,7) [f(g)]
exp(az(log (T4(r)))) = 0(assmlf] —

As e (> 0) is arbitrary, we obtain that

- exp(a1(log (T (7)) o(ar 8 f(9)]
(2.29) o e (anllog (T (1)~ oteasmlf]

So combining (2.19) and (2.21) and in view of the condition p,, g)[f(9)] =

Plas,B,y) L], We get for a sequence of values of r tending to infinity that
exp(an (108 (Ty)(r)))) _ ar s [F(9)] ~ <
exp(az(log (Tf(r))) ~  Oagpylfl+e
Since ¢ (> 0) is arbitrary, it follows that
log (T .

(2.30) _— peXp(m(Og( 1(9)(1))) S sl (9)]

r—+oo  exp(az(log (Ty(r)))) (a2 8,7)f]
Thus the theorem follows from (2.25), (2.26), (2.27), (2.28),(2.29) and (2.30). O

Remark 2.7. If we take “0 < 04, 8,4 [g] < T (as,8,) [g] < +o0”and “Plar,B8:7) [f(9)] =

Plas,m9]” instead of © 0 < Tay,54)[f] < O(a,8m[f] < +00" and “p(ay 5. [f(9)]
= P(a2,8,7) [f]” and other conditions remain same, the results of Theorem 2.6 re-

b

main true with “o(a, 391", “O(as,8-)[9]" and “exp(as(log(Ty(r))))” instead of
“Olag, 8175 “Tlag,py [f]7 and “exp(az(log (Ty(r))))

nator.

” respectively in the denomi-
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Remark 2.8. If we take “0 < 7(4, 5.) [f] < T (an,8,7) [f] < 400" and “Plar,B8:7) [f(9)] =
Aaz,8m) [f]7 instead of “0 < T(ay 8,9)[f] < 0(az,8)[f] < +007 and “p(a, g [f(9)] =

Plaz,B) [f]” and other conditions remain same, the results of Theorem 2.6 remain

true with “7(,, 3.)[f]” and “7(q, 5.)[f]” in place of “o(q, g)[f]” and “G(a, 5.)[f]¢
respectively in the denominator.

2

Remark 2.9. If we take “0 < T(q,,81)[9] < T(as,8)[9] < +00" and “pa, s4)[f(9)] =
Mag s 19]” instead of “ 0 < Ta, ) [f] < Oas,p)[f] < +00" and “p(a, .+)[f(9)
= Plas,8,y)[f]” and other conditions remain same, the results of Theorem 2.6 re-
main true with “r4, 3.)[9]", “T(as,8,7)09]" and “exp(as(log (Ty(r))))” in place of

T (az,8:7) (117, “O(as,8,7) [f]” and “exp(az(log (T¢(r))))” respectively in the denomi-
nator.

Now in the line of Theorem 2.6 , one can easily prove the following theorem using
the notions of generalized (o, 3,7) weak type and generalized («, /3,7) upper weak
type and so the proof is omitted.

Theorem 2.10. Let f be a meromorphic function and g be an entire function such

that 0 < T(a1,8,7) [f(g)] < ?(al,ﬁ,v) [f(.g)] < +00, 0< T(az2,8,7) [f] < ?(az,ﬁﬁ) [.ﬂ < 400
and )‘(al,ﬁ,’y) [f(g)] = )‘(QQﬁ,'Y) [f] Then

T g9 _ . . cexplon(log (Tyg)(r))))
Tangm ] rotee exp(az(log (T (r))))

< mi a1,,37[ (g)] (a1,8,7) f g }
_mln{ T(azyﬁﬂ)[f] ’ T(az,ﬁ'y ]

o] Tl @)] Tt
= { T(oczﬁﬁ)[f] ’ oczﬁw)
- ey 201008 (T o  Tewsonlf (o)
r—-+oo eXp(QQ(IOg(Tf( )))) T(az2,87) [f] .

Remark 2.11. If we take “0 < 7(4, 3+) g <7 T (a3,8,7) [9] < +00” and ° “Nai,87) [f(9)]

= Nag,8,)9]" instead of “ 0 < 714, 8 [f] < Tan,p[f] < +00” and “Nq, g.+)[f(9)]
= Mas,8,y)[f]” and other conditions remain same, the results of Theorem 2.10 re-

main true with “r4, 391", “T(as,8,7)09]" and “exp(as(log (Ty(r))))” in place of
“T(as,8,7) 1117, “T(az,8:7) [f]” and “exp(agz(log (Tf(r))))” respectively in the denomi-
nator.

Remark 2.12. If we take “0 < T4, 8,4)[f] < 0(ay,8,4)[f] < +00” and “A(o, 5)[f(9)]
= Plas,B,y)[f]7 nstead of “ 0 < T(q, 84)[f] < Tag,8,4)[f] < +00” and “Aq, 54)[f(9)]
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= Aas,8,7) f]” and other conditions remain same, the results of Theorem 2.10 remain

true with “G(a, 5.+)[f]” and “o(q, ) [f]” in place of “7(q, g\ [f]” and “T(q, 5.)[f]
respectively in the denominator.

”

Remark 2.13. If we take “0 < 7 (4, 5.1)[9] < 0(ay,84)[9] < +00” and “N(o, g [f(9)]

= P(as,B,7) [9]” instead of “ 0 < T(az,8,7) [f] < T (an,8,7) [f] < +00” and “ANar,B.7) [f(g)]
= Aao,8,y[f]” and other conditions remain same, the results of Theorem 2.10 re-

main true with “G(a, 391", “O(as,87)09]" and “exp(az(log (Ty(r))))” in place of
“T(as,8.7) 117, “T(an,8,7) [f]” and “exp(aa(log (Tf(r))))” respectively in the denomi-

nator.
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