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ON THE CONVERGENCE OF ISHIKAWA ITERATION WITH
ERRORS FOR REAL CONTINUOUS FUNCTIONS

KITTITHAT BOONPOT AND SATIT SAEJUNG

ABSTRACT. We point out an error appeared in the paper of Yuan et al. [3]
and present a correction of their result under a more general assumption.
Moreover, we discuss the validity of the conditions imposed on the se-
quences of error terms.

1. Introduction

Iterative sequences are one of powerful tools in solving nonlinear equations.
Mann and Ishikawa iterations are two interesting iterative sequences which
have been studied and investigated by many authors. In this paper, we focus
on the problem of finding a fixed point of a continuous function defined on the
real line. More precisely, in this paper, we assume that R is the set of all real
numbers and f : R — R is a continuous function with the (probably empty)
fixed-point set Fix(f) := {p € R : p = f(p)}. Suppose that {a,}>2; and
{Bn}22, are two sequences in [0,1]. The following two iterative sequences are
known as Mann iteration and Ishikawa iteration.

Mann iteration: z; € R is arbitrarily chosen and
Tpy1 = (1 — an)xn + anf(z,), where n > 1.
Ishikawa iteration: x; € R is arbitrarily chosen and

Tnt1 = (1 —ap)zy + anf(yn), wheren > 1.

It is clear that Mann iteration can be deduced from Ishikawa iteration by letting
Brn =0 for all n > 1. Borwein and Borwein [1] proved that if f : [a,b] — [a, D]
is continuous, then every iterative sequence generated by Mann iteration with
lim,, o o, = 0 and Zf;l an, = oo converges to a fixed point of f. Yuan
and Liu [4] extended the result to Ishikawa iteration for a continuous function
f: E — E, where E is a closed (not necessarily bounded) interval.
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Theorem QQ. Suppose that E is a closed (not necessarily bounded) interval
and f : E — E is continuous. Suppose that {an 52, and {152, are two
sequences in [0,1] such that lim, o o, = limy oo B, = 0 and > 0 ot =
o0o. Then every iterative sequence {x,}52, generated by Ishikawa iteration
converges to a fized point of [ if and only if {x,}°2, is bounded.

Yuan et al. [3] extended Theorem QQ, where the error in the computation
of the iterative sequence is allowed.

Theorem YCQ. Suppose that f : R — R is continuous. Suppose that {a, 1524
and {Bn 152 are two sequences in (0, 1] such that lim, o oy, = limy, 00 B =0
and Y07 an, = 00. Suppose that {u, }72, and {v,}72, are two real sequences
satisfying the following two conditions:

(C1) ZZO:I |un| < 0o and ZZ; || < o0

(C2) limy,— oo |un|/an = limy, o0 |vn|/Brn = 0.
Suppose that {x,}22 is generated by Ishikawa iteration with errors:

Ishikawa iteration with errors: x; € R is arbitrarily chosen and

Yn ‘= (1 - ﬁn)xn + ﬂnf(xn) + Un,
Tpt1 = (1 — an)xn + anf(yn) + un, wheren > 1.

Then {x,}52, converges to a fized point of f if and only if it is bounded.

Remark 1.1. It is worth noting that Theorem YCQ deals with only continuous
functions f : R — R. However, it can be applied for all continuous functions
g: E — E, where F is a closed interval, such that the iterative sequences are
defined in E as well. In fact, if ¢ : E — F is continuous, then there exists a
continuous extension g : R — R such that g|p = ¢ and Fix(g) = Fix(g). A
constructive extension is given in Remark 2.3 of [3].

Unfortunately, there is a mistake in the proof of Theorem YCQ above con-
cerning the induction step (line 15 on page 233). In fact, the expression
|Zm+1 — Tar| = |wm| + |vm| is not true. In this paper, we present a correc-
tion of Theorem YCQ with a more general assumption. Moreover, we also
discuss the validity of the conditions imposed on the sequence of error terms.

2. Main results
The following result improves and strengthens Theorem YCQ.

Theorem 2.1. Suppose that f : R — R is continuous. Suppose that {a, }2 4
and {8,152, are two sequences in [0, 1] such that lim,, o o, = limy, o0 B, =0
and Y7 | o, = 00. Suppose that {u,}52, and {v,}52, are two real sequences
satisfying the two following conditions:

(C1*) S°°%  (upn + anvy) is convergent,

n=1

(C2*) limy,— o0 v, = 0.
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Suppose that {x,}2, is generated by Ishikawa iteration with errors. Then
{zn}52, converges to a fized point of f if and only if it is bounded.

Proof. We assume that {x,,}22 ; is bounded and hence {f(x,)}5, is bounded.
Since

Yn = Tp + ﬁn(f(xn) - l‘n) + Un
and {v,}22, is bounded, it follows that {y,}52; is bounded and hence
{f(yn)}52; is bounded. In particular, it follows from lim, o B = limy, 00 Up
= 0 that lim,, oo (Y, — ) = 0. Note that lim, o tt, = limy, o0 (uy +anv,) =
0. Similarly, it follows from lim,, o @, = lim,, o u, = 0 that

Jim (@0 —2n) = lim (o (f(4n) = 2n) +un) =0.

We now divide the proof into two steps.

Step 1: {z,} is a convergent sequence. Suppose that the assertion is not
true, that is, a := liminf,, ,o , < limsup,_,. =, =: 8. We prove that if
v € (o, B), then v = f(v). To see this, let & < v < B. Without loss of
generality, we assume that f(y) > v. By the continuity of f at ~, there exists
d > 0 such that f(xz) —x > 0 for all z € R with | — | < d. For convenience,
we write

oo
'/r\n =, + Z(uk + O[k’Uk).

k=n

Note that liminf,, o Z,, = « and limsup,, ., T, = 5. Moreover,

im (Zp41 — Tn) = lm (zhy1 — 2 — (Un + @pvy)) = 0.
n—oo n—o0

Since limy,— 00 (Yn, — @) = lim, o0 (4, + apvy) = 0, there exists an integer N
such that

oo

Z(Uk + akvg)

k=n

- o . N )
TN >, |yn—xn|<1, |xn+1—xn|<§, <Zforalln2N.

We consider the following two cases.
Case 1. vy <ZIy <7+ g. This implies that

oo
~ 6 0
|:L’N7’y| < |J?N*’Y|Jr kiEN(uk+Okuk) <§+1 < 4.

It follows that f(zy) — zy > 0. Since |[yny — zn| < 3, we have
J 3

|yN_'Y|S‘yN_xN|+|xN_'Y|<Z+Z—5~

This implies that f(yn) —yn > 0 and hence
TNy =aN +an (f(yn) —oNn) +un
=zn +an(f(yn) —y~n) +an (ynv —2n) +un
=an +an(f(yn) —y~n) +an (By (f(rN) —2N)) +uny + anvy
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> TN +Uun + aNUN.

In particular, Tyi1 > Zn > 7.
Case 2. Ty > v+ g. In this case, we have

5N+1ZfN*|5N+1*3N|>’Y+§*§:7-

It follows from the two cases above that Zy 1 > 7. We can prove by induction
that z,, > ~ for all n > N and hence o = liminf, ,,, Z,, > ~ which is a
contradiction. This implies that v = f(7).

Let 7 := $(8 — a) > 0. Since the series >, (u, + anvy) converges and
limy, o0 (Y — @) = 0, there exists an integer M such that

Z(un—i—anvn) <Z, and |y, — zm| <n forallm > M.

Since limy, o0 (T541—2n) = 0, there exists K > M such that |z — 3 (a+3)| <
2. We prove by induction that

1(a+6)+n) for all m > K.

1
xm+1zxm+um+amvm€ 5(04“1”[3)77772

The starting point of the induction is true because zx € («, ) and hence
flzr) = xk. Since |yx — xx| <1, we have

$K*%(0¢+5)

n 37
< - =—,
<+

1
‘yK(a+5)‘§|nyK+ 5

2
In particular, yx € (a, 8) and hence f(yx) = yx. This implies that
yk = (1 = Br)zrx + Br f(2k) + vk = 2K + VK
and hence
i1 = (1 —ax)rkx +ax f(yx) + ux = Tx +uK + axvk.

Moreover, we have

1
TR+1 —2(044'/8)’
1
< xx—i(a+ﬁ) + |luk + axvil
1 (o) o0
= J;K—i(a—i—ﬁ) + Z(un+anvn)— Z (Uun + anvy)
n=K n=K+1
1 oo oo
S xK_i(a""B) + Z(un+anvn) + Z (un+anvn)
n=K n=K+1
n no,n _
< 2 + 1 + 1 =1.
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This implies that zx41 € (5(a+B) —n, 3(a+ B8) +n) and the proof of the
initial step of the induction is done.

Assume that there exists m > K and the induction hypothesis is true for all
integers j such that K < j < m. We show that

1 1
Tm+42 = Tm+41 + Um41 + Om41Um41 € <2(a +6) —n, 5(04 +3) + 77) .

Note that ., 11 = Ty + U + QAU € (%(a +B) —n, %(a +0)+ 17) and hence
f(@my1) = Tma1- Since |[Ym41 — Tmi1| < 1, we have yp,41 € (o, §) and hence
f(Ym+1) = Ym+1. This implies Y41 = Tmi1 + Um+1 and hence
LTm+2 = (1 - Oé'rnJrl)merl + aerlf(merl) + Um+1
= Tm+1 + Um41 + ¥m+1Um+1-
In particular, we have

m+1

Tmt2 = Tk + Z (Up, + Qpvy).
n=K

Moreover, we have

1
Tmy2 — 2(04+5)'
1 m—+1
< ok — 5la+B)| + (U, + anvn)
n=K
1 e~ c-
= xK—§(OZ+5) + Z(un+anvn)_ Z (un + anvn)
n=K n=m+2
1 > -
< ok = gt B)| + | 3 (un +anvn) [ +{ D (un + anva)
n=K n=m-+2
n.,.n., n_
< 5 +4+4 =1

This implies that z,42 € ((a+ 8) —n, 3(a+ B) +1). We now complete the
proof of the induction. In particular,

+Z:1(a+ﬁ)+3—n<ﬁ

> 1
limsupx, = rx + Z (Un + apvy,) < 5(04"‘5) + 9 4

n—oo
n=K

N3
3

which is a contradiction.

Step 2: lim, ooz, = p for some p € Fix(f). We assume from Step
1 that lim, . @, = p for some p € R. We prove that f(p) = p. With-
out loss of generality, we suppose that f(p) > p. Note that lim, oo yn = p
because lim,_yoo(n — ¥n) = 0. This implies that lim, o (f(x,) — z,) =
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limy, 00 (f(Yn) — Yn) = f(p) — p. Then, there exists N such that f(x,) —z, >
+(f(p) —p) > 0 and f(yn) — yn > 5(f(p) — p) for all n > N. Note that

Tn+l — Tp = Qp (f(yn) - yn) + anﬁn(f(wn) - mn) + Up + Qp Uy,

In particular,
o0 o0 o0

Z (zn-‘rl*xn) = Z (an (f(yn) - yn)JFOénﬂn(f(zn)*mn)) + Z (Un+anvn)-

n=N n=N n=N

Since the series Y 7\ (@n41 — x,) and Yoo v (un + a,vy) are convergent, we

have
o0

Z (an (f(yn) — yn) + anBn(f(zn) — mn)) is convergent.

n=N

Since f(x,)—z, > %(f(p)fp) > 0and f(yn) —yn > %(f(p)fp) foralln > N,

we have
oo

1

§(f(p) —p) Z]:V(ozn + a,f8,) is convergent.
This is impossible because Y \ a, = co. The proof is finished. O

Remark 2.2. Tt is clear that (C1) = (C1*); and (C2) = (C2*). Moreover,
our result is a strict generalization of Theorem YCQ. In fact, the following
choices a,, = B, := 1/y/n and u,, = v, := (—1)"/n for all n > 1 are applicable
in our result but not in Theorem YCQ.

Consequently, we obtain Mann type iteration with errors which is deduced
from Theorem 2.1 by letting 5, = v, :=0 for all n > 1.

Corollary 2.3. Suppose that f: R — R is continuous. Suppose that {a,}22 4
is a sequence in [0, 1] such that lim,,_ o o, = 0 and fo:l an, = 00 and suppose
that {u,}52, is a real sequence such that y ., u, converges. Suppose that
{zn}52, is generated by
Mann iteration with errors: z; € R is arbitrarily chosen and
Tnt1 = (1 — an)xn + anf(zn) + un, wheren > 1.
Then {x,}52, converges to a fized point of f if and only if it is bounded.

Finally we discuss the following result of Cholamjiak [2, Theorem 2.3]. Let
us recall his result.

Theorem Ch. Let E be a closed interval on R such that E+ E C E and
let f : E — E be a continuous function. Let {un}S2; and {v,}>2, be two
sequences in E and let {x,}°2, be generated by the following scheme: x1 € E
and

Yn ‘= (1 - ﬁn)mn + an(mn) + Up,
Tna1 = (1 — ap)yn + anf(yn) +un  for alln > 1,

where {an 22, and {8,152 are sequences in [0,1] satisfying the conditions:
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(A1) limy, oo n =0, Y00 oy =00 and >0 By < 00;
(42) 323 Tun| < o and 325 oa] < o0
(A3) limy o0 [Un|/an = limy 00 [Un|/Brn = 0.
Then {x,}52 1 converges to a fixed point of f if and only if it is bounded.

Remark 2.4. We remark the following issues on Theorem Ch.

(1) The condition E + E C E is not needed as discussed in Remark 1.1.
Moreover, this condition is very restricted. In fact, one can see that
any closed interval E such that E + E C E is of the form [a,o0) or
(—o0, —a] where a > 0.

(2) The iterative scheme studied in Theorem Ch is nothing but the fol-
lowing Mann iteration with errors (of Corollary 2.3): Z; is arbitrarily
chosen and

ZC\nJrO.S = (]- - Bn)/x\n + an(/x\n) + Un,
§n+1 = (1 — an)£n+0,5 + anf(§n+0,5) + Upn for all n > 1.

In particular, the conclusion of Theorem Ch follows from our Corollary
2.3 with the following weaker assumptions:

(AT*) limy, o0 vy = limy, 00 By = 0 and Y07 (v, + By) = 00;

(A2%) S>°°°  (u, + v,) converges.

n=1
3. A further discussion on Condition (C1%*)

In this section, we show that Condition (C1*) on the real sequences {uy }5,
and {v,}22; is not too strong.

Definition. Suppose that {a,}52, and {8,}52, are two sequences in [0, 1]
such that lim, . o, = lim, . 8, = 0 and Zf;l a, = oo. We say that
two real sequences {u, }2°; and {v, }22; are admissible if for every continuous
function f : R — R and for every bounded iterative sequence {z,}5%,; gener-
ated by Ishikawa iteration with errors it follows that {z,}52, converges to a
fixed point of f.

Theorem 3.1. Suppose that {a, 152, and {8,152, are two sequences in [0,1]
such that lim,, o a, = lim, o B = 0 and 22021 an = o0. If two real se-
quences {u,}22, and {v,}32, are admissible and {3 _, (up + apvg)}, | is
bounded, then Condition (C1*) holds.

Proof. We assume that two real sequences {u,, }52; and {v,}52; are admissible
and {3°_; (ux + avg)} -, is bounded. Let f : R — R be defined by f(z) := =
for all z € R and x7 := 0 and let
Yn ‘= (1 - ﬁn)xn + an(mn) + vy = Ty + Un,
Tnt1 = (1 = an)xpn + anf(Yn) + tn = Ty + tUn + @nv,
for all n > 1. Note that z,,41 = Y__; (ux + avi) and the sequence {z,, }52, is

bounded. Since {u,}22; and {v,}52; are admissible, it follows that lim,, o
= p for some p € R. Hence Y7 | (un + ayvy) is convergent. O
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