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NONLINEAR MIXED %JORDAN TYPE n-DERIVATIONS ON
*-ALGEBRAS

RAOF AHMAD BHAT, ABBAS HUSSAIN SHIKEH,
AND MOHAMMAD ASLAM SIDDEEQUE

ABSTRACT. Let R be a x-algebra with unity I and a nontrivial projection
P;. In this paper, we show that under certain restrictions if a map ¥ :
R — R satisfies

PU(S10520---0S,_105y)
n
= Zsl0320---05;671O\P(Sk)osk+1<>---<>sn,1OSn
k=1

for all Sy,—2,S5n—1,5» € Rand S; =1 for all s € {1,2,...,n — 3}, where
n > 3, then ¥ is an additive *-derivation.

1. Introduction

Throughout the text, we tacitly assume that 2R is an associative x-algebra
with unity over the field C of complex numbers. For S, K € R, let So K =
SK+ KS, Se K =SK+ KS*and So K = S*K + K*S represent Jordan
product, Jordan *-product and bi-skew Jordan product of S and K respectively.
In a number of research disciplines, Jordan and Jordan *-product are becoming
increasingly relevant and hence their study attracted the attention of numerous
researchers (for reference see [5-11,13,16-20]). An additive map ¥ : R — R is
termed as an additive derivation if ¥(SK) = U(S)K +SU(K) for all S, K € R.
Moreover, if U(S*) = ¥(S)* holds for all S € R, then ¥ is coined as an additive
s-derivation. Let ¥ : 98 — PR be a map (not necessarily additive). Then ¥ is
called a nonlinear Jordan *-derivation if

U(SeK)=U(S)e K +SeU(K)

holds for all S, K € R and a nonlinear *-Jordan n-derivation if

‘If(51'52°"'05n):251'520"'°Sk71"I’(Sk)°sk+1°"'° n—19Sn
k=1
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holds for all Sy,Ss,...,S, € R, where S; e Sy e--- 05, = (---((S; ¢ 53) e
S3)---e5,) and n > 2 is any fixed integer. Moreover, for any fixed integer
n > 3, U is called a nonlinear mixed *-Jordan n-derivation if

U(S1080---08,_108,) = ZSloSQO~-~oSk_1o\I/(Sk)oSk+1o~-~o n—1Sh
k=1

holds for all S1,S55,...,S, € R, where S;0S30---085, = (---((S1 052) o
S3)---0Sy) (for details see [4]). Throughout the text, a map (not necessary
additive) ¥ : R — R is called a nonlinear mixed (¢, ®)-Jordan n-derivation if

U(S108520---085,_108,) = Z 5108200810V (Sk)0Sky10- - 0Sp_105,
k=1

for all S;,—2,5,-1,5, € Rand S; =1 for alli € {1,2,...,n— 3}.

From past few years, the study of Jordan product, Jordan *-product, bi-
skew Jordan product, mixed Jordan product and mixed Jordan *-product have
attracted the attention of many algebraists. For instance, Liang and Zhang
[12] proved that on factor von Neumann algebras, every nonlinear mixed Lie
triple derivation is an additive x-derivation. Zhou et al. [21] proved that on
prime x-algebra, every nonlinear mixed Lie triple derivation is an additive -
derivation. Taghavi et al. [14] proved that on a prime *-algebra 2, a map ¥
satisfying

V([A; Bl.) = [¥(A), Bl + [A, ¥(B)l,

where [A, B], = A*B—B*Afor all A, B € 2 is additive. Moreover, they showed
that if ¥(al) is self-adjoint for o € {1,¢}, then VU is a *-derivation. Also in [15]
Taghavi et al. proved that if a map ¥ preserves *-Lie n-derivation on a prime
x-algebra 2, then ¥ is additive. Moreover, if \Il(zé) is self-adjoint, then ¥ is a
s-derivation. Li et al. [11] proved that every nonlinear *-Jordan derivation is
an additive x-derivation. Ferreira et al. [4] showed that every nonlinear mixed
x-Jordan n-derivation is an additive *-derivation.

Inspired by the aforementioned works, we will investigate the structure of
nonlinear mixed (¢, ®)-Jordan n-derivations on x-algebras. Precisely, we show
that for any fixed integer n > 3, if a map ¥ : R — R satisfies

U(S10550--:05,_108,) = ZSl 08590+ 0Sk_10U(SE)0Skt10--0Sp_105,
k=1

for all S,—2,5,-1,5, € Rand S; =1 for all ¢ € {1,2,...,n — 3}, then ¥ is
additive. Furthermore, we will prove that if ¥(al) is self-adjoint for « € {7, 1},
then V¥ is an additive *-derivation.
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2. Main result

Theorem 2.1. Let R be a unital x-algebra containing a nontrivial projection
Py and satisfying

(2.1) SRP, =0 implies S =0
and
(2.2) SR(I — P;) =0 implies S =0,

where S € R. Suppose that a map ¥ : R — R satisfies

U(S10820++05,_105,) =D 510550+ -08,_10W(Sk)0Spp10+ 0 Sn 108,
k=1

for all Sy,_o,Sn—1,5, € R and S; =1 for alli € {1,2,...,n—3}, wheren > 3.

Then ¥ is additive. Moreover, if W(al) is self-adjoint for a € {i,1}, then U is

an additive x-derivation.

Proof. Let P, = I — P; and R;; = PARP; for 4,5 = 1,2. By Peirce decompo-
sition of R, we have R = Ry O Ri2 © Ra1 © Rae. Note that any S € R can
be written as S = S11 + Si2 + S21 + Soo, where Sij S SRij for 1,7 = 1,2 (see
[1-3]). Now to show the additivity of ¥ on R, we use the above partition on R
and establish some lemmas that will show that ¥ is additive on each $R;; for
1,7 = 1,2. Besides, the following multiplicative relations also hold:

(i) RN C Ry (4,7, =1,2).

(i) RijRp =0 (k=1,2) if j # k. O

Thus Theorem 2.1 is a consequence of following lemmas.
Lemma 2.2. ¥(0) = 0.

Proof. Trivially
VU(0)=TV(Iolo---0lo0e0)

=U(I)olo---0loc0e0+---F+Tolo---0lc0eW(0)

=0. d
Lemma 2.3. Let S12 € Rz and So1 € Ra1. We have U(S12+S21) = U(S12)+
U(Sa).
Proof. Let M = W(S12 4+ S21) — U(S12) — ¥(S21). Since

Tolo--olo(Pa—P)eSia=I0l¢c---0Io(P,—P;)eSy =0,
applying Lemma 2.2, we have
U)o ---olo(Po—P)e(Sia+Sa1)+--+Io---0loU(P— P)
(S12+ S21)+To---0lo(Py—P)eWU(Sis + So1)
ool o(Py— Py)e(S12+521))

°
=0
\I/(IO"-OIO(PQ—P1)0512)+\I’(I<>"'<>I<>(P2—P1).Sgl)
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=VU({)o---olo(Py— P))e(Sia+ Sa1)+ -
+I0--0loU(Py— P)e(S12+ So1)
+I10---0lo(Py— Py)e(U(S12)+ U(Sa1)).
From this, we have
ITo---olo(Po—P)eM =0
which implies that PoM — PPM + M P, — M P; = 0. Multiplying both sides
by P, we get PLMP; = 0. Similarly, multiplying both sides by P, we get
PoMP, = 0.
Now, again [ ¢---¢ P; ¢S5 ¢ P, = 0. So, we have
ITo---oPo(Sia+So1)ePy,=10---0P;0S120P;.
Utilizing Lemma 2.2, we have
U)o ---oP o(Sia+S2)ePo+--+IT0 0P oW(S1a+ S21) @ Py
+710-- 0P o(S12+ Sa1) e U(Ps)
=U(To- 0P o(S12+ So1) @ P)
=U(lo---oPoSipeP)+T¥(Io---0P; oSy eFs)
=U)o---0oPo(Sia+S21)e P+ +10---0P o (VU(S12)+V(S21)) @ Po
+710---0P;o(S12+521) ¢ U(P).
Hence, we get 1o---oPioMe P, =0, ie., PPMP;+ P,M*P;, = 0. Multiplying

by P; from left, we get Py M P, = 0. Similarly, we can show that P,M P, = 0.
Hence, M = 0, i.e., \P(Slg + 521) = \I/(Slg) + \11(521) [l

Lemma 2.4. For every S11 € Ri1, S12 € Ria, S21 € Ry and Saz € Rao, we
have

(i) U(S11 + S12 4+ S21) = ¥(S11) + V(S12) + ¥(S21).

(11) \IJ(SH + 521 + 522) = \I/(Slz) + \I/(Sgl) + \I/(SQQ).

Proof. (i) Let M = W(S11 + S12 + S21) — W(S11) — ¥(S12) — ¥(S21). Since
IolTo---0loPyeS1; =0, using Lemma 2.3, we have
V()olo--oloPye(Si+Sia+ Sa1)+ -
+I0--0loU(P)e(S11+ Si2+ So1)
+Iolo-0loPeW(Syy + Sio+ S1)
=V({Tolo---oloPye (S + Sia+ Sa21))
=U(Jolo--0oloPreS;)+V(Iolo---0ToPre(S12+ S91))
=V({Jolo---oloPreS) )+ V(Iolo--0ToPreSis)
+ V([ olo---0loPseSs)
=U(I)olo--oToPye(Si;+ Sia+ So1)
+--+To--0ToU(Py)e(S11+ Sia+ 521)
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+10---0Pye(W(S11)+ U(S12) + U(Sa1)).
Hence, we get
Tolo---oloPy,e M =0.
The above relation reduces to PoM + M P, = 0. This implies that P,M P, =
PoMP, = PMP, = 0.
Also, we have
Tolo---olo(P,—P)eSio=I0l0---0lc(P, —Py)eSy =0.
Applying Lemma 2.2, it follows that
U(I)o---o (P — Py)e(S11+ 512+ S21) + -+
410~ 0U(P, — Py) e (511 + St + So1)
+Io--0(P—P)eWU(Si; + Si2+ So1)
=VU([o--o(P— P)e(S11+ Si2+ S21))
= U(Io---0lo(Py—Py)eSy)+U(Io--0lo(P—P,)eSy)
+U(Io-o (P — P)eS)
=U()o---olo(Py—P)e(S11+ Si2+S521)+ -
+T0--0U(Py— Py)e(S11 + Sia + Sa1)
+Io--0(Py—Pr)e(¥(Si1)+ U(Si2) + ¥(S21)).
Solving this, we get
To---olo(Po—P)eM =0

which implies that PoM — PPM + M P, — M P, = 0. Multiplying both sides
by P, we get PPMP; = 0. Hence M = 0. In a similar way, we can prove the
other part also. O

Lemma 2.5. For any S;; € Ry;, 1 <4,5 < 2, we have
2

U Sy = > W(Si).

ij=1 ij=1
Proof. Let M = W(S11+S12+ So1 + S22) — ¥(S11) — ¥U(S12) — ¥(Sa1) — ¥(S22).
Since [ o - oI ¢ Py e S1; =0, invoking Lemma 2.4, we have
U(I)o---oPe (S +Si2+ 521+ Sa2) +---
+ 1o oU(P)e(S11 + Sia+ So1 + S22)
+710---0Py@U(S1y + S19+ So1 + Sa2)
=U(Jo---oloPye(S1;+ 512+ So1 + Sa2))
=U(To---0loPre(Sia+ S21+S522))+ V(Lo ---oloPyeS)
=V o---oloPyeS;)+ V([0 --0loPreSs)
+ V(o --0loPreSy)+T(To---0loPyeSsy)
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=U([)o---oToPre(S11+ 512+ So1 + Sa2) +-+-
+I0--0loU(P)e(S11+ Sio+ Sa1 + S22)
+Iolo---0loPye(U(S1)+ U(S12)+ U(S21) + ¥(S22)).
Hence, ITolo---olo Py,e M = 0. This implies that PPMP, = PPMP, =
Po,MP, = 0. Similarly, we can show that PPMP; = 0. Thus M = 0, i.e.,
W(S11 + Si2 + Sa1 + S22) = ¥(S11) + ¥(S12) + ¥(S21) + ¥(Sa2). O
Lemma 2.6. For any S;;,K;; € Ryj with © # j, $(S;; + K;j) = ¥(Si;) +
V(K ).
Proof. Let N =V (S,; + K;;) — U(S,;) — U(K;;). Since
P+ Si; + S}

ToIo---olof =2

)0 (Pj +Kij) = Kj; +S¢j -‘rSfKij +S;kj +Kij5?k

J i)
invoking Lemmas 2.2-2.5, we get

(S5 + Kij) + W (S5 Kiz) + V(S);) + W(K;57;)
P+ S + S;‘j

=U(lo---0lo( 3 ) e (P + K;j))

:\I,(I)O...o[o(W)o(Pj+Kij)+~~~
+[<>...Q\I;(W)0(Pj+lﬁj)
+IO---OIO(%)’W(PJ‘+KU)

:\11(1010...0102”7_1'2.13]»)+\IJ(1<>I<>...<>1<>%.KM)

S+ S Sij + S
Won)—l—\II(IOIO-noIog

= W(Kyj) + (S + 57;) + V(S Kij + KijS5;)
= W(Kij) + W(Siy) + W (S};) + V(S Kij) + W (K;;5;;).
Therefore, ¥(S;; + K;j) = ¥(S;;) + U(K;;).
Lemma 2.7. For any Si;, Ky € Ry, 1 < i < 2, we have U(S;; + K;;) =
W(Si) + U(Kii)
Proof. Let Q = U(S;; + Ki;) — U(S;;) — U(Ky;). Since Io---0IoPjeS;; =
Tolo---oloPjeK; =0, it follows that
VU(I)o---oloP;e(S;i+Kiy)+---+1o---0loVU(P;)e(S;+ Ky)
+Io---0loP;eU(S; + Ky)
=V({To---oloP;e(S;+Ky))
=V({o---0loP;eS;)+V(Io---0loPjeKy)
= U)o 0loPje(Sy+Kiy)+ - +To-o0loWU(P)e(Sy+Ky)

o I{;;

+U¥([olo---olo = ii)



NONLINEAR MIXED *-JORDAN TYPE n-DERIVATIONS 337

+1o---0loP;e(U(S;)+ V(Ky)).
From this, we get
Tolo---0oloP;e(@Q =0.
Now simplifying this, we get P;Q + QP; = 0. Hence P,QP; = P;QF; =
P;QP; = 0. Now, we have to only show that P,QP; = 0.

For any C;; € R;; with ¢ # j and applying Lemma 2.6, we have
U(I)o--0loCije(Sy+Ky)+---+1o---0ToW(Cyy)e(Si+ Kii)
+Io---0loCijeV(S,; + Ky)

=V{To---0oloC;;e(S;+ Ki))

=Vl o---0loC;j08;)+V(Io---0loCij e Ky)

=U{)o---0lcCije(Sy+Kiy)+---+I1o---0loT(Cyy) e (Si+ Ky)
+I10---0loCyje(U(Sy)+ VU(Ky)).

Hence I ¢---o 1o C;; ¢ = 0. Solving this relation, we get C;Q + C;Q +

QCZ*j + QC” =0, i.e., CijQii + CZ;Q“ + Q”Cz*g + QiiCij =0. Finally, we have

Qi:Cij = 0. It follows from conditions (2.1) and (2.2) that P,QP; = 0. Thus,
Q=0. O

Lemma 2.8. ¥ is additive.
Proof. For every S, K € R, we write S = Si1 + Si2 + So1 + Soo and K =
K11 + K12 + K91 4+ Kos. By using Lemmas 2.5-2.7, we get
U(S+ K) =U(S11 + S12 + S21 + Soo + K11 + K12 + Ko1 + K22)
=W (S11 + K1) + ¥ (S12 + Ki2) + ¥(S21 + K21) + ¥ (S22 + Ka2)
=WU(S11) + V(K1) + U(S12) + U(K12) + ¥(S21) + ¥(K21)
+ U (Sa2) + V(Ka2)
= W(S11 + S12 + So1 + Sa2) + V(K11 + Kio + Ko1 + Ka)
=¥(S) + V(K). O
Lemma 2.9. ¥(I)=0.
Proof. Invoking Lemma 2.8, we have
2" =W(Tolo---oTel)
=U(I)olo---oTel+---
+Iolo--oU(lel+Tolo---oleW(])
=(n—1)2"2{(U(I) +W(1)*) e I)} + 2" W(I).

This implies that {U(I) + U(I)*} ¢ I = 0. Hence, ¥(I) + ¥(I)* = 0. Since by
given hypothesis, ¥(I) is self adjoint, hence from last relation, we get ¥(I) =
0. ([
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Lemma 2.10. ¥ preserves %’, i.e., U(E*) = U(E)* for all E € R.
Proof. Invoking Lemma 2.8, we have
E X *
\I/(I<>I<>I<>~--<>I<>Wol) =U(E+ E*)=V(FE)+ Y(EY).
On the other way, using Lemmas 2.8 and 2.9, we have

oe)=ITcTo---0Y( E

V(Iololo---o0lo =2

2n72
= (2"*31)0\1/(i) o/

on—2
E B
= {‘I’(g) + \Ij(i) pol
=V(E)+ ¥ (E)".
Comparing the above two relations, we conclude that ¥(E*) = U(E)*.
Lemma 2.11. (i) ¥(iI) = 0.

(if) W(—il) = 0, where i is the imaginary unit.
Proof. (1) ¥(il) =0.
On one way, applying Lemma 2.2, we have

U(Iololo---oloile )=0.

2n72

On other way, utilizing Lemmas 2.8-2.9, we have

\II(I<>I<>I<>-~-<>I<>z‘Io2n—I_2):I<>I<>I<>-~-<>I<>\IJ(Z‘I).Qn_2
=2"3ToW(il)e

= W(il) + V()"

2n72

From above two relations, we get
U(il)+ U (il)* = 0.
Now using given hypothesis, we get W(il) = 0.
Analogously, we can show that U(—iI) = 0.
Lemma 2.12. (i) Y(iF) = (¥ (E).
(il) O(—iF) = —iV(E), where i is the imaginary unit.
Proof. (i) On one hand, using Lemma 2.8, we have
1B
on—2

U(lolo---olo o) =U(E)" —U(E).
On the other hand, using Lemmas 2.9 and 2.11, we have

B
U(lolo-olo 21772 oil) = iV(iE) + iU(iE)*.
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From the above two relations, we have
(2.3) —V(E)—VY(E) =iV (E)" —i¥(E).
Similarly, on one way, we have

\P(IOIO---OIOWOZI) =U(iE)+ V(iE™Y).

On other way, using Lemmas 2.9-2.11, we arrive at

U(lolo---olo oil) =iU(E)+iV(E)".

on—2
From the last two relations, we have
(2.4) U(E) - V(EE) =iV (F)+ iV (E)".
From (2.3) and (2.4), we get

Analogously, we can prove the other part also.

339

O

Lemma 2.13. VU is a derivation, i.e., V(EK) = V(E)K + EVY(K) for all

E,K € R

Proof. For every E, K € R, invoking Lemmas 2.8-2.12, we have
2{Y(EK+ FE'K+ K'E*+ K'E)}

*

E

B E*
:IO"'QIQW(W)QK.I—FIQIO"'QIQWQ\II(K).I
n—4 E* n—4 E*
= (@ ) o W(gg) o K e I+ (2" * ) o g o W(K) o 1

— [U(E) + U(E) oK el + (E*+E)oU(K)el

= 2{U(E)'K + V(E)K + K*U(E)* + K*U(E) + E*U(K) + EV(K)

+Y(K)*E* + Y (K)*E}.
Thus, we arrive at
UV(EK+E'K+K'E*+ K*E)
=U(E)K+Y(E)K + K*V(E)" + K*U(E)
(2.5) +E*U(K)+ EY(K)+Y(K)*E* + Y (K)'E.
Also, we have
2{V(iEK — iE"K — iK*E* 4+ iK*E)}
= \P(Io]o---o[o(%)ol{ol)
i

E
i) oK el +Tomolof k

=Tolo---olo( =i

Yo U(K)el
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= (2" 41)0\1/(2E Yo K el + (27 41) o iE <>\II(K) ol
={U(E)+V(E)*}oK el + (iE —iE*)oU(K)e
=2{WW(E)K — W (E)'K +iK"V(F ) iIK*U(E)" + zE\Il(K) — iE*U(K)
+WU(K)"E — iV (K) E*}.
Thus, we obtain
V(iEK —iE*K — iK*E* + iK*E)
= WW(E)K — W (E)'K 4+ iK*U(E) — iK*VU(E)" +iEV(K)
—iE*U(K) + W (K)*E — «¥(K)"E".
Multiplying by —<I in the last relation, we get
UV(EK —FE*K - K*'E*+ K'E)
=U(E)K —¥Y(E)'K + K*V(E) - K*V(E)*+ EV(K) — E*¥(K)
(2.6) +9(K)'E -V (K)*E
Now from (2.5) and (2.6), we get
(2.7) U(EK+ K'E)=VY(E)K + EY(K)+ V(K)'E + K*VU(E).
From (2.7), we have
U(EK — K'E) = \Il((—zE)( K) 4+ (iK)*(—iFE))
U(—iE)(iK) + (—iE)V(iK) + U (i) (—iE)
+ (i

K) (i)
(2.8) =V(E)K + EVY(K) - ¥(K)"(E) - K*U(E).
Adding (2.7) and (2.8), we get V(FK) = UV(E)K + EV(K). Hence, ¥ is a
derivation. (]

Thus, V¥ is an additive #-derivation. This concludes the proof of Theorem
2.1.

3. Corollaries

Let R be an algebra, we say that it is prime if for each E, K € R, FRK =
{0}, implies either E =0 or K = 0. So, it can be easily seen that every prime
x-algebra satisfies conditions (2.1) and (2.2) in Theorem 2.1. Therefore the
following corollary follows.

Corollary 3.1. Let R be a unital prime *-algebra containing a non-trivial

projection. Let a map ¥ : R — R satisfies

U(S10550--:05,_108,) = ZSl 08590+ 0Sk_10U(S)0Sk410--0Sp_105y,
k=1
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forall Sp—2,Sn—1,5, € R and S; =1 foralli € {1,2,...,n—3}, wheren > 3.
Then VU is additive. Moreover, if U(al) is self-adjoint for o € {i, 1}, then U is
an additive x-derivation.

Consider H, as a complex Hilbert space. Assume B(H) and T(H) denote
the algebra of all bounded linear operators and the subalgebra of bounded
operators of finite rank respectively. It is well known that T(#H) forms a *-
closed ideal of B(H). A subalgebra £ of B(#H) is called a standard operator
algebra if T(H) C L. As a result, the following immediate corollary follows.

Corollary 3.2. Let H be an infinite dimensional complex Hilbert space and L
be a unital standard operator algebra on H such that L is closed under adjoint
operation. Suppose that a map ¥ : L — L satisfies

n
TU(S10550--085,_105,) = Z 510550 +-0S,_10W(Sk)0Skr10---0S,_105,
k=1
for all Sp_2,S,-1,5, € L and S; =1 for alli € {1,2,...,n—3}, wheren > 3.
Then ¥ is additive. Moreover, if W(al) is self-adjoint for o € {i,1}, then U is
an additive x-derivation.

A von Neumann algebra Z is a weakly closed, self-adjoint algebra of oper-
ators on a Hilbert space H containing the identity operator. Also it is well
known that if a von Neumann algebra Z has no central summands of type Iy,
then Z satisfies conditions (2.1) and (2.2) of Theorem 2.1. As a result, we have
the following immediate corollary:

Corollary 3.3. Let Z be a von Neumann algebra with no central summands
of type Iy and consider the map V¥ : Z — Z satisfying

U(S10820-+05,_105,) =D 51055008, _10W(Sk)0Spp10+ -0 Sp_10S,
k=1

for all Sy,—o,Sn—1,5, € R and S; =1 for alli € {1,2,...,n—3}, wheren > 3.
Then W is additive. Moreover, if U(al) is self-adjoint for o € {i,1}, then U is
an additive x-derivation.

O
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