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TOTALLY REAL AND COMPLEX SUBSPACES OF A RIGHT
QUATERNIONIC VECTOR SPACE WITH A HERMITIAN
FORM OF SIGNATURE (n,1)

SuNGWOON Kim

ABSTRACT. We study totally real and complex subsets of a right quater-
nionic vector space of dimension n+ 1 with a Hermitian form of signature
(n,1) and extend these notions to right quaternionic projective space.
Then we give a necessary and sufficient condition for a subset of a right
quaternionic projective space to be totally real or complex in terms of
the quaternionic Hermitian triple product. As an application, we show
that the limit set of a non-elementary quaternionic Kleinian group I is
totally real (resp. commutative) with respect to the quaternionic Hermit-
ian triple product if and only if I" leaves a real (resp. complex) hyperbolic
subspace invariant.

1. Introduction

Let H denote the algebra of quaternions H = R&iR$jRB LR, where 4, j and
k satisfy i2 = j2 = k2 = —1, ij = —ji = k, and let H™! be a right quaternionic
vector space H" ™! with a Hermitian form (-,-) of signature (n,1). Denote by
PH™! the set of right quaternionic lines in H™!, that is, a right quaternionic
projective n-space.

Definition 1.1. A subset S of H™! is said to be totally real (resp. complex) if
(v, w) is real (resp. complex) for all v,w € S. A subset S C PH™! is said to be
totally real (resp. complex) if there is a lift S of S to H™! that is totally real
(resp. complex).

Note that not every lift of a totally real subset of PH™! is totally real. Hence,
in order to check whether a given subset S of PH™! is totally real or not, either
one needs to find a lift of S that is totally real, or needs to verify that every lift
of S is not totally real. The same problem also happens in the totally complex
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case. For this reason, it is not easy to know directly if a given subset of PH"™!
is totally real or complex. To resolve this problem, we introduce equivalent
notions for total reality and complexity in PH™! in terms of the quaternionic
Hermitian triple product.

We introduce new notions, totally real and commutative subsets with respect
to the quaternionic Hermitian triple product, in both H™!' and PH™!. For
V1, V9, v3 € H™!, their quaternionic Hermitian triple product is defined as

(v1,v2,v3) = (v, v1) (3, v2) (V1,V3).

It was verified in [1] that the real part of (v, vs,vs) is negative for vectors
v1, U2, v3 with non-positive norm. Through the quaternionic Hermitian triple
product, Apanosov and Kim [1] defined the quaternionic Cartan angular in-
variant of a triple of distinct points in a quaternionic hyperbolic space.

We say that S C H™! is non-degenerate with respect to the quaternionic
Hermitian triple product if (u,v,w) # 0 for all (u,v,w) € S where S
denotes the set of n-tuples of distinct points of a set S. Furthermore a subset
S Cc PH™! is said to be non-degenerate with respect to the quaternionic Her-
mitian triple product if some (hence any) lift S C H™! of S is non-degenerate
with respect to the quaternionic Hermitian triple product. Note that the non-
degeneracy of S with respect to the quaternionic Hermitian triple product does
not depend on the choice of a lift S of S.

Definition 1.2. A subset S C H™! is totally real (resp. commutative) with
respect to the quaternionic Hermitian triple product if {{(uo,v,w) : (ug,v,w) €
S®)} is real (resp. commutative) for some ug € S. A subset S C PH™! is to-
tally real (resp. commutative) with respect to the quaternionic Hermitian triple
product if there is a lift S C H™! of S that is totally real (resp. commutative)
with respect to the quaternionic Hermitian triple product.

Obviously, if S c H™! is totally real (resp. complex), S is totally real
(resp. commutative) with respect to the quaternionic Hermitian triple product.
In general, the converse does not hold. However, for non-degenerate subsets of
PH™! with respect to the quaternionic Hermitian triple product, it turns out
that Definitions 1.1 and 1.2 are equivalent to each other.

Theorem 1.3. Let S C PH™! be a non-degenerate subset with respect to the
quaternionic Hermitian triple product. Then,

(i) S is totally real if and only if S is totally real with respect to the quater-
nionic Hermitian triple product.

(ii) S is totally complex if and only if S is totally commutative with respect
to the quaternionic Hermitian triple product.

One advantage of Definition 1.2 is that the total reality and commutativity
with respect to the quaternionic Hermitian triple product do not depend on
either of the choices of a lift S of S and uy € S. In other words, if there
exist a lift S of S and ug € S such that {(ug,v,w) : (ug,v,w) € SO} is
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real (resp. commutative), then for any lift 7' of S and any u; € T, the set
{{uy,v,w) : (uy,v,w) € T®} is real (resp. commutative). Hence, Theorem
1.3 makes it easy to check whether a given subset S of PH™! is totally real or
complex. More concretely, choose a lift S C H™! of S and an element ug € S.
Then by checking the reality and commutativity of {{ug,v,w) : (ug,v,w) €
S (3)}, one can see whether S is totally real or complex.

We apply our results to quaternionic hyperbolic n-space Hp C PH™!.
Quaternionic hyperbolic space Hfj is defined as the set of negative lines of
H"™!, and its boundary OHJ is defined as the set of null lines of H™!. The
isometry group of HJ} is PSp(n, 1). Let T" be a discrete subgroup of PSp(n, 1).
The limit set Ar of T is defined to be the smallest nonempty, closed, I'-invariant
subset of OHjj, or the set of accumulation points of an orbit of a point of Hyj in
I". The group I is said to be elementary if its limit set has at most two points.
From the fact that inner products of non-positive vectors in H™! can not be
zero, it follows that every subset of Hf UOHJ C PH™! is non-degenerate with
respect to the quaternionic Hermitian triple product. Futhermore it turns out
that totally real and complex subsets of Hfj are contained in real and complex
hyperbolic subspaces of Hyj, respectively. Therefore, as a corollary of Theorem
1.3, we characterize the non-elementary discrete subgroups of PSp(n,1) pre-
serving a real or complex hyperbolic subspace of Hpj through the quaternionic
Hermitian triple product.

Corollary 1.4. Let T’ be a non-elementary, discrete subgroup of PSp(n,1).
Then its limit set is totally real (resp. commutative) with respect to the quater-
nionic Hermitian triple product if and only if I’ preserves a real (resp. complex)
hyperbolic subspace of Hyj.

We explore the total reality and complexity of finite points in PH™!. Ob-
viously, any one point in PH™! is totally real. Moreover, it can be easily seen
that any two distinct points in PH™! are also totally real. The total reality
first fails for 3 distinct points in PH™!. On the other hand, total complexity
holds for 3 distinct points in PH™! but fails for more than 3 distinct points. As
an application, we prove that every quaternionic hyperbolic triangle group in
HZ leaves a complex hyperbolic 2-subspace of HY invariant, which generalizes
the result of Cao and Huang in [2].

Theorem 1.5. Let I' C PSp(2,1) be a quaternionic hyperbolic triangle group
acting on H%. Then T preserves a complex hyperbolic 2-subspace of H. There-
fore, T is conjugate to a subgroup of PU(2,1).

Theorem 1.5 implies that every quaternionic hyperbolic triangle group is
indeed a complex hyperbolic triangle group. Goldman and Parker [4] and
Schwartz [6] classified which complex hyperbolic ideal triangle groups are dis-
crete and faithful through the Cartan angular invariant. Theorem 1.5 makes it
possible to apply their theorems to the quaternionic hyperbolic ideal triangle
groups.
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2. Preliminaries

In this section, we collect basic definitions and facts on quaternionic hyper-
bolic geometry. For more details, we refer the reader to [1,3,5].

Let H™! be a right quaternionic vector space of dimension n + 1 with a
Hermitian form of signature (n,1). Vectors are multiplied by quaternions from
the right:

H™! x H — H™!, (v,)) — vA.

An element of H™! is a column vector v = (v1,...,v,11)" € H*. More
precisely, set

0 0 1
J= 10 L., 0],
1 0 0

where I,,_1 is the identity matrix of size n — 1 and choose the Hermitian form
on H™! given by

(u,v) = v*Ju = Tpriug +Taug + - -+ + Tty + T1Upp1

for v = (v1,...,0021)% u = (u1,...,upr1)t € H*"L. By the definition, for
A€ H,
(u,vp) = alu, v)A.

The group Sp(n, 1) is the subgroup of GL(n + 1, H) which, when acting on the
left, preserves the Hermitian form J given above.

Let 0 be the zero vector in H*™! and P : H™! \ {0} — PH™! be the
canonical projection onto a right quaternionic projective space PH™!. Consider
the following subspaces in H™';

Vo ={v e " — {0} (v,v) =0},
V. ={veH"|(v,v) <0}.

The n-dimensional quaternionic hyperbolic space Hf; is defined as P(V_) and
its boundary OHJ is defined as P(Vp). There is a metric on Hf called the
Bergman metric and the isometry group of Hyj with respect to this metric is

PSp(n,1) = {[4]| A € GL(n + 1,H), (u,v) = (Au, Av) for all u,v € H™'}
={[4]|A € GL(n+ 1,H),J = A*JA},

where [4] : PH™! — PH™!;2H ~ (Az)H for A € Sp(n,1). Here we adopt
the convention that Sp(n,1) acts on HJ; on the left and the projectivization
of Sp(n,1) acts on the right. In fact PSp(n, 1) is the quotient of Sp(n,1) by
its center, which is just {*I,41}. Naturally, the real hyperbolic space H}
and the complex hyperbolic space Ht are embedded in Hy. Indeed, the real
hyperbolic m-space Hy' and the complex hyperbolic m-space for m < n are
identified with P(Spang{e1,...,em,ent1}) and P(Spanc{e1,...,em,ent1}) in
H}, respectively. A subspace of Hf isometric to HY (resp. H¥) for some
m < n is called a real (resp. complex) hyperbolic subspace of Hf.



TOTALLY REAL AND COMPLEX SUBSPACES OF H™! 551

3. Totally real and complex subspaces

In this section, we define and classify the totally real and complex vector
subspaces of H™! instead of the totally real and complex subsets of H™! since
the totally real and complex vector subsets span the totally real and complex
subspaces, respectively.

3.1. Totally F-vector subspaces

Let F = R,C or H and denote the set of non-zero elements of F by F*. We
define the notion of a totally F-vector subspace of H™1.

Definition 3.1. Let V C H™! be a vector space over F for F = R, C or H.
An F-vector space V' C H™! is called a totally F-vector subspace of H™! if
(v,w)y € F for all v,w € V.

Clearly, a totally real subset of H™! spans a totally R-vector subspace of
H™! and a totally complex subset of H™! spans a totally C-vector subspace
of H™!'. Any F-vector subspace of dimension 1 is a totally R-vector subspace
and hence a totally F-vector subspace for any F = R, C or H. We begin with a
simple observation.

Lemma 3.2. Let V be a totally F-vector subspace of H™!. Let v be a non-zero
vector in V' such that (v,v) # 0. If vg € V for some quaternion q € H, then
qel.

Proof. Suppose that vqg € V for some quaternion ¢ € H. By the assumption
that V is a totally F-vector subspace, we have that (vq,v) = (v,v)q = |v|?q € F.
Since |v|? is a non-zero real number, it immediately follows that ¢ € F. ]

By Lemma 3.2, one can easily see that if (v,v) # 0, then Spang{v} is the
unique one-dimensional totally F-vector subspace of H™! containing v.

If V is a totally F-vector subspace of H™!, then g-V is also a totally F-vector
subspace of H™! for any g € Sp(n,1). For F = R, C or H, we classify all totally
F-vector subspaces of H™! up to the action of Sp(n, 1) on H™! as follows.

Proposition 3.3. Let V be a totally F-vector subspace of H™' with dimension

> 1, where F =R, C or H. Then V is isomorphic, up to the action of Sp(n,1)
on H™!, to one of the following:

(i) Spang{eiqi,...,e1q}, where 1 < b < dimpH and ¢; € H* for each

i=1,...,b;

(i) Spang{es};

(iii) Spang{er — ent1};

)

(iv) Spang{es,...,eqt1,€1q1,-- €145}, where 1 <a<n—1and1<b <
dimy H;
(v) Spang{ei + ent1,€2,... €4}, where 2 < a < n;

(vi) Spang{ei,...,eq,ent1}, where 1 <a <n.
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Proof. Choose a basis {vy,...,v,} of V. Clearly we can write V' = Spang{vy,
..y Um }. We first suppose that dimg(Spang{vi,...,vm}) =1, i.e., Spang{v,
..., U} = vH for some non-zero vector v € H™!. Then for each 1 <1 < m
there is a non-zero quaternion ¢; such that v; = vq;. Since vH is an F-vector
space of dimension dimg H, the dimension of V' can not exceed dimgH. Thus
1 <m < dimpH. If v is a null vector, there is an element of Sp(n, 1) mapping
v to e; and thus we conclude that V is isomorphic to (i). If v is not a null
vector, Lemma 3.2 implies that V' = Spang{vg} for some non-zero quaternion
g € H*. It can be easily seen that if (v,v) > 0, Spangp{vq} is isomorphic to
Spang{es} and if (v,v) < 0, Spang{vg} is isomorphic to Spang{e; — ep41}, up
to the action of Sp(n, 1) on H™1.

We now suppose that dimg(Spang{vi,...,vm,}) > 2. We will apply Gram—
Schmidt orthogonalization to the basis {vi,..., vy} of V. One problem here
is the existence of null vectors in H™!. For example, if v1,..., v, are all null
vectors, one can not even start the Gram—Schmidt orthogonalization proce-
dure. Assume that vq,...,v,, are all null vectors. By the hypothesis that
dimg (Spang{vi,...,vm}) > 2, there are two linearly independent null vectors
v, and vg over H for some distinct integers 1 < ¢,d < m. Recalling that two
linearly independent null vectors in H™! can not be orthogonal, it is easy to
see that both v, — vqy and v, + v4 are non-null vectors and obviously they are
linearly independent. Replacing v. and vg by v. — vq and v. + v4 in the basis
{v1,...,Um}, we obtain a new basis of V' in which there is a non-null vector.
By this process, two linearly independent null vectors over H can be always
replaced by two linearly independent non-null vectors over H in a basis of V.
Hence we may assume that there is a non-null vector in {v1,...,v,,} whenever
dimpg (Spang{vi,...,vm}) > 2.

Let v; be a non-null vector. Since V is a totally F-vector subspace, one can
see that proj, (v;) € V for all l = 2,...,m, where

proj, (v) = u - (v, u)(u,u) "'
One can easily check that

<U — proj,, (v),u) = <U= u> — (u - (v, u)(u, u>_1, ’LL>

= (v,u) — (u, u) (v, u){u,u) "t =0,

which implies that v—proj,, (v) is orthogonal to u. Replace v; by v;—proj,,, (vi) €
V for each [ = 2,...,m. For simplicity, denote v; — proj,, (v;) € V again
by v;. Then v; is orthogonal to v for all [ = 2,...,m. Applying both
the process of switching two linearly independent null vectors over H into
two linearly independent non-null vectors and the Gram—Schmidt orthogonal-
ization procedure inductively, we finally get a basis {v1,...,v,,} such that
v1,. ..,V are pairwise orthogonal non-null vectors and Spang{ve41,...,Um} 18
a 1-dimensional vector space over H spanned by a null vector for some integer
1 < a < m and moreover it is orthogonal to Spang{vi,...,v.}. If a = m, we
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set Spang{vsi1,.-.,vm} = 0. By normalizing vy, ...,v,, we can assume that
(vj,v) =x1foralll =1,...,a.

Consider two cases: a < m and a = m. If a < m, then v,, is a null vector and
all vectors of vy,...,v, are orthogonal to the null vector v,,. The orthogonal
complement of a null vector v,, includes v,, itself and has dimension n. Thus
1 < a < n—1. The fact that any vector with negative norm can not be
orthogonal to any null vector leads us to conclude that every non-null vector v;
must have a positive norm and hence (v;,v;) = 1 foralll =1,...,a. Thereis an
element of Sp(n,1) which maps v1,...,0, 0 to ea,..., €441, €1, respectively.
Therefore, V is isomorphic to (iv).

If a = m, every vector v; is a non-null vector for [ = 1,...,m. If every vec-
tor v; has a positive norm, V' is isomorphic to (v) since there is an element of
Sp(n, 1) which maps vy, ..., v, to M%, €2, .., €m, respectively. Otherwise,
since no two vectors with negative norm can be orthogonal, only one vector of
v1,...,Un has a negative norm. Let (vi,v1) = —1 and (v;,v;) = 1 for all [ =
2,...,m. Then {vy,...,v,,} is isomorphic to {(e1—€,+1)/V2, €2, ..., em_1, (e1+
ent1)/V2} up to the action of Sp(n,1) on H™! and thus V is isomorphic to
(vi). O

Note that (iii) and (vi) are the only types of totally F-vector subspaces of
H™! in Proposition 3.3 which contains a negative vector. From this observation,
we immediately obtain the following corollary.

Corollary 3.4. Let V be a totally F-vector subspace of H™!, where F = R,C
or H. If V has a vector with negative norm, then V is isomorphic to either
Spang{e; — e,11} or Spang{ey,...,em,ent1} up to the action of Sp(n,1) on
Hn1 for some integer 1 < m < n.

3.2. Totally projective F-subspaces

In this section, we treat the notion of totally projective F-subspace in the
right quaternionic projective space PH™!.

Definition 3.5. A subset V. C PH™! is said to be a totally projective F-
subspace if V is a projectivization of a totally F-vector subspace V of H™!.

In particular, if dimpV = 2 and V is a totally F-vector subspace of H™!,
we call PV a totally projective F-line in PH™'. Now we will explore how many
totally projective F-lines pass through two given distinct points of PH™!. Ob-
viously, given two distinct points of PH™!, there is exactly one H-line through
them. However, the situation is a little different when F = R or C.

3.2.1. Totally projective R-lines. Projectivizations of totally R-vector sub-
spaces of H™! make it possible that two distinct totally R-vector subspaces
have the same projectivization onto PH™!. In order to study this issue, we
begin with the following simple observation.
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Lemma 3.6. Let vi,vy € H*! be linearly independent vectors over H and
A1, Mg, pi1, o be non-zero quaternions. Then

PSpang (v1 A1, vaAa) = PSpang (v 1, vafia)

if and only if /11_1)\1, ,u2_1>\2 € R*q for some non-zero quaternion q € H.
Proof. Suppose that PSpang(viA1,v2d2) = PSpang(vqp1,vepus). Then there
exist 71,79 € R* and ¢ € H* such that vq A1 +voda = (v1p171 + v2u2r2)q. Since
v1 and vy are linearly independent over H, it is obvious that \; = pi71¢ and
Ay = paraq. Thus p; 1A, € R*q for all a = 1,2.

Conversely, suppose that Ay = puir1q and Ay = pgreq for some rq,ry € R*
and some q € H*. Then, for any s1,s2 € R,

VIA1S1 + V2Aase = (vipa(ris1) + vapa(resa))g,

which implies PSpang (v1 A1, v2A2) = PSpang (vq 1, vaps). O
Due to Lemma 3.6, we easily get its generalization as follows.

Corollary 3.7. Let vy,...,v, € H"" be linearly independent vectors over H

and A1y ..., Ay 41, - - -, b, be non-zero quaternions. Then

PSpang (v1 A1, . .., U Am) = PSpang (vipi1, . .« U flm )
if and only if ,ul_l)\l, oy A € R*q for some q € H*.
Proof. Suppose that PSpang(viA1,...,0mAm) = PSpang(vip, ..., Umiim)-

From the hypothesis that vy, ..., v, € H*"! are linearly independent vectors
over H, it follows that for any distinct integers 1 < a,b < m,

PSpang (vgAa, UsAs) = PSpang (va e, Vbits)-

Applying Lemma 3.6, there is a quaternion ¢ € H* such that p; '\, € R*q for
all a =1,...,m. The converse is obvious. O

Now we are ready to answer the question of how many totally projective
R-lines pass through two distinct points of PH™!.

Lemma 3.8. Let vq,...,v,, € H"! be linearly independent vectors over H.
Then Spang{vy,...,vm} is a totally F-vector subspace of H" ! if and only if
(Va,vp) €T for all integers 1 < a,b < m.

Proof. The lemma easily follows from the formula

m m m m
<z z> 3 sl
a=1 b=1 a=1b=1
The details are left to the reader. O

Proposition 3.9. Let vi and vy be linear independent vectors in H™' over H.
If (v1,v2) = 0, then PSpang{viq1,v2q2} is a totally projective R-line for any
non-zero quaternions qi,qs and moreover, the set of totally projective R-lines
through P(vy) and P(vq) in PH" is identified with RP®. If (vi,vs) # 0, then
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PSpang {vy, va(v1,v2)} is the unique totally projective R-line through P(vy) and
P(vy) in PH™!.

Proof. First, suppose that (vi,vs) = 0. By Lemma 3.8, Spang{viq1,v2g2} is
a totally R-vector space of H™! for any non-zero quaternions ¢, gz and hence
PSpang{vi1¢1,v2ga} is a totally projective R-line for any ¢;,¢2 € H*. Noting
that
PSpang {v1q1,v2¢2} = PSpang{v1, vagaqy '},

any totally projective R-line through P(v;) and P(vs) can be written as
PSpang{vy,vaq} for ¢ € H*. According to Lemma 3.6, PSpang{v,vep} =
PSpang{vy,vaq} if and only if p € R*g, which implies that there is a one-to-
one correspondence between the space of totally projective R-lines through two
distinet points P(v;) and P(vg) in PH™! and the space of one-dimensional real
vector subspaces of H, that is, RP3.

Now we suppose that (vi,ve) # 0. By Lemma 3.8, Spang{viq1,v2q2} is a
totally R-vector space if and only if

(v1q1,v2q2) = G2(v1,v2)q1 € RY, i.e., go = r{v1,v2)q for some r € R*.
Applying Lemma 3.6,
PSpang {viq1,v2q2} = PSpang{viq1, vor(vi, v2)q1} = PSpang{vi, va(vy,v2)},

which implies that PSpang{v1, v2(v1, v2) } is the unique totally projective R-line
passing through P(v;) and P(v3). This completes the proof. O

Let v; and vy be vectors with non-positive norm such that P(vy) # P(vs).
In other words, P(v;) and P(ve) are two distinct points in Hfy U 0HJ. Then
(v1,v2) # 0. By Proposition 3.9, there is a unique totally projective R-line
through P(v1) and P(v2). This R-line can be written as PSpang (vy, v2{v1, v2)).
Moreover, Spang (v1, v2(v1,v2)) has a vector v — va(v1, v2) With negative norm:

(v1 — va(v1,v2), v1 — va(v1,v2)) = (v1,v1) — 2[(v1,v2)|* + (va, v2)|(v1, v2)|* < 0.

According to Corollary 3.4, Spang(vy,va(v1,v2)) is isomorphic to Spang(eq,
en+1) Up to the action of Sp(n, 1) on H™! and the intersection of PSpang(e1,
ent1) and HE is HE, which is a geodesic in HY. Summarizing, we have the
following corollary.

Corollary 3.10. The totally projective R-line passing through two given dis-
tinct points in Hy U OHY; is unique. Furthermore its intersection with Hy is
the geodesic joining those two points.

3.2.2. Totally projective C-lines. We now turn to totally projective C-lines
through two distinct points of PH™!. The complex case is a little more compli-
cated than the real case since complex numbers do not commute with quater-
nion numbers while real numbers do. To handle this issue, we begin by proving
an elementary fact about quaternions.
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Lemma 3.11. Suppose that p and q are non-zero quaternions such that p-C =
C - q. Then either both p and q are complexr numbers or they are elements of
C-j.

Proof. From the hypothesis that p-C = C- ¢, we can write p = zq and pi = wq

for some z,w € C*. Then p = zq = —wqi and thus ¢ig = —w~'z|q|?> € C. Let

q = q1+q2i+qsj+qsk for q1,q2, qs, g4 € R. By a straightforward computation,
Giq = (G + & — 6 — 43)i + 2(q203 + 0104) + 2(—q143 + G2qa ).

Thus ¢ig € C is equivalent to

(3.1) G293 + q194 = —q1G3 + g2q4 = 0.

From these two equations,

010203 + ¢3) = (0143)(0203) + 010245 = (9204)(—q104) + Q1245 = 0.
If g3 +q3 = 0, then ¢ € C and hence p € C-q = C. If ¢3 + ¢7 # 0, then
q192 = 0 which is equivalent to ¢ = 0 or g2 = 0. In either case, one can easily
conclude that g1 = g2 = 0 by (3.1). Therefore, ¢ € C-j and p = zqg € C- j.
This completes the proof. O

Projectivizations of totally C-vector subspaces of H™! onto PH™! may cause
two distinct totally C-vector subspaces to have the same projectivization. To
count how many totally projective C-lines pass through two given distinct
points of PH™!, we first prove the following lemma.

Lemma 3.12. Let v1 and vy be linearly independent vectors over H and A1,
Ao, U1, po be non-zero quaternions. Then

PSpang(v1 A1, vaAe) = PSpang(vy 1, vapz)

if and only if either N\gid; ' = paipgt for all a = 1,2 or Mgid; ' = —pqip,
foralla=1,2.

Proof. First suppose that PSpanc(viAi, vade) = PSpang(vipg, vape). This
means that given complex numbers z; and zo, there exist wi,ws € C and
q € H such that
v1A121 + v2daza = (V1w + v1pews)g.
By the linear independence of v; and vy over H, it follows that
/\121 — H1wi1q = )\22’2 — H2W2q = O

which gives g=w; 'y " A1 21 = wy Ly P Aoz and hence (uuy  Xa)zazy (g A1)
= wowy ! € C. Therefore we obtain that (uy ' A2)-C = C-(u;*A1). By Lemma
3.11, we conclude that p;*A; and py ' Ag are either both in C or both in C - j.

If uflAl and ugl)\g are in C, then A\ = p1z; and Ay = pgzo for some
21,29 € C*. Then for a = 1,2,

XAt = Mazaizpflugl = faipty -
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If ufl)\l and ,u;l)\g are in C- j, then A\y = 1217 and Ay = pozoj for some
21,29 € C*. Then for a =1, 2,

1,-1,-1
a

/\ai)\gl = UaZall] Zg Mg = f,uaiugl.

Conversely, suppose that \giA; 1 = pgipgt for all a = 1,2 or A\, ! =
—pgipgt for all a = 1,2, If A\gid; ! = pgip, ! for all @ = 1,2, it follows from
Lemma 3.11 that u, '\, € C for all a = 1,2, which means that A\; = p121 and
Ao = pozo for some z1, 29 € C*. Then it is obvious that

PSpang(v1 A1, vade) = PSpang (v 121, vapnz2) = PSpane (v g1, va2).

If \gid;t = —pgipgt for all @ = 1,2, then by Lemma 3.11, \; = u1215 and
Ao = pozoj for some 21, 2o € C*. Noting that zj = jZ for any complex number
z, we have that for any complex numbers wy,wy € C,

V1AW + V2 A2Wa = V1121 JW1 + Vafl222 W
= V11 21W1] + Vafo22Wa]

= (V112101 + Va2p222W2) ],
which implies PSpang(v1 A1, v2A2) = PSpang(vy i, vaps). O
As a corollary, we have a generalized version of Lemma 3.12 as follows.

Corollary 3.13. Let vy,...,v,, € H! be linearly independent vectors over H
and A1, ..., Ay 41, - -, b, be non-zero quaternions. Then

PSpang(v1 A1, - -« s UmAm) = PSpanc(vi i1, - .« U i)

if and only if \gid; ! = paipyt for alla =1,...,m or \gi)\; ' = —puaip; ' for
alla=1,...,m.

Proof. First of all, observe that by the linear independence of vy, . . ., v,, € H™!
over H, the condition that PSpang(vi A1, ..., vmAm) =PSpanc(vipi, - - ., Umftim)
implies that for any integers 1 < a,b < m,

PSpang (vgAa, vsAp) = PSpanc (vafia, Upiip)-

Applying Lemma 3.12, we conclude that \gid;! = paipg! and \yi\, ' =

ubiub_l for any distinct integers 1 < a,b < m or A\gi\;' = —pgip; "t and
)\bi)\gl = —pbw;l for any distinct integers 1 < a,b < m. This leads us to
conclude that \giA\; 1 = pgip; ! forall a = 1,...,m or A\gi\; ' = —puqip; ! for
alla=1,...,m.

The converse easily follows by a similar argument as in the proof of Lemma
3.12. [l

Now we are ready to count how many totally projective C-lines passing
through two distinct points of PH™!.
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Proposition 3.14. Let vi and vy be linearly independent vectors over H. If
(v1,v2) = 0, then PSpanc{v1¢1,v2g2} is a totally projective C-line for any non-
zero quaternions qi,qe and thus the set of totally projective C-lines through
P(vy) and P(v2) is identified with the quotient space of S* x S? under the
following equivalence relation

(ula U2) ~ (_Ul, _'LLQ).
If (v1,v2) # 0, any totally projective C-line through P(v1) and P(ve) can be
written as
PSpanc{v1g, v2(ve, v1)q}

for some g € H* and thus the set of totally projective C-lines through P(v1) and
P(v) is identified with RIP?.

Proof. First suppose that (v1,v2) = 0. Then Spanc{vi¢i,v2g2} is a totally
C-vector space for any ¢;,g2 € H*. Define a map from the set of all totally
projective C-lines through Pv; and Pv, into the quotient space of S x S? under
the following equivalence relation

(u17 UQ) ~ (_u17 _UQ)
by mapping PSpanc{viqi,vaq2} to [(qrigy ', qaigs *)]. Here note that S? is
identified with {qi¢g™! : ¢ € H*} = {wi+yj+zk : 22 +y*+ 2% = 1}. By Lemma
3.12, it can be easily seen that this is well defined and moreover bijective.

We now suppose that (vq,v2) # 0. According to Lemma 3.8, Spanc{v1qi,
v2qa} is a totally C-vector space if and only if

(v1q1,v2q2) = G2(v1,v2)q1 € C*, ie., g2 = (v1,v2)q12 for some z € C*.
Applying Lemma 3.12,
PSpanc{viq1, v2 (v, v2)q12} = PSpanc{v1q1, v2(v1, v2)q1}
and furthermore,

PSpanc{v1q, v2(v1,v2)q} = PSpanc{vip, v2(v1, v2)p}
b= 4pipL.
By mapping PSpanc{v1q, va(v1,v2)q} to [qig™t] = {qiqg~ ', —qig~ '}, there is
a one-to-one correspondence between the set of all totally projective C-lines
through P(vq) and P(vy), and {{&(zi +yj + zk)} : 22 + y? + 22 = 1}, which is
naturally identified with RP2. This completes the proof. O

if and only if qiq™
1

One can see that each totally projective C-line through P(v;) and P(vg)
contains a totally projective R-line through P(v;) and P(ve). However, it may
be not unique. For example, consider a totally projective C-line PSpanc{e1,es}
through P(e1) and P(eg) for n > 3. Then since (e1,es) = 0, it is easy to see
that PSpang{es, €22} is a totally projective R-line contained in PSpanc{e1, ez}
for any z € C*. By Lemma 3.6,

PSpang{e;, 22} = PSpang{e;, eaw} if and only if w™'z € R*.
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Therefore, the space of totally projective R-lines which are contained in the
totally projective C-line PSpanc{e1,e2} and pass through P(e;) and P(eq) is
identified with RP'. This can be generalized to the case of (v1,vs) = 0.

In the case of (v1,v2) # 0, as seen in Proposition 3.14, a totally projective
C-line through P(v;) and P(ve) can be written as PSpanc{viq,ve (v, v2)q}.
Then it is not difficult to see that PSpang{v1, v2(v1,v2)} is the unique totally
projective R-line through P(v1) and P(vy) which is contained in PSpangs{v1¢,
vo{v1,v2)q} for all ¢ € H*. If P(v1) and P(v2) are two distinct points in Hfj U
OHJ;, then (vq,v2) # 0 and thus any totally projective C-line through P(v;) and
P(vg) can be written as PSpangs{v1q, v2(v2,v1)q} for some ¢ € H*. Futhermore
any PSpang{v1¢q, v2(ve, v1)q} contains the projectivization of a vector with neg-
ative norm in H™!, as seen before. By Corollary 3.4, Spanc{viq, v2 (v, v1)q} is
isomorphic to Spang{e1, e,+1} up to the action of Sp(n,1) on H™!. Thus the
intersection of PSpanc{v1q, v2(v2, v1)q} and HY is isometric to H{, which is a
complex geodesic in Hij.

Corollary 3.15. Given two distinct points in H UOHZ, there are RP? totally
projective C-lines passing through them. Fach totally projective C-line through
them has a unique totally projective R-line through them and furthermore its
intersection with Hy is isometric to the complex geodesic Hé in HE.

4. The quaternionic Hermitian triple product

In this section, we will characterize the totally real and complex subsets of
H™! in terms of the quaternionic Hermitian triple product. For vy, vs,v3 €
H™!, their quaternionic Hermitian triple product is defined as

(v1,v2,v3) = (va,v1)(v3, v2)(V1,V3).
Let v be the orthogonal projection of vz onto Spang{v,va}. Since vs — v}
is orthogonal to both vy and vy, we have that (v, v3) = (v, v}) and (v3,ve) =
(v5,v9). From these equalities, we easily get

(v1,v2,v5) = (v2,v1)(vs, v2)(v1, V%) = (v1,v2)(v2, v3)(vs, v1) = (v1, V2, V3).

Proposition 4.1. Let S be a nonempty subset of H™'. Suppose that {(u,v,w) #
0 for every (u,v,w) € S®). Then the following are equivalent.
(i) There is an element ug € S such that (ug, v, w) € R for every (ug,v,w)
€ SG.
(ii) (u,v,w) € R for every (u,v,w) € S®),
(iii) There is a function X : S — H* such that the R-linear span of {v\, |v €
S} is a totally R-vector subspace of H™?!.

Proof. To prove that (i) = (iii), suppose that there is an element ug € S such
that (ug,v,w) € R for every (ug,v,w) € S®). Set A\, = (ug, v) for each v # ug
and \,, = 1. By the assumption that (u,v,w) # 0 for every (u,v,w) € S®),
it follows that A\, = {ug,v) # 0 for all v € S. We now claim that the R-linear
span of {v\, | v € S} is a totally R-vector subspace of H™!. First, we can check
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that (upAug, vAu) = (v, ug){ug,v) = |(ug,v)|> € R for all v # uy and for any
v, w # Ug,

(VA WA) = (W, up) (v, w){ug, v) = (up, w,v) € R.

This means that the inner product of any two vectors of {vA, |v € S} is a real
number, which implies (iii), i.e., the R-linear span of {vA, |v € S} is a totally
R-vector subspace of H™!.

Next we will prove that (iii) == (ii). If the R-linear span of {vA,|v €
S} is a totally R-vector subspace of H™!, then (uM,,vA,, w\,) € R for any
u,v,w € S. From the following equality

(U Vg, W) = A (1, 0, 0 X [ Ao |2 Ao,

one can easily deduce that (u,v,w) € R for any u,v,w € S.
Since (ii) = (i) is obvious, this completes the proof. O

Before giving a complex version of Proposition 4.1, we need a maximal
abelian subfield of H. Let F' be a maximal abelian subfield of H. Then it
is well known that FF = R @ ¢R for some non-real quaternion ¢ € H. Ev-
ery quaternion is conjugate to a complex number and thus there is a non-zero
quaternion p € H* such that pgp € C. Then pFp = C. In other words, any
maximal abelian subfield of H is conjugate to C.

Proposition 4.2. Let S be a subset of H™' such that (u,v,w) # 0 for all
(u,v,w) € S®). Then the following are equivalent:

(i) For some ug € S, there is a maximal abelian subfield Fy of H such that
(u,v,w) € Fy for every (u,v,w) € S©.
(ii) For each u € S, there is a mazimal abelian subfield F,, of H such that
(u,v,w) € F, for every (u,v,w) € SG).
(iil) There is a function X : S — H* such that the C-linear span of {vA, |v €
S} is a totally C-vector subspace of H™?!.

Proof. We first prove that (i) == (ili). Suppose that for an element uy €
S, there is a maximal abelian subfield Fj of H such that (ug,v,w) € Fy for
every (ug,v,w) € S3). As mentioned above, there is a non-zero quaternion
po such that poFopo = C. Set Ay, = po and A, = (ug,v)po for each v # wy.
Then by the same argument as in the proof of Proposition 4.1, we have that
(g Ay, V) = Po (v, ug) (1o, v)po = |pol?|{uo, v)|* € R and for any v, w # ug,

(VAy, wAy) = DPo(w, uo) (v, w)(uo, v)po = Po(uo, w,v)po € poFopo = C.

Thus the C-linear span of {v\, |v € S} is a totally C-vector subspace of H™1.

Next we prove that (iii) = (ii). Suppose that there is a function A : S —
H* such that the C-linear span of {v\,|v € S} is a totally C-vector subspace
of H™!. Then for any u,v,w € S,

<u)\uav)\vaw>\w> = 5\u<uvvvw>>\u‘)‘v|2|>‘w|2 eC,
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which is equivalent to (u,v,w) € A\,C\,. For each u € S, we set F,, = A\, C\,,.
Then obviously, F, is a maximal abelian subfield of H and (u,v,w) € F, for
every (u,v,w) € S© which completes the proof for (iii) == (ii).

Lastly, (i) = (i) is obvious. Therefore we can conclude that (i), (ii) and
(iii) are all equivalent. U

Propositions 4.1 and 4.2 provide a tool to give an answer to the question: Is
there a way to know whether a given set S in PH™! is totally real or complex?
More concretely, lift S € PH™! to a set S C H™!. Then fix an element ug € S
and investigate the reality or commutativity of the set {{ug, v, w) | (ug,v,w) €
SO} If {(ug, v, w) | (ug,v,w) € S®} is real (resp. commutative) and has no
the zero element, we can conclude that S is totally real (resp. complex). It is
worth pointing out that this conclusion does not depend on the choices of a
lift S of S and ug € S. This can be seen from Propositions 4.1(iii) and 4.2(iii),
which do not depend on the choice of a lift of S. Hence the following definition,
which is equivalent to Definition 1.2, makes sense.

Definition 4.3. We say that a subset S C PH" is totally real (resp. totally
commutative) with respect to the quaternionic Hermitian triple product if some
(hence any) lift S of S to H™! satisfies the following property: For some (hence
any) u € S, the associated set {(u,v,w) | (u,v,w) € S®} is real (resp. com-
mutative).

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. We first prove (i). Suppose that S is totally real. Then
there is a lift S of S such that S is totally real. Clearly S is totally real with
respect to the quaternionic Hermitian triple product and so is S.

Conversely, suppose that S is totally real with respect to the quaternionic
Hermitian triple product. By Proposition 4.1, there exist a lift S of S and a
function A : S — H* such that the R-linear span of {vA, |v € S} is a totally
R-vector subspace of H™!1. Noting that {v), : v € S} is also a lift of S to H™1,
it follows that S is totally real.

The proof of (ii) is similar and is left to the reader. O

Let T" be a discrete subgroup of PSp(n,1) acting on HJ. Then its limit set
Ar is the unique minimal non-empty closed I'-invariant subset of 0Hf. More
concretely, Ar is obtained by the intersection of OHpj and the closure of I' -
in HE U OHE for some z € HY. Since no two null-vectors in H™! can be

orthogonal, (u,v,w) # 0 for all (u,v,w) € Ag’), where u,v and w are the lifts
of u,v and w to H™!, respectively. As an application of Propositions 4.1 and
4.2 to quaternionic hyperbolic space, we have the following corollary.

Proof of Corollary 1.4. Suppose that Ar C 0Hp is totally real with respect
to the quaternionic Hermitian triple product. By Theorem 1.3, Ar is totally
real, which implies that a lift of Ar spans a totally R-vector subspace V' of
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H™!. Since V is spanned by null vectors, it has a vector with negative norm.
Hence, by Corollary 3.4, V is isomorphic, up to the action of Sp(n,1) on H™!,
to Spang{ei,...,em,enr1} for some integer m < n. This means that PV is
isometric to the real hyperbolic subspace Hy' C H. Moreover it is obvious
that I' leaves PV invariant since PV is the smallest totally projective R-subspace
of PH™! containing Ar which is I'-invariant. The converse is trivial.

A similar proof works for the totally commutative case with respect to the
quaternionic Hermitian triple product. (I

5. Quaternionic hyperbolic triangle groups

Section 3.2 implies that given two distinct points of PH™!, there always exist
both a totally projective R-line and a totally projective C-line passing through
them. However, for three distinct points of PH™!, it turns out that there exists
a totally projective C-plane passing through them but there may not exist a
totally projective R-plane passing through them. Furthermore, for more than
three distinct points, there may be no totally projective C-subspace of PH™!
passing through them. In this section we will prove these statements.

First of all, we prove that there always exists a totally projective C-plane
passing through given three distinct points of PH™!.

Lemma 5.1. Let u,v and w be linearly independent vectors of H™! over H.
Suppose that (u,v,w) # 0. Then there are Ay, Ay, Ay € H* such that the C-
linear span of {uMy, vy, WAy} s a totally complex vector subspace of H™1.

Proof. Every quaternion is conjugate to a complex number and thus there
exists a quaternion A, € H* such that A, {(u,w,v)\, € C. Set A\, = (u,v)\,
and Ay = (u, w)A,. Then

(U, V) = A (U, 1) (u, 0) Ny = [N [*[{u, 0)|* € R,
and, moreover,
(U, WAy = Ay (w, u) (u, w) Ay = [ Ao |*[(u, w)|* € R.
Lastly, we get
(VA W) = Ay (w, u) (v, w) (u, V) Ay = Ay {u, w,v)\, € C.

Therefore, by Proposition 4.2, the C-linear span of {ul,, vA,, wA,} is a totally
complex subspace of H™1!. O

Example 5.2. We here give an example of three distinct points of PH™! which
are not contained in any totally real projective subspace of PH™!. Let v; =
€1 +iea,v9 = eg and v3 = e2 + ep41. Then by a straightforward computation,

<’U1,’02,113> =1-—z.

This implies that (v1 A1, vaA2, v3A3) can not be real for any non-zero quaternions
A1, A2 and A3. According to Proposition 4.1, this means that P(v1), P(v2) and
P(v3) can not be contained in any totally real projective subspace of PH™!.
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Example 5.3. We now give an example of four distinct points of PH™! which
are not contained in any totally real and complex projective subspace of PH™!.
Let v1 = e1 +ieq, va = ea+e3, V3 = €2 + kep+1 and vy = jes +e,41 for n > 3.
Then,
(v1,v9,v3) =1 —j, (v1,v9,v4) = —k.

Note that (v1, ve, v3) and (vy,ve,v4) do not commute and hence by Proposition
4.2, the four distinct points P(v1),P(vs),P(vs),P(v4) can not be contained in
any totally complex projective subspace of PH™!.

As an application of Lemma 5.1, we study quaternionic hyperbolic triangle
groups in HZ. Given two distinct points u,v € HZ U 9HZ, there is a unique
quaternionic projective line L spanned by u,v. There is a unique vector ¢ €
H?! up to scaling by non-zero quaternions such that the line L is the projection
of a 2-dimensional quaternionic subspace {z € H?!|(z,¢) = 0}. The vector
c is called the polar vector of the quaternionic projective line L. Indeed, the
polar vector ¢ is determined by two equations {c¢,u) = 0 and (c,v) = 0, where
u,v € H>! are lifts of u, v, respectively. Then the quaternionic inversion 7y, in
L is defined by

TL(z) =P (=24 ¢ 2(c,c) ' (z,0)).
Then it is easy to check that 71, is an isometry of HZ of order 2 and fixes L
pointwise.

For three distinct points u,v,w € H% U 9HZ, there are three quaternionic
projective lines L1, Lo, L3 passing through two points of them and three quater-
nionic inversions 7y, 79, 73 associated to Li, Lo, Ls. The group generated by
T1,Ta, T3 is called a quaternionic hyperbolic triangle group in H]%I.

As seen before, every quaternionic hyperbolic triangle group is determined
by three distinct points u,v,w € HZ U 9HZ. By Lemma 5.1, there are lifts
u,v,w € H>! of u, v, w, respectively, such that Spanc{u,v,w} is totally com-
plex. Let ¢; € H?! be the polar vector of the quaternionic projective line L
through u and v. Then {c¢;,u) = 0 and (c;,v) = 0. Since {u, v, w} is a basis of
H?!, we can write ¢; = u-q1 +v - g2 +w - g3 for some quaternions g, g2, g3 € H.
Applying {c1,u) = 0 and {c1,v) = 0, we have the following two equations:

(u,u) - q1 + {(v,u) - o + (w,u) - g3 =0,

<U,U> “q1+ <U’U> g2 + <’LU,U> *q3 = 0.
All the coefficients in these two equations are complex numbers and thus there
are complex number solutions ¢i, g2, ¢3. This means that ¢; € Spanc{u,v,w}
and 7 leaves PSpanc{u,v,w} invariant. Similarly, one can prove that the
other quaternionic inversions 7; and 72 also leave PSpanc{u,v,w} invariant.
Therefore, the quaternionic hyperbolic triangle group generated by 71,79, 73
leaves the totally C-subspace PSpang{u, v, w} of PH?! invariant. Furthermore,
the intersection of PSpanc{u,v,w} and HZ is isometric to HZ, which implies
that every quaternionic hyperbolic triangle group in PSp(2, 1) is conjugate to
a subgroup of PU(2,1). Therefore, we get Theorem 1.5.
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