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CONTINUITY OF THE MAXIMAL COMMUTATORS
IN SOBOLEV SPACES

Xi1xX1 JIANG AND FENG Livu

ABSTRACT. We prove the Sobolev continuity of maximal commutator and
its fractional variant with Lipschitz symbols, both in the global and local
cases. The main result in global case answers a question originally posed
by Liu and Wang in [29].

1. Introduction
1.1. Background

The regularity theory of maximal operators has been an active topic of
current research. The first work was due to Kinnunen [25] who showed that
the Hardy-Littlewood maximal operator

1
Mf(z) = sup = [ (v)ldy
>0 |B(@,7)| B2,
is bounded on the first order Sobolev space WP(R") for 1 < p < oo, where
B(z,r) is the open ball in R™ centered at x with radius r and |B(z,r)| denotes
its volume. Here

WEPR") = {f B = R |flwroqen) = [ Fllwgn) + [V nqeny < 00},

where Vf = (D1f,...,D,f) is the weak gradient of f. Since then, more and
more scholars were devoted to extending Kinnunen’s result to various cases. For
examples, see [22,26] for the local case, [27] for the fractional case, [10,30] for the
multisublinear case. It is worth pointing out that the LP(R™) boundedness of
M plays a key role in deducing the boundedness of M : W1P(R") — WLP(R")
when 1 < p < co. The endpoint Sobolev regularity of the Hardy-Littlewood
maximal operators has been recently studied by many authors, see [2,28,42]
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for the case n = 1 and [21,36] for the case n > 2. Other interesting works
related to this topic can be found in [5,37], among others.

In light of the W1P(R™) boundedness of M for 1 < p < oo, it is natural
and interesting to ask whether the map M : WHP(R") — WLP(R") is con-
tinuous where 1 < p < oo. This question is attributed to T. Iwaniec and
was firstly posed by Hajlasz and Onninen in [22]. It is well known that M
is continuous on LP(R™) for all 1 < p < oo, which follows directly from the
well-known LP bounds and the sublinearity. However, since the maximal op-
erator is not necessarily sublinear at the derivative level, the continuity of
M : WLP(R") — WLP(R") for 1 < p < oo is certainly a nontrivial issue.
This question was first studied by Luiro [34] who established the continuity
of M : WHP(R™) — WLP(R™) for 1 < p < oo by establishing some explicit
formulas for the derivatives of the maximal function. Later on, Luiro’s result
was extended to the local case in [35], to the bilinear case in [10]. The endpoint
Sobolev continuity was first studied by Carneiro, Madrid and Pierce [9]. More
interesting works may be found in [4-8,18,19,38].

1.2. Maximal commutators

In this paper we are concerned with the continuity of maximal commutator
and its fractional variant with Lipschitz symbols in Sobolev spaces. Let 0 <
a < n and b be a locally integral function defined on R™. The fractional
maximal commutator with b is defined by

1
M —sup——
bﬁéf(l') i;l%) |B(Z‘,’I“)‘1_a/"

/ b(@) — b f @)y, =€ R™.
B(z,r)

Particularly, when a = 0, M, is the centered maximal commutator M.
We point out the following facts, which are useful in our proof of main result.

Remark 1.1. The operator M, , is positive and sublinear. Let b € L>*(R"),
l<p<oo,1/g=1/p—a/nand 0 < a < n/p. Then the map M, : LP(R™) —
L9(R™) is bounded and continuous. To see this, observe that

Mp,o f(x) < (16(2)] + (1] oo m)) Mo f (),

where M, is the usual fractional maximal operator, i.e.,

1
Ma f(z) = su —/ dy, = eR"
f(x) " 1Bz, )| —o/n e |f(y)ldy

It is well known that M, : LP(R™) — L%(R") is bounded and continuous.
Applying the above observation and the bounds of M, we have

(1.1) My, o fllLa@n) < Canpllbll Loo @)l f1| e @)

Combining (1.1) and the sublinearity of M}, implies the continuity of M, :
LP(R™) — LY(R™).
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The maximal commutator and its fractional variant has been the subject of
many recent articles in harmonic analysis. The maximal commutator was first
introduced by Garcia-Cuerva et al. [16] who used its LP bounds to characterize
BMO(R"™) function. In fact, the maximal commutator plays an important
role in the study of commutators of singular integral operators with BMO
symbols (see, for instance [39,40]). Recently, Zhang [46,47] used the bounds of
maximal commutators on the Lebesgue spaces and variable exponent Lebesgue
spaces to characterize the Lipschitz space. The endpoint estimate of maximal
commutator can be found in [1,3]. Recently, the investigation on the fractional
maximal commutators has attracted the attention of many authors (see [12,
13,20]). In fact, the investigation on various commutators has always been an
active topic in harmonic analysis and PDE (see [11,14,15,41,43-45] et al.).

Very recently, the regularity of maximal commutators has also attracted
a lot of attention. The first work was due to Liu, Xue and Zhang [33] who
proved that M, is bounded on WP1(R™), where 1 < p1,pa,p < 00, 1/p =
1/p1 + 1/ps and b € WP2(R"). Later on, Liu and Xi [31] extended the
above result to the fractional version and proved that M, , is bounded from
WhPL(R™) to WH4(R™) if 1 < py,p2,p, p1p2/(p1 + p2) < 00, 0 < o < 1/py,
1/q=1/p1 + 1/p2 — a and b € WhHP2(R"™). Meanwhile, the second author and
Wang [29] studied the Sobolev boundedness of M . with b belonging to the
inhomogeneous Lipschitz space Lip(R™). Here

Lip(R™) := {f : R" — C continuous : || f||Lipmrn) < 00},
where
I fllLipny = [ fllLeo@n) + I fll Liparn)
flx+h)— f(z
1l = sup  sup |[f(z+h) — f@)]
x€R" heRm\{0} Al
The following presents the differentiable properties of the Lipschitz function.

and

Remark 1.2. Let b € Lip(R™). It was pointed out in [29] that the weak partial

derivatives D;b, i = 1,...,n, exist almost everywhere. Moreover, we have
that D;b(z) = limp_0 WL}W and |D;b(z)| < [|b| iprny for almost every
x € R". Here ¢; = (0,...,0,4,0,...,0) is the canonical i-th base vector in R"
fori=1,...,n.

We now list the main result of [29] as follows.

Theorem A ([29]). Let 1 < p < o0, 0 < a<n/p and 1/q=1/p—a/n. If
b € Lip(R"™), then the map M o : WHP(R™) — WH4(R") is bounded.

Based on Theorem A, a natural question was posed by Liu and Wang (see
Remark 1.9 in [29]).

Question 1.3. Let 1 <p <o0,0<a<n/p,1/g=1/p—a/nand b € Lip(R").
Is the map M, , : WHP(R™) — WH4(R™) continuous?
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This is one of main motivations of this work. We will give a positive answer
to Question 1.3.

Theorem 1.4. Let 1 <p< oo, 0<a<n/pand1l/qg=1/p— a/n. Assume
b € Lip(R™). Then the map My o : WHP(R™) — WH4(R™) is continuous.

1.3. The local case

The second one of main motivations is to establish the Sobolev continuity
of maximal commutator and its fractional variant with Lipschitz symbols in
the local setting. Let {2 be a subdomain in R® and 0 < a < n. For a lo-
cally integrable function b defined on €2, we define the local fractional maximal
commutator by

1
My oaf(z) = sup —
@)= 50 oo Bl o7

where Q¢ = R™ \ Q. When o = 0, M) oo reduces to the local maximal com-
mutator Mp .
We point out the following facts, which follow from [29].

(é()WW%%@Mﬂmw% req,

Remark 1.5. Let 1 < p < 00,0 < a < n/pand 1/qg = 1/p — a/n. Assume
b e L*>(Q). The following facts are valid:

(i) Let M, o be the local fractional maximal operator, i.e.,
1
Moof@ = s e [ iy seq
0<r<dist(z,0°) |B(z,r)|1—e/n Bl(z,r)
It is known that the map M, o : LP(Q) — L(Q) is bounded and contin-
uous. Particularly, if f € LP(Q), then
[Ma,0flla@) < CampllfllLr )
(ii) The operator My , q is positive and sublinear. Moreover, the map M o q :

LP(Q) — L1(Q) is bounded and continuous. Particularly, if f € LP(Q),
then

[Mp,0.0fllLa) < Comnpllbll Lo @)l fllLr@)-

The Sobolev regularity for maximal operators in local setting was originally
studied by Kinnunen and Lindqvist [26] who established the boundedness of
the map Mg : WHP(Q) — WHP(Q) for 1 < p < oo (see also [22]). Here WP (Q)
is given by

Wl’p(Q) =L Q=R fllwrir) = [1fller@) + IV fllr@) < oo},
where Vf = (Di1f,...,Dnf) is the weak gradient of f. Kinnunen and
Lindqvist’s result was later extended to the fractional case in [24] and to the
multilinear case in [23]. Recently, the Sobolev regularity for maximal commu-
tators in local setting has also gotten a lot of attention. In 2021, Liu and Xi
[31] first studied the Sobolev boundedness of local maximal commutators in

the fractional setting. Very recently, Liu, Xue and Yabuta [32] established the
following result.
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Theorem B ([32]). Let 1 < p1,p2,p < o0, 1/p = 1/p1 + 1/p2 and b €
Whez2(Q). If || < oo, then the map Myq : WHPH(Q) — WLP(Q) is bounded
and continuous.

In [29], Liu and Wang introduced the local Lipschitz space Lip(§2) and estab-
lished the Sobolev boundedness of local maximal commutator and its fractional

variant with Lipschitz symbols. Recall that the inhomogeneous Lipschitz space
Lip(Q) is given by

Lip(Q) := {f : @ = C continuous : || f||Lip) < 00},

where

[ fllLipee) = I fllze @) + 1 fllLip)
. 7@) ~ f(w)]

r)—J\Y
[fllLip) = sup ————.
7 x, yeN lz -yl

Remark 1.6. It was pointed out in [29] that if b € Lip(2), then the weak partial
derivatives D;b, i = 1,...,n, exist almost everywhere. Moreover, for almost

every x € Q we have that D;b(x) = }lll—>mo w and | D;b(z)| < [0l Lip()-

We now present partial results of [29] as follows.

Theorem C ([29]). Let b € Lip(Q).
(i) Let 1 <p < oo. Then the map My q : WHP(Q) — WHP(Q) is bounded.
(ii) Letp € (1,n), a € [1,n/p) and ¢ = np/(n — (a — 1)p). Assume |Q] < oo.
Then the map My .0 : WHP(Q) — WH4(Q) is bounded.

Based on Theorems B and C, it is natural and interesting to ask the follow-
ing.

Question 1.7. Let b € Lip(Q2), 1 < p < oo and || < oco. Is the map
My : WHP(Q) — WP(Q) continuous? What about My o0?

The above question can be addressed by the following theorem.

Theorem 1.8. Let b € Lip(Q) and |Q| < oo.
(i) Let1 < p < oo. Then the map My q : WHP(Q) — WLP(Q) is continuous.
(ii) Let p € (1,n), a € [1,n/p) and ¢ = np/(n — (o — 1)p). Then the map
My o0 : WHP(Q) — WH9(Q) is continuous.

The rest of this paper is organized as follows. Section 2 will be devoted
to presenting the proof of Theorem 1.4. The proof of Theorem 1.8 will be
given in Section 3. It should be pointed out that the main ideas employed
in the proofs of Theorems 1.4 and 1.8 are motivated by [29, 32, 34]. Due of
the presence of |b(x) — b(y)| in the integral average, the derivative formulas
of maximal commutators is more complex. In fact, we have to make use of
the global differentiable property of |b(x) — b(y)| when we consider the partial
derivatives of maximal commutators.
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Throughout this paper, the letter C' will stand for positive constants not
necessarily the same one at each occurrence but is independent of the essential
variables. Especially, the letter C,, g denote the positive constants that depend
on the parameters a, . For a set A C R”, we denote A° = R" \ A. For any
arbitrary functions F'(z,y) defined on R™ x R™, we set

VoF = (D13F,...,DpoF), VyF = (D1,F,...,Dy,F),

were D; , F' (resp., D; ,F) is the i-th weak parital derivative of F' in x (resp.,
y). Throughout this paper, let b be a local integrable function, we denote
Fo(z,y) = |b(z) — b(y)|. Forl € {1,2,...,n} and h € R\ {0}, we set

(Fe)h(v)= 3 (Fylar,y+he) - Fo(e,), (Fuolh(a) =

W (Fy(z+he, y)—Fyp(z,y))-

2. Proof of Theorem 1.4

In this section we prove Theorem 1.4. The main ingredient of proving The-
orem 1.4 is the derivative formulas of maximal commutators (see Lemma 2.3).
Let us begin with some necessary notation and lemmas.

2.1. Preliminary notation and lemmas

Let b € L>®(R™) and f € LP(R™) with 1 <p < oo and 0 < a < n/p. For a
fixed point x € R"™, we define the function Ay q 4 ¢ : [0,00) = R by
0, if r=0;

R W - if 7
e |B(m77-)1—a/n/]3(z,r)|b(x) b()IIf(y)ldy, if r € (0, 00).

We define the set Ry o ¢(2) by

R, f() == {r >0: Mpof(x) =limsup Ap oz, s(rg) for some ry > 0}.

Tp—T

It should be pointed out that the following facts are valid:

(1) Ap,a,z,f is continuous on (0,00) for all z € R™ and at r = 0 for almost
every x € R";

(ii) lim, o0 Ap,a,q, 7 (1) = 0 since

Apsaa, s (r) < (10(@)] 4+ 0]l oo @) )| Fll o ey | Bz, ) [*/ 7P, > 0.
(ili) Rp,a,¢(z) is nonempty and closed for all z € R™ and
Mb,af(x) = Ab7a,;v7f(r) ifo<re Rb@)f(x), Vr € Rn,

My o f(x) = Ap,a,2,£(0) for almost every x € R™ such that 0 € Ry o ¢(z).
Let u be a function defined on R™. For all h € R, |h| > 0, y € R™ and
i=1,2,...,n, we define the functions u} and uy; by setting

uy () = @+ hefi) — u(@) and upi(x) = u(x + he;).
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It is well known that uj; — u in LP(R™) when h — 0, and if u € WHP(R™),
then u}, — D;u in LP(R™) when h — 0 (see [17, Section 7.11]).

For R > 0, we denote by Bp the ball of radius R centered at the origin. For
A CR"™ and x € R", we define

d(z, A) := igg |z —a| and A¢yy = {r € R" : d(x, A) < A} for A > 0.

We now prove the following lemma, which tells us how the sets Rp o, ()
and Rp,a,g(x) are related to each other when || f — g||zr®n) is small.

Lemma 2.1. Let b € L*(R") and f € LP(R™) with 1 <p < o0 and 0 < a <
n/p. Assume that f; — f in LP(R™) when j — oco. Then for all R > 0 and
A > 0, we have

21 lim {2 € BO.R): Roay, @) & R (@)} =0.

Proof. We adopt the method of proving [34, Lemma 2.2] to prove this lemma.
Let A > 0, R > 0 and € € (0,1). Applying the argument similar to those
used to derive [34, Lemma 2.2], one can conclude that for any j € Z, the set
{z €R™ : Ry a,f, (%) € Rpa,f(x)(n)} is measurable. Moreover, for almost every
x € B(0, R), there exists y(z) € N\ {0} such that

Ap oz (1) < My o f(x) — —, when d(r,Rpa,r(z)) > A

v()

So we can find v = y(R, A,€) € N\ {0} and a measurable set F with |E| < €
such that

B(O,R) C {fﬂ e R™: Ab,a,m,f(r) < Mb,af(x) — ’771
if d(r, Rp,a,f(x)) > A} UE.

(2.2)
Observe that
{2 €R™: Apou (1) < Myof(z) =y~ if d(r, Rpa,r(x)) > A}

(2.3) 3
c B
=1

where
By ;= {z € R" : [Myafj(x) = Mpaf(z)| = (47)7'},
By = {z €R" : |Apaa,s, (1) = Ao (r)] = (27)7
for some r such that d(r, Ry.q,r(x)) > A},
Bzj:={x € R": Ay quy,(r) < Myofj(x) — (47)7" if d(r, Ry p(z)) > A}

Since Bz j C {x € R" : Ry a5, (%) C Rpa,r(7)(x)}, then we get from (2.2) and
(2.3) that

(2.4) {35 € By : Rb,oz,fj (1’) 7¢_ Rb7a7f(I)(,\)} C Bl,j U BQJ' UFE.
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By our assumption, there exist Ny = Nj(e) € N\ {0} and C > 0 such that
Ilfi = fllr@ny < £ for any j > Ni. By the sublinearity of M;,q,

|Mp,a fij(z) — My, f(2)] < Mya(f; — f)(2).
We also note that

[Ab,a.a,8, (1) = Abae,f ()] < Myo(f; — f)(2).
The above facts together with Remark 1.1 imply that for any j > Ny,

|B1 ;| + | B2;| < Q/R (AyMy o (f5 — )(x)tdz < COY|fj = fllLe@ny)? < Cel,

n

where 1/¢ = 1/p — a/n and C' > 0 is independent of v. In view of (2.4), we
have

{z € B(0,R) : Ryaz;(2) € Roar() )} < Ce
for any j > Nj. This proves (2.1). O

Let A, B be two subsets of R"”. The Hausdorff distance of A and B is defined
by
W(A,B) = inf{5 >0:AC B((;) and B C A((;)}.
The following lemma tells us how close the sets Ry o ¢(z) and Ry o, r(x+he;p)
are when h is small enough. This plays a key role in establishing the derivative
formulas of maximal commutators.

Lemma 2.2. Let b € Lip(R") and f € LP(R™) with 1 <p < o0 and 0 < a <
n/p. Then for all R >0, A >0 and !l € {1,2,...,n}, we have

(2.5) }llirr%) H{z € B(0,R) : 1(Rp,a,7(), Ro,a,f(z + hey)) > A} = 0.
—

Proof. Let us fix I € {1,2,...,n}, A > 0 and R > 0. For (2.5) it suffices to
show that

(2.6) }ILILIB ‘{.’L’ S B(O, R) : Rb’a,f(l‘ + hel) g Rb,a’f(m)()\)}\ =0
and
(2.7) }ILILIB |{x S B((LR) : Rb@)f(l') sz le,f(x + h@l)(/\)}| =0.

We now prove (2.6). This is similar to the proof of Lemma 2.1, some mod-
ifications are made. By a change of variable, it is not difficult to see that
Ry, f(x + her) = Rey, a1, (). Hence, for (2.6) it is enough to show that

(2'8) %IL% |{x € B(Ov R) : Rbh,haafh,l(x) g ,R‘b,%f(x)()\)}‘ =0.

By the proof of Lemma 2.1, we know that the set {x € R" : Rp, ,.a.5,,(2) €
Ry, f(2)(x)} is measurable for any h € R. Moreover, there exist v = y(R, A, ¢)
€ N\ {0} and a measurable set E with |E| < e such that

B(0,R)

2.9
(29) C{z eR": Apaus(r) < Myof(x)— vt d(r,Rp,a,f(z)) > A} UE.
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Let h € R. Observe that
{z €R™: Apapp(r) < Myof(z) =771 if d(r,Rpa,r(x)) > A}

3
- U Bi h,
i=1

(2.10)

where
Bini=A{z € R" : [My, , afni(x) — Myof(z)] > (47)7'},
B2,h = {:E eR™: |Abh,z,a,$,fh,z(7ﬂ) - Ab,a,x,f(r” > ( )
for some r such that d(r, Rp,a,f(x)) > A},
B3,h = {:17 eR™: Abh,lﬂﬁ&fh,t(r) < Mbh,z,afh,l( ) ( )
if d(r,Rp,a,7(2)) > A}

Note that B, C {x € R" : Ry, .a,5,., (%) C Ria,r(#)n) )} Thus, we get from
(2.9) and (2.10) that

(211) {1[,’ S B(O, R) : Rbh,,L@éyfh,,l(x) 7@ Rb,a,f(l')(k)} C Bl,h U Bg)h UkFE.
On the other hand, we have
| My, 0 fni(x) = Mpof(x)]

1
< sup ——mXm—
= 0 1B, r)[e/n

x / [1br1(2) = b1 (W)l f1(v)] = |b(x) = b(y)[| £ (y)lIdy
B(z,r)

1
sup

S BT gy ) ~ a0~ 10y

IN

1
o e 1) bl = ) — b))l

r>0
< My, ya(fag = [)(@) + [bra(z) = b(@)|Ma f(z) + Ma((bny — ) f)(2)
< My, 0 fra = (@) + 2[bl Lipwn) |h| Mo f (2).
Similarly we have
|Abh,1,,04’fv,fh,z(r) - Ab,a,r,f(r)‘ < Mbh,,z,a(fh,l - f)(x) + 2||b||LiP(R") h|Mllf(x)

Since f € WP(R™), there exists 6 > 0 such that |[fn; — fllor@n) < s

whenever |h| < 0. The above facts together with (1.1) imply that when
|h| < min{4, (8)te},
|B1,n| + |Ba,nl
<2 [ @00Msy (s~ D) + 2bl i) Mo f (@)

< 2(49) | Moy (it = D%y + 21801 oy Mo P
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< Canp(2(49) Nl oo @y Lfng = FI Ty + 200017 iy 110 ey €7)
< Ca,n,p'

bl|Lipmn)€?,

where 1/¢ = 1/p — a/n and Cy . > 0 is independent of v and e. Hence, we
get from (2.11) that

{x € B(O’ R) : Rbh,laayfh,l(x) ,¢— Rb,a,f(x)()\)} <Ce
when |h| < min{4, (8y)~te}. Here C > 0 is independent of v and €. This proves

2.8).
( It) remains to prove (2.7). Note that Rya,f(z) = Ro_, s.a,f_n, (T + hey). It
follows that
{SL‘EB(O,R) Rbaf ,@Rbaf x—l—hel) /\)}
- {CE S B(O,R) : 'Rbfh’l’oé,ffhyl($ + hel 7¢_ R57a7f T 4+ hel)(,\)}
C{reB(O,R+1):Re_, afni(@) € Rpap(x) )} — her
This together with (2.8) gives (2.7). O

We now establish the derivative formulas of maximal commutators, which
is the main ingredient of the proof of Theorem 1.4.

Lemma 2.3. Let b € Lip(R") and f € WP(R™) with 1 < p < oo and
0<a<n/p. Letle{l,2,...,n}. Then

(i) For almost every x € R™ and r € Ry o, f(x) with 0 < r < oo, we have

1
DMy f(2) = s | o (Puata) o)

(2.12) + Diz|b(x) = b(y) DI f (y)|dy
1

T B /B(”) [b(x) = b(y)| Dil f|(y)dy

(ii) For almost every x € R™ and 0 € Ry o r(x), we have
(213) Dle,af(x) =0

Proof. Without loss of generality we may assume that f > 0, since M} of =
My o|f| and |f| € WEP(R™) if f € WIP(R™). Let A; be the set of all z € R"
for which b is differentiable at . By Remark 1.2 we see that |A§| = 0. Let
g = pn/(n — ap) and As be the set of all x € R™ for which M, f(z) < oo
and M,D;f(x) < oco. Clearly, it follows from the boundedness of M, that
|A5| = 0. Let R > 0. Invoking Lemma 2.2, there exists a sequence {s}°,,
s > 0 and s — 0 such that limg_ o T(Re,a,f(2), Roa,f(x + ske;)) = 0 for
almost every « € B(0, R). Since f € WHP(R™), then || fs, 1 — f|lLr(rn) — 0 and
£ =DiflLe@n) — 0as k — co. It follows that | Mg (fs,1—f)| zern) — 0 and
[ Ma(fL, — Dif)llpa@ny — 0 as k — oo. We get by Theorem A that My f €
WL4(R). It follows that [|(Mpaf)L, — DiMyaf|regny — 0 as k — oo.
Note that [0}, (y) — Dib(y)|f(y) < 2[|bll Lip(rn) f(y) and limg—o0 b, (y) = Dib(y)



CONTINUITY OF THE MAXIMAL COMMUTATORS IN SOBOLEV SPACES 471

for almost every y € R™. By the dominated convergence theorem, we have
(6L, — Dib) fll Lorny — 0 as k — oco. It follows that

IMa((B,, — Dib) )|l Lagny =0 as k — oo

It is clear that Fy(z,-) € Lip(R™) and ||[Fy(2, )| Liprr) < 16l Lip@ny for all
z € R". By Remark 1.2, for a fixed z € R"™ the function Fy(z,-) is dif-
ferentiable almost every y € R™. Moreover, for almost every y € R", we
have | Dy, Fy(z,y)| < ||bl| Lip(rn). Similarly we see that Fy(-,y) € Lip(R™) and
| Fy (-, )l Liprry < 1|6l Liprny for all y € R™. Moreover, for a fixed y € R™ the
function Fj(-,y) is differentiable almost everywhere. Moreover, for almost every
z € R", we have |D; . Fy(2,y)| < [|bl|Liprn). By the above facts, there exist
a subsequence {h;}7°, of {s;}7>, and a measurable set A3 C B(0,R) with
|B(0, R) \ As| = 0 such that for any = € A;, we have that limy_, oo My (fr,1 —
@) =0, limg_ 0o Ma(f,llk —Dif)(z) =0, limg_ 00 Ma((bﬁlk —Dib)f)(z) =0,
limy, s o0 (Mbﬂf)%k (J,‘) = Dle@(f)(J:), limg_ oo W(Rb@,f(x), Rb@,f(x + hkel)) =
0, limk%m(Fy,b)ﬁlk (x) = Dy Fy(x,y) for any y € R™. Let Ay be the set of all
Lebesgue points of f and D;f. We set

As = {z €R": Myof(2) = Apors(0)if 0 € Ry s(z)},

Ag = m {z e R" : My o f(x+hier) = Apaathpe,f(0)if 0 € Ry o r(x+hrer)},
k=1

A7 = {x eR": lerrgo(Fy,b)zk (x) = Dy Fy(z,y), ae y€ R"},

1
Ag = {x € A;: lim 7/ \Dyb(z) — Dib(y)| f(y)dy = o}.
r—0* |B($, T>| B(xz,r)

One can easily check that |A¢| = 0 for any ¢ = 4,5,6,7. Note that |D;b(x) —
Dib(y)|f(y) < 2||b]| Liprn) f for any 2 € A; and almost every y € R™. Applying
the Lebesgue differentiation theorem, we see that |A§| = 0. Hence, we have
(=1 45)°] = 0.

Let z € ﬂ?zl Aj and r € Ry q,f(x). Then there exists rp € Ry o, r(x + hrer)
such that limg_,., 7 = 7. It is easy to see that

) 1
(2.14) Dle7af(13) = klingo E(Mb’af(x + hkel) — Mb,af(x))~
We consider two cases:

Case A (r > 0). Due to the fact that limy_, o7y = r, without loss of
generality we may assume that r, € (0,2r) for all £ > 1. By a change of
variable, we have

1
Apaathyer,f(Th) = / [b(x+hrer)—b(y+hren)| fae i (y)ldy-
| B(z,rx)

B(.’E, Tk)‘lia/n
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It follows that

1
E(Mb,af(l' + hre) — My o f(x))
1
< ” (Abazthper.s (k) = Az, £ (Tr))

r 1
hi |B(z, )|t =/

(2.15)
< / (Fo(e + huer, y + hwer) fna (9) — Fo(,9) £ (9))dy
B(z,ry)
L / Fy(e.y)fh (y)dy + !
= T N TyY)Jn, \Y)AY ~ 757~ T
1B, ri) =07 gy o B, r)[ /"
Fy(x + hrey,y + hrey) — Fy(x,
< o Dl y R Z BN p g)ay,
B(z,ri) k
Note that

‘/B(M )Fb(x,y)f;lzk(y)dy—/B(z , Fb(x,y)le(y)dy‘

IN

/ Fy(, v)|f}, () — Duf()\dy
B(z,rk)

Bz, )P (y)dy = Fy(,y)Dif (y)d
+}/B(wk) b(z,y) Dy f(y)dy /B(w) b(z,y)Dif (y) y)
< 16l ip(rnyri B )|~/ Ma (£, — Dof) (@)

+ ||bHLip(Rn)Tk/ IDif (WX Bar) (¥) — XBaw) (Y))|dy.

B(z,2r)
By the Hélder’s inequality, we see that D;f € L'(B(z,2r)). Applying the

dominated convergence theorem,

(2.16) lim Fy(x,y)f!, (y)dy = / Fy(2,9) Duf (y)dy.
k—o0 B(z,ry) B(z,r)

On the other hand, we have

/ Fy(x + higer, y + hiep) be(z,y)fh () dy
ks
B(z,rk)

by

e = [ o ) o)y

F [ B, @ i)y
B(xz,ry)



CONTINUITY OF THE MAXIMAL COMMUTATORS IN SOBOLEV SPACES 473

Note that
[ Eoh@hawis- [ DuF) i@
B(x,ry) B(z,r)

< / (o), (0) () — DuyFolar, ) £ ()l dy
(2.18) Blere)

s/ (Fa)h, )| fret (0) — £y
B(z,ri)

+ / |(Fo)hy () — Diy Fi(, )| | () dy.
B(z,rk)
Observe that
/ (Fot) ) e (0) — ()l
B(z,ry)

< bl piprey | Bz, )7 Mo (frpq — )(z) = 0 as k — oo.

Note that ((Fy, b)ﬁlk( ) — D1y Fy(2,9))XB(a,r) (¥) — 0 as k — oo for almost ev-

ery y € R™. Moreover, |(Fyb)j, (y) = Diy Fo (2, )| f ()] < 2[Il| Lipn)| f ()] for
almost every y € R"™. These facts together with the fact that f € L'(B(z,2r))
and the dominated convergence theorem imply

J IR0 = DBy =0 a5 k= o0
x,Tr
Hence, we get from (2.18) that
19)  lim [ (0= [ DR )y
=0 JB(z,r) B(z,r)
We now prove that
@20) Jin [ (B, @fa@ds = [ DiaFie) f)d
=0 JB(z,ry) B(z,r)
By a change of variable,
| e @hawis= [ (Fy )l (2)f ().
B(=z,rk) B(z+hyer,ry)
Hence, for (2.20), it suffices to show that
(221)  lim (Fuh @F W)y = [ DiaFilw) i)y
k—o0 B(z+hygep,ry) B(z,r)
Due to limy_, o, hi = 0, without loss of generality we may assume that hy <r
for all K > 1. Note that B(x + hiey, i) C B(x,3r), |(Fyb)§% (@) < 16l Lip(rm)
and f € L'(B(x,3r)). An application of the dominated convergence theorem
gives

|/ (B @F Wy~ [ (Fuh @) fw)dy
B(z+hier,rk) B(z,r)
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< ||bHLip(Rn)/B : |f (W) (XBa+hrerre) ¥) = XBr) (Y))|dy
xr,or

)

— 0 as k — oo.

Thus, to prove (2.20), it is enough to show that

e gm [ B @y = [ DB @
= JB(z,r) B(x,r)

Note that limkﬁoo(Fyyb)ﬁlk (x) = Dy Fy(z,y) and |(Fy,b)ﬁlk () = Dy z Fy(z,y)| <

26|l Lip(rn)- These facts together with the fact that f € L'(B(z,r)) and the

dominated convergence theorem imply (2.22). It follows from (2.17), (2.19)
and (2.20) that

Fy(z + hier, y + hier) — Fy(x,y)

lim Frac(y)dy
k—o0 B(x,rk) hk

(2.23)

= [ (Do) DBy )y
Then we get from (2.14)-(2.16) and (2.23) that

1
DMy o, < — Dy ,|b(x) — b

Mo ) S (g [ (Dualb@) o)

(2.24) + Diz|b(x) = b(y)]) f (y)dy

1
B M) WD)

On the other hand, we have
1
by

1
hik(Ab,a’w+hkez,f(T) - Ab,a’w,f(T))

L S
hi |B(a,r)[=e/m

(2.25) ) /B(z,r) (Fo(2 + hwer,y + hier) fui 1 (y) = Fo(a,y) f(y))dy

(Mb,ocf(x + hk:el) - Mb,af(‘r))

Y

1 / .
= T Fy(z,y) fr, (y)dy
|B(z, )=/ [ g (@ 9) /W)
o
|B(z,7)[t=o/n

Fy(z + hie,y + hier) — Fy(z,y
X / ( W ) ( )fhk,l(y>dy~
B(z,r) k

_|_
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By (2.14), (2.25) and the arguments similar to those used to derive (2.24),

Dy My,o(f)(z)

1
= B/ /BW)(Dz,y(Ib(x) = b)) + Dix(|b(x) = b(y)]) f (y)dy

1
* WL/B(M) |b(z) = b(y)|D1f (y)dy.

This together with (2.24) implies that (2.12) holds for almost every = € B(0, R).
Case B (r =0). Due to 0 € Ry o, ¢(x), we have My o f(2) = Ap,a,z,£(0) = 0.
Then we get from (2.14) that

(2.26) DMy f(z) = lim —

1
M, af(l‘ + hkel) = lim —
k—oo hy ’

k—oo hy

If r, = 0 for infinitely many k, then (2.26) gives D;M o f(x) = 0. In what
follows, without loss of generality we may assume that r; € (0,1) for all k > 1.
Since My o f(z) = 0, then |b(x) — b(y)|f(y) = 0 for almost every y € R™. It
follows that

/ b+ hier) = ()| (5)dy
B(z+hgey,rr)

Ab,%w-ﬁ-hkez ,f(T'k).

= [ b+ ) = by ey + hwen)dy

B(z,rk)

< / |b(x + hrer) — by + hre)||f(y + hrer) — f(y)|dy
B(z,rk)

+ / b + her) — by + hier) — (blz) — b(w))| £ (v)dy.
B(z,ry)

It follows that

1

thb,a,x-%hkez,f(rk)
k

: < e |b(z + hier) — by + hier)|| fr, ()l dy
(2 27) ‘B(Iark”l_a/n B(z,rk) e

1
ST b () — bl du.
* |B(x,rp,)|-=o/n /B(W)| hi () = b, ()| f (y)dy

Observe that

1
T o N—a/n b h —b h ! d
(2.28) |Bla, ri)|t=e/n /Bu,m)' (@ + huer) = bly + hell /i, (9)1dy
TS Wl (Malfh, = D))+ Ma(Dif)())
— 0 as k — oo.
We write

1 / ! !
_ by, () — by, (y fy)dy
|B(x,7‘k)‘1*a/" B(ac,rk.)| h ( ) h ( )l ( )
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< W /B( ) |b},, (z) = by, (y) — (Dib(z) — Dib(y))| £ (y)dy

1
T Bl /B() | Dib(z) — Dibly)|f (y)dy
< [0}, (2) — Dib()| M f (@) + Ma((Bh, — Dib)) ()

1
T B e /Bum |Dib(x) — Dib(y)| f(y)dy

—+0 as k — oo.
This together with (2.26)-(2.28) implies D; M, o f(x) = 0. Since R was arbitrary
and |B(0, R) \ (ﬂf-:l A;)| = 0. This proves Lemma 2.3. O

Finally, we present an important property of W1P(R™) with p > 1. This
play a key role in the proof of Theorem 1.4.

Lemma 2.4. Letp > 1, f € WHP(R"™) and {f;};>1 C WHP(R™). Assume that
f; = f in WHP(R™) as j — oco. Then V|f;| = V|f| in LP(R™) as j — co.

Proof. 1t was shown in [37, Theorem 6.17] that if u € W1P(R™) for p > 1, then
|u| € WLP(R™). Moreover, we have

Vg, in {z e R": g(z) > 0} a.e,;
Vigl=4 0, in {zr e R": g(x) =0} a.e;
—Vg, in{zeR":g(z) <0} ae.

Define the sets
X={zeR": f() >0}, Y ={zeR": f(z) =0}, Z={x e R": f(z) <0},
Xj={zeR": fj(z) >0}, Y;={zeR": fj(z)=0}, Vj=1,
Z;j ={z e R": fj(z) <0}, Vj>1.
Observe that

- /X IV1551(9) — V@) Py
- / V1551(y) — V() Pdy + / VIA1() — VEw)Pdy
XN(X;UY5) XNZ;
- / VF5() — VF@)Pdy + / | V5(5) — V@) Pdy
XN(X;UY;) XNz;
< / IV £5() — VF)Pdy
X
G [ 19w Vil [

XNnZ

|Vi)lrdy)
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< oIV = T e + | Vi)

The assumption implies that ||V f; — VfH’ip(R”) — 0 as j — co. We now prove
that

(2.29) / [Vf(y)|Pdy — 0 as j — oo.
XNZ;

Assume that (2.29) is not true, there exist ¢y > 0 and a subsequence {jx }x>1
such that

/ Vi (w)Pdy > eo.
Xijk

Passing to a further subsequence, if necessary, we may assume that f;, — f
pointwise a.e. Note that

/ IV f )Py = / V£ () Pxxnz,, (1)dy.
Xnz;, R

We also note that XXNZ;, (y) — 0 as k — oo for almost every y € R™. In fact,
for almost every y € Z;, we see that f;, (y) < 0. It follows that f(y) < 0 by
our assumption. So y ¢ X. By using dominated convergence one sees that

[ WPy = [ V0P, Gy >0 as ko
XNz, R™
which is a contradiction. Hence, (2.29) holds. So we have

/X VI551) = VIFI@)Pdy = 0 as j— oc.

Similarly we can prove that

/Y V1£51(0) = VIf1(@)Pdy — 0 as j— oo,

/Z IV1£51(0) — VIF@)Pdy — 0 as j - oo.

This concludes the proof. ([

2.2. Proof of Theorem 1.4

Let b € Lip(R") and f € WHP(R") for 1 < p < oo. Let 0 < a < n/p and
1/g=1/p—a/n. Let {f;};>1 C W'P(R") and f; — f in WHP(R") as j — oc.
We want to show that
(230) ||Mb,af] — Mb,af”Wl*q(]R") — 0 as j — OQ.

By Remark 1.1 we have that || My o f; — My f|lpa@n) — 0 as k — oo. Hence,
for (2.30) it is enough to prove that

(231) ||D1Mb,afj — Dle,afHLq(Rn) —0 Whenj — 0
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for any I =1,2,...,n. We only work with (2.31) for [ = 1 and other cases are
analogous. In view of Lemma 2.4, we may assume that all f; > 0 and f > 0.

For convenience, for a fixed z € R™ and arbitrary function g € WHP(R"),
we define the function up o 5,4 : [0,00) = R by

ub,a,$,g(0) = 07
ub,a,z,g(r)
1
BT o, D1lb) =)+ D) = ) oo
1

+—/ b(x) — b(y)|D dy, 0<r < oo.
|B(z,r)[1—o/n B(m)\ () = b(y)| D1g(y)dy

We define the operator T, by
To(9)(2) = 2[b]| Lip@n) Mag(@) + 2|l Lo (rn) Ma (D19) ().

It is clear that T, is sublinear and

(2.32) 1T (@)l an) < CllbllLipem) lglwrrgny, ¥g € WHP(R™).

We set Fy(z,y) = |b(z) — b(y)|. It is clear that Fy(z,-) € Lip(R™) and
| Fo(z, )| Lipny < |0l Liprny for all 2 € R™. By Remark 1.2, for a fixed
x € R™, the function Fy(z,-) is differential almost every y € R™. Moreover,
for almost every y € R™, we have that |Dy ,Fy(x,y)| < [|b]| ipwny. Similarly
we see that Fy(-,y) € Lip(R") and ||Fy(-,y)||Lip@n) < 10| Lip@ny for all y €
R™. Moreover, for a fixed y € R™ the function Fy(-,y) is differential almost
everywhere. Moreover, for almost every x € R”, we have that | D1 . Fy(z,y)| <
0]l Lip(rn)- Hence, we have that for any g € W?(R") and almost every z € R",

(2.33) |ub,or2,9(r)] < Talg)(2).

Let € > 0. There exists R > 0 such that [|To(f)|/za((B(0,r))c) < € By the
absolute continuity of integration, we can find n > 0 such that || 76 (f)||Laa) < €
whenever |A| < n and A is a measurable subset of B(0, R). By the proof of
Lemma 2.3, one sees that for almost every x € R™, the function up q,z, 5 is
continuous at r = 0. Moreover, in view of the properties of b, one can easily
check that for almost every x € R™, the function up 4, ¢ is continuous in (0, co).
Hence, for almost every x € R"™, the function up q,4,¢ is continuous in [0, c0).
On the other hand, by the proof of Lemma 2.3, we see that for almost every
z eR”,

[h,a,,5 (@) < 110l Lipen) | f | Lo ny + 201b]| ow 2y [ D1 [ 1o ey | B, 7)| 711

This yields that for almost every x € R™, we have lim, _,o Up a4, () = 0.
Therefore, we have that for almost every x € R", the function up g4, is uni-
formly continuous on [0, 00). It follows that there exists d, > 0 such that

bz, (71) = Up . f (72)] < |B(0, R)| "% whenever |r1 — ro| < d,.
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So we can write
> 1
B0, &) = (| {zeBO.R):6.>-})UE,
i=1 J
where |E| = 0. So there exists § > 0 such that
H{z € B(0,R) : |up,a,2,£(T1) — Ub,a,a,7(12)] > |B(0, R)|"'/4e
for some 1,79 with |1y — ro| < 0}
= |G| < g
Invoking Lemma 2.1, there exists N7 € N\ {0} such that
{z € B(0, R) : Rz, (2) & Roas (@)} = [B/] < 5, Vj =N
Let us fix j > 1. By (2.33) we see that for any r € [0,00) and almost every
r € R™,
(2.34) b, g, (1) = Wb, £ ()| = b0z, p,— (1) < Talf5 — f)(2).
In view of Lemma 2.2, we get from (2.34) that for almost every x € R™,
| D1 Mp,0fj(x) = D1 My,o f(z)]
= |ub,aw.f,(r1) = Ub,a,a,7(72)]
< ubae,f; (1) = Uboe,r (r1)] + [Ub,0,2,5 (1) = Uba2,r(72)]
< To(fi = F)@) + |ub0.2.r(r1) = e, r(r2)]

for any 71 € Rpa,r;(z) and 72 € Rpa,r(x). By our assumption and (2.32),
there exists No € N\ {0} such that

(2.36) 1Ta(f; — llamny <€, Vi > Na.
If € B(0,R) \ (G1 N By), then we can choose 71 € Rpa,z,(x) and ry €
R, f(x) such that |ry —ry] < 6 and
[, (1) = Ub,2,7 (72)| < | B(0, R)| /e,
On the other hand, we get by (2.32) that for almost every z € R,
bz, £ (1) = Uba,z, £ (r2)| < 2T0(f)(2)

for any 71 € Rp,a,f; (z) and 12 € Ry o, (7). Hence, we get from (2.36) that for
almost every = € R”,

| D1 My, o fi(x) — D1 Mp o f ()]
(2.37) < Ta(f; — f)(@) + |B(0, R)| " %ex 50, r)\ (G1uB;) ()
+ 2Ta(f)(m)XGluB_jU(B(O,R))” (z).

Observe that |Gy U B?| < n for j > B;y. By (2.37) and Minkowski’s inequality,
we have

| D1 Mp,o fj — DiMp o f|| Larr)

(2.35)
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< ||Ta(fj - f)HLq(R“) + H|BR|_1/q€||LQ(BR) + 2||Ta(f)HLQ(G1uBJ'uB;~3) < 6e
for any j > max{Ny, No}. This gives that
Jlggo | D1 Mp,o fj — DiMp o fll agny = 0.

Then Theorem 1.4 is proved. O

3. Proof of Theorem 1.8
In this section we prove Theorem 1.8. Let us give some notation and lemmas.
3.1. Preliminary notation and lemmas

Denote 6(x) = dist(z, Q°). According to Rademacher’s theorem, as a Lips-
chitz function ¢ is differentiable almost everywhere in 2. Moreover, |Vd(z)| =1
for almost every x € 2. The notation K CC €2 means that K is open, bounded
and K C Q. It is well known that uj,; — u in LP(K) for all K CC Q when
h — 0, and if u € WHP(Q), then ui, — D;u in LP(k) when h — 0 (see [17, 7.11]).

Let b € L>(Q) and f € LP(Q) with p € (1,n) and « € [1,n/p). For every
x € Q, we define the function Ay o 4 7(r) : [0,5(x)] = [—00, 0] by

0, if r=0;

Apapsry=4 1 o . )
|B(,r)[1-o/n /B(W)V?( ) = bWIIf()ldy, if r € (0,6(x)].

Define the set Ip o, f(z) by
Ipo,f(x) ={r €[0,0(z)] : My.a,0f () = Apa.a,r(r)}-

When « = 0, we denote I o ¢(z) = Ip s(x). By the Lebesgue differentiation
theorem, we see that lim, o+ Ap a .« ¢(r) = 0 for almost everywhere x € Q. It
follows that the functions Ay o 2, ¢ are continuous on (0, 6(x)| for all z €  and
at r = 0 for almost every z € (.

By the arguments similar to those used to derive [32, Lemma 3.2] and Lemma
2.1, we can get the following result. The details are omitted.

Lemma 3.1. Let b € L>®(Q), p € (1,00) and f; — f in LP(Q) as j — oo.
Assume that o =0 or o € [1,n/p). Then for all R > 0 and A > 0, it holds that

Jim, Hz € Qr: Iyap(2) € Ipaf(x) )} = 0.
Here Qr = QN B(0, R).

We now establish the following lemma, which tells us how close the sets
Ip o,7(x) and I o s (x + he;) are when h is small enough.

Lemma 3.2. Let b € Lip(?) and f € LP(Q) for some p € (1,00). Assume that
a=0orac[l,n/p). Then for K CC Q, A >0 andl =1,2,...,n, it holds
that

(3.1) He € K :n(Ipa,5(2), Ipa,f(x+ he))) > A} — 0 when h — 0.
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Proof. The proof is similar to that of [32, Lemma 3.3]. However, some modifi-
cations are needed. For (3.1) it suffices to show that

(3.2) %li)% |{m c K: Ib,a,f(x + hel) g Ib,mf(a?)()\)}\ =0,

(33) %li% |{l‘ c K: Ib,a,f(l') g Ib,a,f(m + h@l)()\)}‘ =0.

We only prove (3.2) since (3.3) can be proved similarly. Let € € (0,1) and
A > 0. An argument similar to (2.9) shows that there exist a positive integer
v = (A, €) and a measurable set F with |E| < € such that

K C{2€K : Apan(r)<Mpaaf(x)—y"if d(r,Jyar(x))>A}UE
=GUE.
Fix h € R, and let
Bip = {x € K : |Mya,0f(x+her) = Myaof(e) > (47)7'},
By = {x € K : My, ,00(fni = )(@) +2[bll iy |h Moo f (2) > (29) 7'},
Bsp:={xe€Q:3red(x)—2|h|,6(x + he;)] such that
| Abaetherf (1) = Abaather,r (8(z + her) = [A])] > (87) 71}
Firstly we prove that
{r e K:Iyays(x+he) L Ipar(x)on}
C By UByy U (Bsy — he)) UE =: By,
when h is small enough. Let hg € (0,)) be such that Ky, C Q. For (3.5)
it is enough to prove that for # € G\ By, with |h| < 1 min{ho,d(z)}, there
exists r € I, o r(x + hey) such that d(r, Iy o, r(x)) < 2A. If not, we assume that

d(r, Ip a,f(z)) > 2X and consider two cases:
Case (i) (r < d(x) — |h|). In view of (3.4),

My o0 f(x + hep)
(3.6) = Apa,pthe,f(1) < Apazthen,f (1) = Apa,e,f (1) + Abae, s (1)
< |Ab,a,zthent (1) = Aba,z, £ (1) + Mp,a,0f () — 7_1-
By the argument similar to the proof of Lemma 2.2,
|Ab,a,w+hez,f(t) - Ab7a,ﬂv7f(t)|
< My, g a0 (fra — £)(@) +2[|b]| Lipi) [ Moo f ()
for any t € (0, min{dé(z),d(z + he;)}). From (3.6) and (3.7) we see that
My a0f(x + hep)
< My, a0(fri— 1) (@) 4 2b]l Lipey [PIMa o f () + My o 0.f (z) =77
< (29) "+ Myaaf(@) =7 " < Myaaf(z)—(29)7"

So |Mpa.af(x+ he)) — Myaaf(x) > (2y)7'. This gives x € By and a
contradiction.

(3.4)

(3.5)

(3.7)
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Case (ii) (r € [6(z) — |h|,d(z + he;)]). In this case we note that d(§(x) —
|l Ip.a,p(x)) > A, 6(x+ hey) — || < 6(z) and 6(z + he;) —r € [0, 2|h|]. Hence,
we have |r — (6(x + hey) — |h])| = [|h] — ((x + he;) —7)| < |h| and

d(0(z+her)—|h|, Ipa,r(z)) > d(r, Ip o 5 (x)—|r—(6(z+he)—|h])| > 2X—|h] > A.
Combining (3.7) with (3.4) yields that
Mp,a.0f(x + her)
= Ap.a,zther,f(T)
< N Apa,athen,f (1) = Abaotne,r(0(z + hey) — |h])|
+ |Av,a,z4+he, £ (6(z + her) — [h]) — Apaz,r(6(z + hey) — |R])]
+ Ay, r(0(x + hey) — |R|)
< (87 My, p00(fri — F)(@) + 2[0l| Lipeey [h Mo, f (2)
+ My aof(@) ="
<ENTTHEN T Myaof(z) =77 < Myaaf(e) — (4y) 7,

which leads to [My a.0f(z) — Mpaaf(x+ he))| > (4y)~! and © € By . This
is a contradiction. Hence (3.5) is proved.
In view of (3.5), for (3.2), it is enough to show that

(3.8) lim | By| = 0.

h—0
Clearly, |Bs j, — he;| — 0 when h — 0. Let g, = np/(n—«). By Remark 1.5 we
see that My of € LP(Q). So My o af(- + he)) = My o.0f in LI (K) as h — 0.

There exists d; > 0 such that || My oo f(- + her) — My a,of || L k) < (47) e
when |h| < ;. It follows that

(39)  1Bual < (49)% [ Myanf( + her) = Myaafl|%5, o < €

when |h| < ;. On the other hand, by the arguments similar to those used to
derive Lemma 2.2, there exists do > 0 such that

(3.10) |Byp| < Cele

for some C' > 0 when |h| < min{ds, (8y) e}. Here C' > 0 is independent of v
and e. Combining (3.10) with (3.9) implies that

|B1,n| + |Ba,n| < Ce

when |h| < min{dy, da, (87) 'e}. Here C > 0 is independent of v and e. This
proves (3.8). Lemma 3.2 is now proved. (]

The following lemma presents the derivative formulas of local maximal com-
mutator, which plays a pivotal role in the proof of Theorem 1.8.

Lemma 3.3. Let f € WHP(Q) for some p € (1,00) and b € Lip(2). Assume
|| < co. Then
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(i) For any l € {1,2,...,n}, almost every x € Q and r € Iy ¢(x) with 0 <
r < d(x), it holds that

DMy o f(z)

1
311) B /B(M)<Dz7ylb<x> — b(y)| + Dialb(@) — by)DIS (v)ldy

1
B o 1)~ KDL )

(i) For anyl € {1,2,...,n}, almost every x € Q and 0 € I ¢(z), it holds
that

(3.12) Dle}Qf(.T) =0.

Proof. Without loss of generality we may assume f > 0. Fix [ € {1,2,...,n}.
Note that Fy(z,-) € Lip(QQ) for all z € Q and Fy(-,y) € Lip(Q) for all y € Q.
It follows that |(Fyp)h(y)| < [|bllLipey and [(Fyp),(x)] < [|bllpipe) for all
z,y € Q. Moreover, for a fixed z € Q the function Fy(z,-) is differentiable
almost every y € Q. For almost every y € 2, we have | Dy, Fy(z,y)| < |6l Lip(e)-
Similarly we have Fy(-,y) € Lip(Q) and ||Fy(-,y)|lLipc) < |6l Lip) for all
y € Q. Moreover, for a fixed y € Q the function Fy(-,y) is differentiable almost
everywhere. Moreover, for almost every x € €2, we have that |D; , Fy(x,y)| <
16l Lip(e)- Let K CC Q. In view of Lemma 3.2, there exists {s3}72; C (0, 00)
with s — 0 such that
lim W(Ibyf(x),fb,f(:c + skel)) =0

k—o0

for almost every € K. By Remark 1.6 we see that [b (y) — Dib(y)|f(y) <
2|10l Lip(e) f (y) and limy_,o0 b, (y) = Dyb(y) for almost every y € Q. Then
Ty o0 || ot = f1l e () =0, img—soo || fL, = Dif Il Lo () =0, limp— oo [| Ma(fo, i —
Iy =0, limysoo [|Ma(f (0L, — Dib))|| o (x) = 0, limg oo || Mo (((Fup)k, —
Dl7yFb(l‘, ))f)HL:n(K) =0 and limk_mo ||Mb7Q(fék — le)HLp(K) = 0. By The-
orem B, we have M, of € W'P(Q). It holds that limj e H(Mb@f)ék —
DMy a fllrr(x)y = 0. From the above facts, there exist a subsequence {hy}32,
of {sx}%2, and a measurable set B; C K such that |K\ By| = 0 and for any = €
By, we have that limy,_, o, Mg (f(bﬁLk —Dib))(x) = 0, limy_yoo Mo (frei—f)(x) =
0, limg o0 My, (ff,, —Dif)(2) = 0, limg 00 Mo (((Fi,p)}, —DiyFo(, ) f) ()

0, limkﬁoo(Mb’Q(f))lhk (x) = Dle}Qf(fE), limg o0 7T(Ib7f($), Ib’f(sc—I—hkel)) =
and limy_, o0 (Fy )}, (2) = Dy o Fy(z,y) for all y € Q. We set

By :={z e K: Myof(z)=Apes(0)if 0L s(z)},

0

Bs = ﬂ {x e K: Myof(x+ hrer) = Apainye,r(0) if 0 € Iy p(x + hier)},
k=1

1
By = K:lm - —— D —D =
4 {x € rl_% |B(I,T)| B(x,r) | lb(w) lb(y)|f(y)dy O}’
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Bs = {x eQ: ler{:O(Fy,b)ﬁlk () = Dy Fy(z,y), ae y€ Q}

Clearly, |K\ B;| = 0 for any 2 < i < 5. Let Bg be the set of all z € Q for which
b is differentiable at . By Remark 1.2 we see that |B§| = 0. Let By be the set
of all z € Q for which Mg f(x) < oo and MqD, f(x) < co. It follows from the
boundedness of Mg that |BS| = 0. Let Bg be the set of all Lebesgue points of
f. Clearly, |B§| = 0. Hence, |(ﬂ]:1 B;j)°| =0.

Let us fix z € ﬂ?zl Bj and r € I y(x) satisfying r < §(z). We note that

limp 00 7(1p, £ (), Iy, f (x + hege;)) = 0. There exists radii ry € I f(x + hier)
such that limy_,oo 7 = r. It is easy to see that
(3.13) Dle’Qf( )= lgrolo F(Mb of(x+ hkel) Mb)Qf(x)).

We consider two cases:

Case A (r > 0). We may assume without loss of generality that all ry €
(0,0(x)). Note that limg_, o hxy = 0. Hence, we may assume that rp + hy €
(0, min{2r, §(z)}) for all k£ > 1. In view of (2.15) and (2.17),

1

E(Mb,Qf(x + higer) — My f(x))
1

N |B(m7rk)| B(z,rk)

1

+ Gy o sty
+ /B(er)(Fy-‘rhkez,b)ilk (x)fhk,l(y)dy> )

An argument similar to (2.16) gives that

(3.15) lim Fy(x,9) £, (y)dy = / Fy(, ) Duf (y)dy

k—o0 B(z,ry) B(z,r)
We now prove that

(316)  lim ()b, (0) et (9)dy = / Dy Byl ) (y)dy

Fy(z,y) fh, (y)dy
(3.14)

k—o0 B(z,rs) B(xz,r)
and
(317) lim (Fytmeslh @iy = [ DiaFifay) f(w)dy.
k—o0 B(z,rk) B(z,r)

Note that Dy, Fy(x,-)f(-) € L'(€2). This gives

Jim Dz,yFb(wyy)f(y)dy=/ Dy Fy(,y) f(y)dy.
=0 JB(x,ry) B(z,r)

It follows that
[ Eh@hawis - [ DuF @
B(z,rk) B(x,r)
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IN

[ b @) fal) = ey o) f)dy
B(z,rk)

N

f/ (Fa)h, 0] et () — F()ldy
B(x,ry)

+ / [(Fa)lh, (8) — Diy Py, )| £ (1)l dy
B(z,ry)

< ‘B(x’Tk)'(Hb”sz(Q)MQ(fhk,l - f)((E)
+ Mo ((Fap)h, — DiyFi(,))f)()),
which gives (3.16).

We now prove (3.17). Note that [(Fyynye,p)h, (€)] < [|bllLip- This yields
that

/ By enen ) (@) (i (y) — F(3))dy
B(x,m%)

< 2([0l[ Lip(ey | B (@, 1) [Ma(fhy 0 — ().
Thus, for (3.17) it is enough to prove that

(318) lim (Fy+hkel,b)§—“€ (.’E)f(y)dy = / Dl,bu(xv y)f(y)dy
k— o0 B(z,rk) B(z,r)

By a change of variable,

/ (Fyeaen )b, (2)F(5)dy = / ()b (@) ot (9)dy
B(z,rk) B(z+hie,r)

Note that
/ (Fy)h @) i)y — | (Fy )i (@) £ )y
B(z+hrey, i) B(xz+hrer, i)

< lbllzipe / i) — F@)ldy
B(z+hger,rk)

< bllzipe /B oo Via) = )y
z,rpt+hi

< bl Lipey B2, i + hie) [Ma(fay.0 — f) ().
It follows that
lim (Fy ) (@) frg 1 (y)dy = Jim (Fy)h () f (y)dy.
k—o0 B($+hk€l,Tk) k—o0 B(J,‘-‘rhke[,’l'k)
Therefore, to prove (3.18), it suffices to show that
(319) Jim (P @F W)y = [ DiaFlw) )y
7 JB(z+hrer,mr) B(z,r)

Note that (Fyp)},, (£)XB@+hre,r)(¥) = DiaFo(2, y)X @) (y) as k — oo and

[(Fy )b, ()X B(athierr) ) = DiaFo(@,9)XB@r) (W) < 2(bl|Lipe) for almost
every y € Q. Moreover, we have that f € L'(Q) by the fact that |Q| < co and
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Holder’s inequality. By the dominated convergence theorem, we have (3.19).
It follows from (3.13)-(3.17) that for almost every z € K,

DMy o f(z)

1
(3200~ B(en)| /B(z’r)(Dle(x) = b()| + Do [b(x) = b(y)) f (y)dy

1
B Sy, M@~ HWIDS )y

By the arguments similar to those used to derive Lemma 2.3 and derive (3.20),
we have that for almost every z € K,

DMy o f(z)

= m /B (z’r)(Dl,yw(Jﬂ)—b(y)|+Dz,x|b(33)—b(y)|) fy)dy

1
J’_ JE—
‘B(l’,?"” B(z,r)

(3.21)

b(z) — b(y)| Dif (y)dy.

Combining (3.21) with (3.20) implies that (3.11) holds for almost every x € K.
Case B (r = 0). Because of 0 € I, s(x), then My, o f(x) = Ap 5 r(0) = 0. We
write

. 1
lim —
k—oo hy

DiMyo f(x) My af(z+ hie)

(3.22)

1
Im —Ap zine .
k:ljgo he b,x+hy L,f(rk)

If we have r, = 0 for infinitely many k, then D;Mp o f(z) = 0. Otherwise,
there exists ko € N such that r, > 0 when k > ko. Since M, o f(z) = 0, then
|b(x) — b(y)|f(y) = 0 for almost every y € B(z,d(x)). An argument similar to
(2.27) gives that

1
EAb,z+hkel,f(rk)
1
< _ l
(3.23) = 1Bz, )] /B(mm) |b(z + hier) — by + hier)|| fi, (y)|dy
1

1Bz, )] b, () = b} dy.
1B ey P )~ P W W)y

It is easy to see that

1
(3.24) |B(z,7%)| JB2m)
< bllipgemyri(Ma(fh, — Dif)(z) + Ma(Dif)(x)) =0 as k — oo

b(x + hrer) — by + hie) || fh, (y)|dy
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and

1
Ba.m)] Jae. )|bﬁlk(x)*b%k(y)|f(y)dy

< | (@ > Dib(a \Nbf()+ﬂh«hu Dib)f)(x)
Texml / Dib(x) — Dib(y)|f (y)dy
LL’ Tk (z,r)

— 0 as k — oo.

It follows from (3.22)-(3.25) that (3.12) holds for almost every x € K. Since
K CcC Q is arbitrary, this gives the claim in €. O

(3.25)

Applying the arguments similar to those used to derive Lemma 3.3, we can
get the following result. The details are omitted.

Lemma 3.4. Let f € WYP(Q) with p € (1,n) and b € Lip(2). Assume that
a € [1,n/p) and | < co. Then
(i) For any l € {1,2,...,n}, almost every x € Q and r € Ip o f(x) with

0 <r <d(x), it holds that

DiMp,a.0f(z)

),
= Dy y|b(z) — b(y)| + Dio|b(z) — b(y)])| f(y)|dy
BTy, (Pualbe) — )+ Duclb(@) —b)IF )

1
B /B(m lb(z) — b(w)| il | (w)dy

(ii) For anyl € {1,2,...,n}, almost every x € Q and 0 € I, o f(x), it holds
that

DiMya0f(z) =0
Lemma 3.5. Let f € WhP(Q) with 1 < p < co and b € Lip(Q2). Let {hy}x>1 C
(0,00) be such that limy_,o0 by, = 0 and l € {1,2,...,n}. Assume that || < o0

and 6(x) < 0(z + hyep) for almost every x € Q and all k > 1. Then, for almost
every x € €,

Fb(x + hrep,y + hkel)fhk,l(y) - Fb(xvy)f(y) dy

lim

k—co JB(x,5(x)) by
(326) = / oy (PLFulE0) & DicFile ) H )y

B(x

+ / Fy(z, y) D f (y)dy
(z,0(x))

Proof. We shall adapt the method of [32] to prove this lemma. It is not difficult
to see that

Y

/ Fy(x 4 hyer, y + hier) fr,, 1 (y) —Fb(x,y)f(y)d
B(x,5(x)) hi
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G = [ Reaf@d [ (Eal @)y
B(xz,6(x)) B(xz,6(x))
+ / (Eyenuen)hy (2) fina (0)dy,
B(z,6(x))
where )
(Fm,b)lhk (y) = H(Fb(xvy + hyer) — Fy(z,y)),

(Fyah, (2) = 1 (Fy(a + heen, ) — Fy(ary))
k

In view of (3.27), to prove (3.26) it is enough to show that for almost every
r €,

(328)  lim Fy(z,y) £, (v)dy = / Fy(x,y) D1 f (y)dy;

k=eo JB(x,6(x) B(w,5(x))
(329) k:hm (Fw,b)izk (y)fhk,l<y)dy = / Dl,yFb(‘T7 y)f(y)dy,
7 JB(z,6(z)) B(z,6(x))
lim (Fy-‘rhkez,b)f%k (x)fhk,l(y)dy

k=00 JB(x,8(x))

(3.30)
= / Dy Fy(z,y) f(y)dy.
B(x,6(x))

We first prove (3.28). Note that f,llk — Dyf in L} (). Let z € Q. By
[35, Lemma 2.8], we can get
(3.31)  [fn, ()] < CM(IVfIxe)(y) + M(VfIxe)(y + her) =: CT1(y)
for almost every y € B(x,d(x)). By the LP bounds of M and Minkowski’s
inequality, one can easily check that |T'1||zr(B(2,6(2))) < CIIV fllLr(q). Hence,
I'; € LY(2). From the above we have that for a fixed ¢ € (0,5(z)],
(3.32) Jim | Fh (0) = Dif (y)ldy = 0.

=0 JB(z,d(x)—t)

By the absolute continuity of the integral, then for every e > 0, there exists
to > 0 such that for any ¢ € (0, ),

i (y) — Duf(y)|dy

(3.33) B(z,6(x))\B(x,6(x)—t)
= C/ (IT1 ()| + [Dif(y))dy < Ce.
B(z,6(z))\B(x,6(x)—t)

Hence, we get from (3.32) and (3.33) that

[ Reafwd- [ ReoDfGdy
B(z,6(2))

B(z,5())
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l
< / Fy(z, )| £, () — Duf (y)ldy
B(z,d(x))

< 2[[bl Lo () / : [fh(v) = Duf(y)ldy — 0 as k — oo.

)

This gives (3.28).

Now we prove (3.29). Without loss of generality we may assume that all hy €
(0, 1). Note that |(Fys)h, ()] < Bl ipce) and [ Dy, By, )] < bl ipce for any
x € Q and almost every y € Q. Moreover, we get by (3.31) that |fn, ;(v)| <
CTi(y)lhel + 1f(y)| < CT1(y) + |f(y)| for almost every y € B(xz,d0(x)). It
follows that

|(Fap)h, () fre(9) = Diy Fo(2,9) F ()] < Clbllzipey (1 (y) + [ ()])

for almost every y € B(z,d(z)). An argument similar to (3.33) shows that for
every € > 0, there exists t; > 0 such that for any t € (0,t1),

(3.34) |(Fo ), () frica () = Duy Fy(2,9) ()] < Ce.

/B(x,ts(m))\B(a:,tS(m)—t)

Note that f,; — fin LT (Q). For a fixed ¢ € (0,d(z)], we have

/ (Fe b (0) a0y
B(z,6(x)—t)
(3.39 [ Eah @Sy
B(w,6(x)—t)

Moreover, noting that (Fz,b)lhk (y) = DiFp(x,y) as k — oo for all 2 € Q and

almost every y € §). Applying the dominated convergence theorem,

(336) lim (Fyp)h, () (0)dy = / DiFy(x,y)f (y)dy.
k=0 JB(x,5(x)—t) B(z,6(x)—t)

Combining (3.36) with (3.34) and (3.35) gives (3.29).
It remains to conclude (3.30). Note that |(Fy4n,e,, b)hk( z)| < [|b|| Lip(ey and
| Dy Fy(z,y)| < ||bl| Lipy for almost 2 € 2 and every y € 2. By the argument

similar to those used to derive (3.34) and (3.35), then for every e > 0, there
exists to > 0 such that for any t € (0, t2),

ean | (Eysnecslb () = D Fo(a,) f(0)] < Ce
B(z,0(x))\B(z,0(x)—t)
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Moreover, for a fixed t € (0,d(x)], we have

[ P @iy
B(z,6(x)—t)
(339 [ Epmesh @ )y
B(x,6(x)—1)

< Hb”Lip(Q)/ |[fr1(y) — f(y)ldy — 0 as k — oo.
B(x,6(x)—t)

In view of (3.37) and (3.38), for (3.30) it is enough to show that for a fixed
t € (0,min{d(z),t2}),

klim (Ferthz,b)éLk (x)f(y)dy
=0 JB(z,5(x)—t)

(3.39)
_ / Dy Fy(@, ) f(y)dy.
B(z,6(x)—t)

By a change of variable,

/ (Fyenuen )b () )y = [ (o) (2) fina(y)dy.
B(z,6(x)—t)

B(z+hpep,6(x)—t)

Since hy — 0 as k — oo, then we may assume that all hy < ¢t/2. Note that
(Fyp)h, (x) = Dy o Fy(x,y) as k — oo for almost every z € Q and every y € Q.
Applying the dominated convergence theorem, we have that for almost every
x €,

/ (Fy )by () )y
B(xz+hie,6(x)—t)

- Dl,bu(xa y)f(y)dy
(3.40) /B(w+hkel,5(w)t)

< / (Fy)l, (2) — DisFo(, )| £ (4)|dy
B(z,6(x)—t/2)
— 0 as k — oo.

Note that |D17£Fb(x,y)| < Hb”sz(Q) and fp,; — fin ¥

loc

(©2). Thus, we have
‘/ Dy o Fy(,y) fri 1 (y)dy
B(z+hge;,6(x)—t)
(3.41) —/ Dy Fy(z,y) f(y)dy
B(x+hge;,0(x)—t)

< 6l zomer / sy 8 = Sy 0 a5 K
B(z,6(x)—t/2

We also note that limg oo XB(athye,s(e)—t)(y) = 1 for all y € B(z,d(v) —
t). This together with the fact that |D;,Fy(z,y)f(y)] < ||bllzip)|f(y)| €
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LY(B(z,0(x) —t/2)) and the dominated convergence theorem implies that

Jim. A, Dy Fy(z,y) f(y)dy
(3.42) FRReLOL
-/ D Fy(,y)f(y)dy.
B(z,8(x)—t)
Then (3.39) follows from (3.40)-(3.42). O

Applying the arguments similar to those used to derive Lemma 3.5, we can
get the following result. The details are omitted.

Lemma 3.6. Let f € WhP(Q) with 1 < p < oo and b € Lip(2). Let {hy}r>1 C
(0,00) be such that limy_oo hy =0 and 1 € {1,2,...,n}. Assume that |Q] < co
and 0(z) > 6(x + hyey) for almost every x € Q and all k > 1. Then, for almost
every x € €,
lim Fy(x + her, y + hred) foi(y) — Fo(2,9) f ()
k=co JB(2,5(x+hier)) hi

- / (Dl,yFb(w7y)+Dl,mFb(x7y))f(y)dy
B(z,6(x))

dy

+ / Fi(e,y)Dif (y)dy.
B(z,6(x))

Lemma 3.7. Let f € W1P(Q) for some p € (1,00) and {fit5e & Whp(Q)
such that f; — f in WYP(Q) as j — oco. Assume b € Lip(Q) and |Q| < co. If
a=0 orac€l[l,n/p), then for any K CC Q and alll € {1,2,...,n}, we have

jlig)lo | DiMp.a,0fj — DiMp oo fll Lo (x,) = 0,
where

Kj:={x e K:0(x) € Inay(x) N Ipar(x)}
and

[ p if a=0;
= Dot i e )

Proof. By [35, Lemma 2.11], [29, Lemmas 5.1-5.2] and the arguments similar
to those used to derive [32, Lemma 3.8], one can get the desire conclusion of
Lemma 3.7. The details are omitted. ]

3.2. Proof of Theorem 1.8

Applying Lemmas 3.1-3.7, [35, Lemma 2.11], [35, Corollary 2.7] and the
arguments similar to those used to derive the proof of [32, Theorem 1.2], the
conclusion of Theorem 1.8 can be proved. The details are omitted.
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