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SELF-PAIR HOMOTOPY EQUIVALENCES RELATED TO
CO-VARIANT FUNCTORS

Ho Won CHoi, KEE YOUNG LEE, AND HYE SEON SHIN

ABSTRACT. The category of pairs is the category whose objects are maps
between two based spaces and morphisms are pair-maps from one object
to another object. To study the self-homotopy equivalences in the cate-
gory of pairs, we use covariant functors from the category of pairs to the
group category whose objects are groups and morphisms are group homo-
morphisms. We introduce specific subgroups of groups of self-pair homo-
topy equivalences and put these groups together into certain sequences.
We investigate properties of these sequences, in particular, the exactness
and split. We apply the results to two special functors, homotopy and ho-
mology functors and determine the suggested several subgroups of groups
of self-pair homotopy equivalences.

1. Introduction

The category of pairs is the category whose objects are maps between two
based spaces and morphisms are pair-maps from one object to another. In [4],
the category of pairs was described in detail. In this category, objects are maps
between two based spaces and a morphism from one object a: (X7, %) — (X2, %)
to another object §: (Y1,*) — (Ya,*) is a pair of maps (f1, f2) such that the
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diagram
X —= X,

s

Y, T> Y,

is commutative, i.e., fooa = o fi.
Two maps (f1, f2) and (g1,92) from « to 8 are called pair homotopic if the
diagram commutes:

Xy x I X, <1

Hll le

Y, Ys

where H; and H, are homotopies f; ~ g1 and fy ~ gs, respectively. In this
case, we denote by (Hy, Ha): (f1, f2) =~ (g1, 92). The homotopy class of (fi, f2)
is denoted by [fi, fo] and the set of those homotopy classes from « to S is
denoted by TI(a, 8). A morphism (f1, f2) is called a homotopy equivalence in
the category of pairs, if there is a morphism (g1, g2) such that (g1, g2)o(f1, f2) =~
(idx,,idx,) and (f1, f2) o (g1, 92) =~ (idy,,idy,). In this case, (g1, g2) is called
a homotopy inverse of (f1, f2). Furthermore, (f1, f2) is called a self homotopy
equivalence in the category of pairs, if « = 8. Moreover, it is called a self-pair
homotopy equivalence in the category of pairs, if « = 8 = i: A — X is the
inclusion. Groups of self homotopy equivalences were introduced in [5, Lee].
For a given object a: X7 — Xo, &(«) is the group whose elements are self
homotopy equivalences from « to itself.

In [7], we introduce specific subgroups of the group of self-pair homotopy
equivalences that induce the identity map on homotopy groups up to dimension
n. In this paper, we extend these subgroups of self-pair homotopy equivalences
to a more general case using covariant functors. We readily demonstrate that
all results in [7] hold. Moreover, we show that the results related to homology
groups. Consequently, we can compute the specific subgroups of self-pair ho-
motopy equivalences that induce the identity map on homotopy and homology
groups up to dimension n.

In Section 3, we introduce definitions of specific subgroups Ex(«) and Ex(«;
ida), see Definition 3.5. Using these subgroups, we have proven the following
theorem.

Theorem 3.7. Let XoY denote the product (resp. wedge) of spaces andi: Y —
X oY be the inclusion map. Then for a given ordered family F of covariant
functors Fy: HoTop, — Gr such that F,(X oY) = Fi(X) x Fp(Y) for all
k <mn, there exists a split short exact sequence

1 En (i idy) —2 £2(7) =—=>= £2(Y) — 1.
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In Section 4, for give two abelian groups G; and Ga, we let My = M (G1,n1)
and My = M (G2, ns) are Moore spaces, respectively. Let X = M; V My and
ix: My — X be the inclusion map for k =1, 2.

Theorem 4.6. Let H = F&T be a finitely generated abelian group such that F
is a free abelian group and T is a finite abelian group. If My = M(F,n), My =
M(T,n), and X = My V Ms, then we have

EX(in) X @ Ly and EX(ig) = @ Zs,

where iy : My — X is an inclusion map for k € {1,2}, and s is the number of
2-torsion summands and r is the rank of H.

In Theorem 4.8, we calculate the homology case of wedge product of Moore
spaces which have different dimension. The following theorem is the result
related to the homotopy case.

Theorem 4.13. Let My = M(Zgy,n + 1) and My = M(Z,,n) and let X =
M1 vV MQ. Then

Ze® (@572’22)
Zg®Ls DLy & (B°Zs
Zy @ Ly BT (6%

if p or q : odd,
if p=2,9g=0 (mod 4),

& (in) = ifp=0,g=2 (mod 4),

Ly ® Loy ®ZLy® (@07

for s <mn and

By

% Zy ® Lo ® Lo
DLy ® Ly
DLy © Lo

T T O Lo © Lo

£+ (in) =

Zq® Lo ® Ly ® Ly ® (@Sizz)

ifp=q=2 (mod 4),
if p=¢=0 (mod 4)

if p or q: odd,

if p=2,¢q=0 (mod 4),
if p=0,9 =2 (mod 4),
if p=q=2 (mod 4),
if p=q=0 (mod 4).

2 )
gs(. ) ~ Zq D (@éPZQ) Zf (p7Q) = 1a
12) =
ﬁ Lq®ZLa® (@Sf’Zz) if (p,q) =d#1
for s <mn and

gn-i—l(- ) ~ ®S§ZQ Zf (p7 Q) =1 orp: 0dd7

g = (@8322) D Zqg if (p,q) =d#1 andp: even.
Throughout this paper, all topological spaces are based on connected CW

complexes and all maps and homotopies are base point preserving. The set of

based homotopy classes of based maps from X to Y is denoted by [X,Y]. A
map f: X — Y and its homotopy class [f] in [X, Y] will not be distinguished.
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2. Preliminaries

In this section, we review several results introduced in previous studies to
make it easier to read this paper.

Definition 2.1 ([5]). For an object a: X1 — X3, we define £(ax) as
E(a) ={[f1, f2]| (f1, f2) is a homotopy equivalence in II(a, a)}.
It was shown that £(a) has a group structure in [5, Theorem 2.1].

Proposition 2.2 ([1]).
(1) m(M(Z4,n)) = Zg for all q.

~ | 0 ifqis odd,
(2) mny1(M(Zg,n)) = { Zy if q is even.

0 if q is odd,
Zy if ¢ =2 (mod 4),
Zo®Zs if g=0 (mod 4).

Proposition 2.3 ([2]). If X is (r — 1)-connected, Y is (¢ — 1)-connected and,
further, if r; 0 > 2 and dim P < r 4+ ¢ —1, then the projections X VY — X and
X VY =Y induce a bijection:

[P,XVY]— [P, X]|®[PY].
Theorem 2.4 ([2]). Let M(G,n) be a Moore space. Then
EX(M(G,n)) = @r+9)s7,,
where r is the rank of G and s is the number of 2-torsion summands in G.
Theorem 2.5 ([2]). Let M(G,n) be a Moore space. Then
E1(M(G,n)) = E2(M(G,n)),
ETHM(Gn) =1 ifn> 3.

Theorem 2.6 ([3, Lemmas 3.2, 3.3, 3.4, 3.5]). Let My = M(Z4,n+ 1) and
My = M(Zy,,n). Then

1

(3) mn42(M(Zg,n))

0 i 9 - 17
Za{ms (i)} if (pq) =d #1
and
| [My,My] | Generator
p orq: odd 0 -
p=2,¢=0 (mod4) L4 ® Zo o, 77 (12)
p=0,qg=2 (mod 4) Ly ® Lo w1 (1), B
p=q=2 (mod 4) Lo ® Zo w1 (1), B
p=q=0(mod4) |Zo®Zo®ZLs | 7}(m),m5(n),cx

where 2 My — S™2 and o My — S™H1 are projections and iy : STt — M,
and ig: S™ — My are inclusions and o and B satisfies the relations that
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mi(m) = 2a, ij(a) = iy(n), i1(B) = i(n), where n is the generator of
Tn+1(S™) and m1 is a generator of ma(M(Zy,n)) such that iy(n*) = m in [§]
and [3].

3. Self-pair homotopy equivalences related to covariant functors

In this section, we introduce specific subgroups of £(a) and give an exact
sequence related to covariant functors.

Definition 3.1. Let a: A — X be an object in category of pair and F': HoT op.
— G7 be a covariant functor, where HoT op, is the category of based topologi-
cal spaces and base preserving homotopy class and Gr is the category of groups
and homomorphisms. We define

Er(a) = {[f1, fo] € E(@) | F(f1) = idp(ay, F(f2) =idpx)}-
In particular, we define a subset Ep(a;ida) of Ep(a) as
Er(aszida) = {[f1, f2) € Er(a) | f1 =ida}.
Furthermore, if a: A — %, then Ep(A) = Ep(a).
Proposition 3.2. £p(a) is a subgroup of ().
Proof. Let (f1, f2), (f1, f4) € Er(a). Then
F(fio f1) = F(f1) o F(f{)
= idpa) o idp(a)
= idp(a)

and similarly,
F(f20 f3) =idpx)-

Thus (f1, f2) o (f1, f3) € Er(a).
Let (f1, f2) € Ep(). Since E(a) is a group, there is an inverse (hi, he) €

E(a) of (f1, f2). Then
idpa) = Flida)

=F(fioh)

= F(f1) o F(h1)

=idp(a) o F'(h1)

= F(h1)
and similarly,

idp(x) = F(h2).

Thus, (h1,hs) € Ep(a). Therefore, Ep(a) is a subgroup of £(w). O

Proposition 3.3. Let a: A — X be an object. Then there is an exact sequence
1 —— Ep(egida) 29 Ep(a) —2> Ep(A),

where w4 is the projection to the first factor.
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Proof. Tt is sufficient to show that inc.(Ep(a;ids)) = ker(ms). Since each
element in Ep(a;idy) is of the form [idg, g], ma(inc.([ida, g])) = [ida]. Thus
inc.(Ep(asida)) C ker(ma).

Conversely, if [f1, fa] € ker(ma), then wa([f1, fo]) = [ida]. Hence [f1] =
[ida]. By the definition of Er(a;ida), [f1, f2] € Er(asida). O

It is easy to prove the following corollary.

Corollary 3.4. Let Fy and Fy be covariant functors. If a: A — X is an
object, then there is an exact sequence

1 —— gpl (Oé;idA)ﬂgp2 (Ol;idA) %- gpl (Ck)ﬂgp,z (Cv) LN gpl (A)Q€F2 (A)

Definition 3.5. Let « be an object, and F = {F},: HoTop,. — Gr |k € Z} be
an ordered family of functors. Then we define a subset £%(a) of £(a) as

Ex(a) = {[f1, fo] € E(a) | Fi(f1)=Fi(ida), Fi(f2)="Fy(idx) for 0 <k <n}.

Since the finite intersection of subgroups is also a subgroup, by Proposition
3.2, £%(a) is also a subgroup of £(a).

Corollary 3.6. Let F = {Fy: HoTop,. — Gr|k € Z} be an ordered family of
functors. If a: A — X is an object, then there is an exact sequence

1— En(oyida) 2> £n(a) —2> E1(A) .
Remark. (1) Let F be an ordered family of homology functors and a: A — X
be an object. Then
Er(ayida) = EF(azida), EF(a) = E} (), and ER(A) = EF(A).
Thus we have an exact sequence
1 — EMazidy) 229 £7(a) —2> EN(A) .
(2) Let F be an ordered family of homotopy functors and a: A — X be an
object. Then
Ex(aida) = & (asida), EF(a) =& (), and Ex(A) = & (A).
Thus we have an exact sequence

1—— & (ayida) %> £F(0) —2> EP(A) .

Theorem 3.7. Let XoY denote the product (resp. wedge) of spaces andi: Y —
X oY be the inclusion map. Then, for a given ordered family F of covariant
functors Fy,: HoTop, — Gr such that Fp(X oY) = Fi(X) x Fg(Y) for k <mn,
there exists a split short exact sequence

1 En (i idy) —2 £2(7) =—= £2(Y) — > 1.
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Proof. By Corollary 3.6, we have the following exact sequence:
1 —— En(isidy) 2> En(i) — > £2(Y).
Define s: E2(Y) = Ex(i) by s([f]) = [f,idx o f]. Then
Fi(idx o f) = Fr(idx) x F(f)
= Fy(idx) x Fy(idy)
= Fy(idx o idy)
= Fi(idxoy)

for k& < n. Hence s([f]) € E%(i). Since my o s([f]) = ny ([f,idx o f]) = [f],
Ty 08 = idg,(v)- O

Corollary 3.8. Let X VY be the wedge product space of X and Y. Then we
have a split short exact sequence:

| —= E7(i;idy )~ £7()) /= £7(Y) — 1,
where i:Y — X VY is the inclusion.

Proof. Tt follows immediately from Theorem 3.7. O

Corollary 3.9. Let X XY be the product of X and Y. Then we have a split
short exact sequence:

Ty
1 —— &f (iyidy) — EF (i) — EFY) —1,
where i: Y — X XY is an inclusion.

Corollary 3.10. Let X be (r — 1)-connected and Y be (£ — 1)-connected for
rl >2. Let X VY be the wedge product of X and Y. Then we have a split
short exact sequence:

Ty
1 —— &f (iyidy) — EF (i) — EFY) —1,
where i: Y — X VY is an inclusion.
Proof. 1t follows immediately from Theorem 3.7. O

This corollary has been proved in [7, Theorem 4.2].

Corollary 3.11. Let X and Y be homotopy associative and inversive co-H-
spaces such that the two sets [X NY, XbY| and [X,Y] are trivial. Then there
erists a split exact sequence:

| EF(X) —— E5(i) == EF(Y) — 1,
where i: Y — X VY is an inclusion and XbY = L(QX Vv QY).

Proof. It can be proved similar to [7, Proposition 4.3]. O
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4. Self-pair homotopy equivalences related to covariant functors of
Moore spaces

In this section, we use the sequence to compute several subgroups of £(«)
described in Section 3. From now on, we consider a given ordered family F of
covariant functors Fy: HoTop, — Gr such that Fi(X oY) = F(X) x F(Y)
for k < n. First, we prove the following proposition.

Proposition 4.1. Let X oY denote the product (resp. wedge) of spaces and
iy: J — X oY be the inclusion map for J € {X,Y}. Define ®/: E(iy;id;) —
E(X oY) by ®/([idy, f]) = [f]. Then ®’ is a monomorphism.

Proof. Let J = X. If (idx, f) ~ (idx,g), then f ~ g. Thus ®*([idx, f]) =
[f] = [9] = ®*([idx, g]). Hence ®X is well-defined.
Now, we show that ®¥ is a monomorphism. We prove that if | f]=lg], then

(idx, f) =~ (idx,g). Since idx =~ idx, there are two extensions f and g of f
and g by [7, Proposition 5.1]. Thus

(Zanf) = (ZanfN) and (’devg) = (devg)

Since (X ¢ Y, X) is a homotopy extendable pair and both f and g are exten-

sions of idx, (idx, f) ~ (idx, ) by [5, Proposition 3.2]. Therefore (idx, f) ~
(idx,g). So ®X is a monomorphism. Similarly, ® is a monomorphism. (I

Corollary 4.2. Let X oY denote the product (resp. wedge) of spaces and
ij: J — XoY be the inclusion map for J € {X,Y}. Define ®}.: Ep(iy;idy) —
Er(X oY) by ®L([idy, f]) = [f] for any covariant functor F. Then ®% is a
monomorphism.

Moreover, ®%: E%(iyidy) — ER(X oY) is given by ®%([idy, f]) = [f] for
any ordered family of covariant functors. Then <I>§- 18 a monomorphism.

Proof. 1f [idy, f] € Ep(is;idy), then F(f) = F(idxsy). Therefore, both ®7,
and CIJ;- are monomorphisms. (]

Definition 4.3. For an ordered family F of covariant functors Fy: HoTop, —
Gr, we define a subset Z%(X,Y) of [X,Y] by

Zr(X,Y) =A{[f] € [X, Y] Fi(f) = Fi(C,) for k <n},

where C, : X — Y is a constant map. In particular, if F is the ordered family
of homotopy or homology functors, then we denote by

ZL(X,Y) = ZP(X,Y) and ZH(X,Y) = Z1(X,Y).

Corollary 4.4. Let X oY denote the product (resp. wedge) of spaces and
ij: J = X oY be the inclusion map for J € {X,Y}. If lidy, f] € Er(iy;idy),
then [fx] € Zr(J, K) and [fxk] € Er(K) for any covariant functor F.

Moreover, if [idy, f] € E%(iysidy), then [fxs] € Z%(J,K) and [fxk] €
ERX(K) for any ordered family functor F.
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Proof. Let [idy, f] € Er(is;idy). By Corollary 4.2, [f] € Er(X ©Y). Thus
F(f) = F(idxoy). Since F(X oY) = F(X) x F(Y), F(f) can be represented
by a matrix
_(F(fxx) F(fxv)
r0=(Fy) Fo)

forall f: XoY — XoVY. For any [idy, f] € Er(is;ids), F(f) can be
represented by

(Flidx) 0\ _ (Flidx) 0 .,
F(f>_<F(fY))(<) F(fYY)>_( OX F(idY)) it =X,

pupy= (PR B (Fi 0 gy

0 F(idy) 0 F(idy)
Thus f;; = idy and f;x = C, where C, is a constant map. Therefore
F(fxs) =0and F(fxk) = F(idy). 0

In homotopy case, if [f] € £'(X x Y), then

me(fyx) m(fyy)

for all £ < n.

Let X be (r — 1)-connected and Y be (¢ — 1)-connected for r,¢ > 2. By
Proposition 2.3, [P, X VY] = [P, X]® [P,Y] for dimP < r+¢—1. If [f] €
EF(XVY) forn <7+ —1, then

o= (3R R0 - (6 i)
for all £ <n.
By Corollaries 4.2, 4.4 and equations (1) and (2), we have:
Lemma 4.5. &'(is;idy) = Z27(J, K) ® E}(K) for J, K € {X,Y} and J # K.
Now, we recall some examples related to homotopy groups induced by iden-
tity.

Example 1 ([7, Example 1]). Let X = S™ and Y = S™ for m > n > 1. Let
iy :J — X xY be the inclusion map for J € {X,Y}. By Corollary 3.9 and
Lemma 4.5,

EF(iy) = ZM(J,K) @ EF(K) @ EF(J)
for JK € {X,Y} and J # K. If m = 3,7, and n = 1, then [Y, X] = 0 and
[X,Y] = 0. Then Z}(X,Y) = 0 and Z} (Y, X) = 0. Thus, &} (ix;idx) = EF(Y)
and Eéc(iy; idy) = Sé“(X). Therefore,
Ef(ix) = EF(X) ® EF(Y) = EF (iy).

Hence,
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k>m | m>k>1
EF(ix) = EF(iy) 1 Zy

Example 2 ([7, Example 3|). Let My = M (Zs,n+ 1) and My = M(Z3,n) be
Moore spaces for n > 5, and X = M7V Ms. By Corollary 3.10 and Lemma 4.5,

EF(iy) = Z](JK) ® &(K) ® EF(J)

for JK € {X,Y} and J # K. By Theorem 2.6, [M;, Ms] = 0 and [M>, Mj]
0. .Thus Zgth(Mlh, MQ) = ZﬁiimX(MQ, Ml) = 0. We have géiimX(iMl y ZdMl)
EflmX(Mg) and EflmX(z’M2;idMQ) & EflmX(Ml). Therefore,

géiimX(iMl) o~ EéﬁmX(Ml) @ g;iimX(MQ) o 5éiimX(iM2).
Since ™ X (M) = Zy and ™ X (Ms) = 1,

SgiimX(iMl) = 5§iimx(iM2) > 7.

e

But Ejfim X (ingy 5 dpr, ) is not isomorphic to Eﬁdim X (ingy;idar, ).

Let now G and G2 be abelian groups, and let My = M (G1,n1) and My =
M(G2,mn2) be Moore spaces. Let X = M; V My and ix: My — X be the
inclusion map and p;: X — M; be the projection for j,k=1,2. If f: X — X
is a self-map, let fji: M) — M; be defined by f;r = pj o foiy for j,k=1,2.

Let H be a finitely generated abelian group. Then H can be decomposed by
H = F@T, where F is a free abelian group and 7' is a finite abelian group. Then
a Moore space M (H,n) can be decomposed by M(H,n) = M(F,n)V M(T,n)
for n > 3. Moreover, we have

M(F,n) =Vi_, S/ and M(T,n) = Vi_, 8" Uy, ",

where S]'’s are n-dimensional spheres and g;¢’s are attaching maps.

Theorem 4.6. Let H = F&T be a finitely generated abelian group such that F
is a free abelian group and T is a finite abelian group. If My = M(F,n), My =
M(T,n), and X = My V Ma, then we have

£2(iy) = @TZy and E2(in) = @ Lo,

where ix: My — X is inclusion map for k € {1,2}, and s is the number of
2-torsion summands and r is the rank of H.

Proof. By Theorem 3.7, there is a split short exact sequence:
1 —— EX(ig;idag,) — E° (i) =—= E° (M) — 1,

where i : M} — X is an inclusion map and k = 1,2. By [2, Theorem 3.2], we
have

EX(X) = a@rt9)sz, £2°(M)) =1, and £2°(M,) = &° Zs.

Now, we determine that £2°(ix;idyy, ) for k= 1,2.
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Case 1. Since £°(X) = [Ma, M1] ® £2°(Ms) by [2, Theorem 3.2], foi; =iy
for all [f] € £X(X). Thus [id,,g] € EX(i1;idag) for all [g] € EX(X).
Therefore £2°(i1;idpr, ) = £2°(X). Consequently

£ (i) = 0+,

Case 2. If [idpy,, f] € E°(ia;idp, ), then f oiy = 5. Thus fo; = 0 and
fa2 = idp,. Hence [f] € £2°(ia;idpy, ) if and only if [f] = [idx] by [2, Theorem
3.2]. Therefore £ (iy) = £2°(M,) = &% Zy. Consequently

EX(ig) = @52Z2- O
Proposition 4.7. Let My = M(Zq,n+ 1) and My = M(Z,,n) and let X =
Mi Vv Ms. Then we have
£ (i) = EX(My) & [My, Ms] & £ (Ma)

and
Eiin) = EJ(My) @ [Ma, My] & E7(M).

Proof. By Theorem 3.7, there is a split short exact sequence:

1 ——= &3 (ig; idpg,,) — E2 (i) == E5 (M) —— 1,
where ij: M} — X is an inclusion and k = 1,2. We have

& (i) =2 EL (ks idar,) ® & (My,).

Now, we determine that £ (ix;idas,) for k = 1,2 and s > n.
Zg ifs=n+1, and H,(M,) = {Zp if s =mn,

0  others,

Since Hy(M;) = {0 others

Z7(My, Ma) = [My, Ma] and Z3(Ma, My) = [Ma, M;]
for all s. From [3, Lemma 4.1], we have £(X) = (M) ® [My, M| ® [Ma, M;1]®
E(Ms). Therefore
EN(X) = (M) & [Ma, M) & [My, Mo] @ E7(Ma)
for all s.

Case 1. If [f] € £2(X) such that f1; = idy, and fo; = Cy, then foiy = i;.
Thus [idar,, f] € E2(i1;idar, ). Hence [idag,, f] € E2(i1;idpy,) if and only if
[fo1] € Z5(My, My) = [My, Ms] and [fa2] € £(M2) by Corollary 4.4. Therefore

EX(ivsidy, ) = [My, M| @ € (Ma).
Consequently,
£ (i) = E(My) @ [My, M| @ & (Ma).

Case 2. If [f] € £2(X) such that foe = idps, and fo; = Cy, then fois = io.
Similarly to Case 1, we have [idpg,, f] € E2(ia;idn,) if and only if [fi1] €
&5 (M) and [f12] € Z2 (Mo, M7). Therefore

Ef(iQ;idMQ) = 5f(M1) D [MQ, Ml]
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Consequently,
& iz) = EL(My) & [Ma, My] & £ (My).

By Theorem 2.6,

0 if (pq) =1,
Zcl if (paq):d#]-v

and
0 if por ¢q:odd,
YRSY/ ifp=2,qg= = =2 d4
My, My = L L2 @2 fp=24q 0orp=0,g=2 (mod 4),
Zo @© 7o if p=g=2 (mod 4),

Zo®Zy®Zy ifp=qg=0 (mod4).

By [6, Thoerem 2.1],

Z if ¢ : odd
Zo x Ly if q:even,

" and

S(Ml)g{

Z, if p:odd,
Ly X L, if p:even,

E(My) g{

where Z; and Z; are the automorphism groups of Z, and Z,, respectively.

Since
Z, if s= 1
Ho(My) = 7 He=ntl nd
0  others,
Zy ifs=
H (M) = ¢ ifs=n,
0  others,
ZZ if ¢ : odd and s < n,

E(My) ifs<m,
= Zo X7 ifq: ds<
£°(My) if s>t 1, 2 X 2} if ¢ : even and s < n,

(3) &X(My) = {
®S§ZQ ifs>n+1,
where s, is the number of 2-torsion summunds in Z,.
And

E(My) ifs< i 7
2 %8 L2 Zo x 7% if p:even and s < n,
EX(My) if s > n, 2, ¥

@SPZQ 1f52na

if p:odd and s < n,

(4)  &(Ms) = {

where s, is the number of 2-torsion summands in Z,.
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Theorem 4.8. Let My=M(Zy,n+1) and Mo=M(Z,,n) and let X =M1V M.
Then

z; o (9%2;) ifq: odd,
(Zoy x Z) @ (@Sf’Zg) if p:odd and q : even,
eniyy o B2 X T O (LG L) (072, ifp=2,q=0
orp=0,q9 =2 (mod 4),
(Z2 X Z5) & (22 © Z) @ (925 if p=q=2 (mod 4),
(Zz X Z3) © (L2 © 2> © L) © (9%22) if p= =0 (mod 4)
and
®%Zs) B (EBS?’ZQ) if p or q : odd,
§ 97 ® (T4 & L) & (@sf’Zg) fp=2,qg=0
El (i) & orp=0,qg =2 (mod 4),
7o) & (Za ® Za) ® (@S§Z2) if p=q=2 (mod 4),
é@ $iZy) @ (Zo®Zo @ Zs) ® (@3222> if p=¢q=0 (mod 4)

for s > n+ 1, where s, is the number of 2-torsion summunds in Z,.

pZQ ®Zy; if (p,q) =1 and q : odd
N pZQ @ (Z2 x Zy) if (p,q) =1 and q : even,
- (i2) Zg® @PZQ ©ZL; if (p,q) =d#1 and q : odd,
Zq® @PZQ © (Za x Zy) if (p,q) =d# 1 and q : even

es(i) (8922) @ (2°725) if (p.0) =1
W i2) =

Za® (@Sizg) o (@5522) if (pg) =d#1
for s > n+ 1, where s, is the number of 2-torsion summands in Z,.

Proof. By Theorem 2.6 and Proposition 4.7 and (3), (4). |

Proposition 4.9. Let My = M(Z¢,n + 1) and My = M(Z,,n) and let X =
MiV Ms. Then

& (in) = & (M) & Z§ (My, M) & & (Ma)
and

& (in) 2 &/ (M) © 2¢' (M2, M) © £ (M2)
for all s.
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Proof. By Theorem 3.7, there is a split short exact sequence:
where 75 : My — X is an inclusion and k£ = 1,2. Then we have
55(21) = gﬁs(ll,ldMl) D S;(Mﬁ and 8&9(22) = 5;@2; ZdMQ) D (‘:ﬁS(Mg)

From [3, Lemma 41], we have 5(X) = S(Ml) D []\417 Mg} D [MQ, Ml] @E(MQ)
Therefore

E5(X) = & (M) @ 2§ (Ma, M) @ Z5 (My, Ma) & & (Mz)

for all s.

Now, we determine that & (ig;idpg,) for k=1,2 and all s.

Case 1. If [f] € Ef(X) such that f1; = idp, and fo; = Cy, then foiq =4;.
Thus [id,, f] € & (i1yidn, ). Hence [idny, f] € & (i1;ida, ) if and only if
[for] € Z5(My, My) and [fo] € & (M) by Corollary 4.4 and (2). Therefore

Consequently
5§(i1) = €§(M1) ® 2 (M, M2) @ 5§(M2).

Case 2. If [f] € EE(X) such that foo =idpr, and f1o = Cy, then f oiy = is.
Similarly to Case 1, we have [idn,, f] € & (iz;ida,) if and only if [f11] €
& (My) and [fi2] € Z§(M>, My). Therefore

& (igyidar,) = & (My) ® Z§(Mz, My).
Consequently
E(i2) 2 E (M) & Z{ (M2, My) & EF (Ma). 0
Lemma 4.10. For My = M(Z,,n+ 1) and My = M(Z,,n), we have
2P (M, My) = [My, M)

form <n and

0 if p or q: odd,

Zo®Zs ifp=2,q=0 (mod 4),
ZPHH(My, My) = S Zy if p=0,q=2 (mod 4),

Zo if p=q=2 (mod 4),

Zo®Zo ifp=q=0 (mod4).
Proof. Since 7, (M) = 0 for m < n, Zg”(Ml,Mg) = [My, M5]. And since

0 if p: odd,

nt1 (M) =2 Z d T (M) =
1 (M1) g Al Tot1(Mz) {Zg if p : even.
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Therefore
0 if por ¢ : odd,
Zo®Zs ifp=2,¢=0 (mod4),
ZPHH(My, My) =S Zy if p=0,g=2 (mod 4),
Zo if p=¢=2 (mod 4),

Zo®Zs ifp=qg=0 (mod4),
by Theorem 2.6.
Lemma 4.11. For M(Zq,n+ 1) and M(Z,,n), we have
Z{" (Mg, My) = [My, M]
form <n and

0 if (p,q) =1 orp: odd,

ZPHY (M, My) = ‘
Za if (p,q) =d#1 and p: even.

423

Proof. Since mp,,(M1) = 0 for m < n, Z{"(Maz, M) = [Mz, Mi]. And since

0 if p:odd,

Tat1(M1) = Zg and w1 (M) = {Zz if p : even

Therefore

0 if (p,q) =1 or p:odd,

27 (Mg, My) =
4 (2 1) {Zd if(p,q):d7é1andp:even,

by Theorem 2.6.

Lemma 4.12.
Zyq if s <n+1,
E§(M(Zgn+1)) = S @%Zy  ifs=n+1,
1 ifs>n+1,
and
Zy, if s <n,
S ~r 52 N
E(M(Zy,n)) = &%Zy if s =n,
1 if s >mn,

where sq and s, are the number of 2-torsion summands in Zq, and Z,.

Proof. It follows from [2, Theorems 3.2 and 3.8].
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Theorem 4.13. Let My = M(Zgy,n + 1) and My = M(Z,,n) and let X =
M1 vV MQ. Then

Zq @ (@s?’Zg) if p or q : odd,

Lg D@Ly ®Zo® @5127Z2 ifp=2,g=0 (mod 4),
E5(01) 2 $ Zy ® Ly © Ly & (@5 2y ifp=0,q=2 (mod 4),

Ze® Lo ® Ly ® (@020 if p=q=2 (mod 4),

Zq@ZQ@ZQ@ZQ@(@Si@) if p=q=0 (mod 4)

for s <mn and

B Zy if p or q : odd,

B Lo Lo & Lo if p=2,¢q=0 (mod 4),
51?“(2'1) > @i @ Ty if p=0,qg=2 (mod 4),

@S§Z2@Z2 if p=¢q¢=2 (mod 4),

BTy BTy &Ly ifp=q=0 (mod 4),

where s, is the number of 2-torsion summunds in Z,. And

Z,© (9%7,) if (,g) =1,

SS(iQ) = 2
u 2,020 (092,) i (p)=d#1

for s <n and
£ (in) = {

where sq is the number of 2-torsion summaunds in Zg.

D17, if (p,q) =1 orp: odd,
(@5322) ©Zqg if (p,q) =d#1 and p: even,

Proof. By Proposition 4.9, we have
Ef(in) = & (M) © 25" (My, Ma) © &5 (M>)
and
& (in) = & (M) & ZJ(My, M) & & (Ma)
for all s.
By Lemmas 4.10 and 4.11, we calculate Z{'(Mi, M) and Z'(Ma, M), re-

spectively.
By Lemma 4.12, we determine &; (M) and & (Ma). O
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