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Yin Liu and Lushun Wang

Abstract. In this paper, using the Fourier transform, inverse Fourier

transform and Littlewood-Paley decomposition technique, we prove the

boundedness of bilinear pseudodifferential operators with symbols in the
bilinear Hörmander class BSm

1,1 in variable Triebel-Lizorkin spaces and

variable Besov spaces.

1. Introduction

In recent years, variable exponent function spaces have received more and
more attention in many fields, such as image processing, partial differential
equations, fluid dynamics, harmonic analysis and variational calculus, see [1,4,
11, 17, 18, 25, 26], etc. Accordingly, many classical constant exponent function
spaces have been generalized to variable exponent setting, such as variable ex-
ponent Lebesgue spaces [8,10], variable exponent Sobolev spaces [12], variable
exponent Hardy spaces [20,29], variable exponent Bessel potential spaces [13],
variable exponent Herz spaces [15], variable exponent Morrey spaces [2,3], vari-
able exponent local Hardy spaces [22], variable exponent weak Hardy spaces
[28], variable exponent Triebel-Lizorkin spaces and variable exponent Besov
spaces [24,27], etc.

For the theory of bilinear pseudodifferential operators in function spaces,
different from their linear counterparts S0

ρ,δ, 0 ⩽ δ ⩽ ρ < 1, whose cor-

responding pseudodifferential operators are bounded on L2(Rn), the classes
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BS0
ρ,δ contain symbols for which the corresponding bilinear pseudodifferential

operators do not map any product Lq1(Rn) × Lq2(Rn) into any Lq(Rn) with
1/q = 1/q1 + 1/q2, see [5]. Moreover, BS0

1,1 contains symbols for which the
corresponding bilinear operators are unbounded from any Lq1(Rn) × Lq2(Rn)
into any Lq(Rn) with 1/q = 1/q1 + 1/q2. However, in [7], the operators with
symbols in BS0

1,1 are proved to be bounded on products of Sobolev spaces with
positive smoothness by Bényi and Torres. In [6], Bényi et al. gave the prop-
erties of symbols, and boundedness of bilinear pseudodifferential operators in
Lebesgue spaces. In [5], for pseudodifferential operators with symbols in the
bilinear Hörmander classes of sufficiently negative order, their boundedness in
Sobolev spaces, weak-type spaces, BMO and Lebesgue spaces were obtained.
In [14], Herbert and Naibo showed that bilinear pseudodifferential operators
with symbols in Besov spaces are bounded on products of Lebesgue spaces.
In [19], Naibo established boundedness properties on the scales of inhomoge-
neous Triebel-Lizorkin and Besov spaces of positive smoothness for pseudo-
differential operators with symbols in certain bilinear Hörmander classes. In
[27], Xu and Zhu gave the Leibniz-type estimates of bilinear pseudodifferen-
tial operators associated to bilinear Hörmander classes BS0

1,1 in Besov space

with variable exponents B
s(·)
p(·),q(·)(R

n) and Triebel-Lizorkin space with variable

exponents F
s(·)
p(·),q(·)(R

n). In [16], Koezuka and Tomita discussed the bilinear

pseudo-differential operators with symbols in the bilinear Hörmander symbol
class BSm

1,1 (m ∈ R) in Triebel-Lizorkin spaces F s
p,q(Rn).

In this paper, we will prove the boundedness of bilinear pseudodifferential
operators with symbols in the bilinear Hörmander class BSm

1,1 (m ∈ R) in

Triebel-Lizorkin space with variable exponents F
s(·)
p(·),q(·)(R

n) and Besov space

with variable exponents B
s(·)
p(·),q(·)(R

n) and Local Hardy spaces with variable

exponents hp(·)(Rn). The detailed definitions of the spaces F
s(·)
p(·),q(·), B

s(·)
p(·),q(·)

and hp(·) can be found in Section 2.
For the purpose of this article, the Fourier transform and the inverse Fourier

transform of f ∈ S(Rn) will be denoted by F(f) or f̂ and F−1 or f̌ ; in partic-
ular, we use the formula

f̂(ξ) =

∫
Rn

f(x)e−ix·ξdx,

and

F−1f(x) =
1

(2π)n

∫
Rn

f(ξ)eix·ξdξ.

For a function h ∈ L∞(Rn), we denote h(D) as the linear Fourier multiplier
operator given by

h(D)f(x) = F−1[hf̂ ](x) =
1

(2π)n

∫
Rn

h(ξ)f̂(ξ)eix·ξdξ, f ∈ S(Rn).
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For 1 < p < ∞ and s ∈ R, the Sobolev space Lp
s(Rn) consists of all g ∈

S ′(Rn) such that

∥g∥Lp
s
= ∥(I −△)s/2g∥Lp <∞,

where (I −△)s/2g = F−1[(1 + |ξ|2)s/2ĝ].
Let 0 ⩽ δ, ρ ⩽ 1 and m ∈ R. A function σ(x, ξ, η), x, ξ, η ∈ Rn, belongs to

the bilinear Hörmander class BSm
ρ,δ if for all multi-indices γ, α, β ∈ Nn

0 there
exist some positive constants Cγ,α,β such that

|∂γx∂αξ ∂βη σ(x, ξ, η)| ⩽ Cγ,α,β(1 + |ξ|+ |η|)m+δ|γ|−ρ(|α|+|β|)

for all x, ξ, η ∈ Rn, where |γ|, |α|, |β| denote the sum of their components. The
bilinear pseudodifferential operators associated to σ is defined by

Tσ(f, g)(x) :=
1

(2π)2n

∫
R2n

σ(x, ξ, η)f̂(ξ)ĝ(η)eix·(ξ+η)dξdη

for f, g ∈ S(Rn), x ∈ Rn.
Given σ ∈ BSm

ρ,δ. Define

∥σ∥BSm
ρ,δ,N

:= max
|α|,|β|,|γ|⩽N

sup
x,ξ,η∈Rn

|∂γx∂αξ ∂βη σ(x, ξ, η)|(1 + |ξ|+ |η|)−m−δ|γ|+ρ(|α|+|β|).

In this paper, we focus on the case ρ = δ = 1.
Our main results are as follows:

Theorem 1.1. Let m ∈ R, p(·), p1(·), p2(·), q(·) ∈ P log
0 (Rn) such that p+, q+ <

∞ and 1
p1(·) +

1
p2(·) = 1

p(·) . Let s(·) ∈ C log
loc (Rn). Then there exists a positive

integer N such that
(1)

∥Tσ(f, g)∥F s(·)
p(·),q(·)

≲ ∥σ∥BSm
1,1,N

(
∥f∥

F
m+s(·)
p1(·),q(·)

∥g∥hp2(·) + ∥f∥hp1(·)∥g∥
F

m+s(·)
p2(·),q(·)

)
for every f, g ∈ S(Rn) and σ ∈ BSm

1,1.

Theorem 1.2. Let m ∈ R, p(·), p1(·), p2(·), q(·) ∈ P log
0 (Rn) such that p+, q+ <

∞ and 1
p1(·) +

1
p2(·) = 1

p(·) . Let s(·) ∈ C log
loc (Rn). Then there exists a positive

integer N such that
(2)

∥Tσ(f, g)∥Bs(·)
p(·),q(·)

≲ ∥σ∥BSm
1,1,N

(
∥f∥

B
m+s(·)
p1(·),q(·)

∥g∥hp2(·) + ∥f∥hp1(·)∥g∥
B

m+s(·)
p2(·),q(·)

)
for every f, g ∈ S(Rn) and σ ∈ BSm

1,1.

In the end of this section, we give two notations. If a ⩽ cb and b ⩽ ca, we
say that a ≈ b. The symbol A ≲ B means that there exists a positive constant
C such that A ⩽ CB.
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2. Preliminaries

In this section, we introduce some necessary definitions and notations, see
[19,21,23].

A measurable function p(·) : Rn → (0,∞) is called a variable exponent. For
a measurable subset A ⊂ Rn, we write

p+(A) ≡ ess sup
x∈A

p(x), p−(A) ≡ ess inf
x∈A

p(x).

When A = Rn, we write simply p+ := p+(Rn) and p− := p−(Rn). The
collection of all measurable functions p(·) : Rn → [1,∞] is denote by P(Rn),
and the collection of all measurable functions p(·) : Rn → (0,∞] satisfying
p− > 0 is denote by P0(Rn).

We say that p(·) have LH condition if p(·) satisfies

|p(x)− p(y)| ≲ 1

− log(|x− y|)
for |x− y| ⩽ 1

2

and

|p(x)− p(y)| ≲ 1

log(e+ |x|)
for |y| ⩾ |x|.

The function ρp is defined as follows:

ρp(s) :=

 sp, if p ∈ (0,∞),
0, if p = ∞ and s ⩽ 1,
∞, if p = ∞ and s > 1.

The convention 1∞ = 0 is adopted in order for ρp to be left-continuous. The
variable exponent modular is defined by

ρp(·)(f) :=

∫
Rn

ρp(x)(f(x))dx.

The Luxemburg norm of a function f ∈ Lp(·)(Rn) is defined by

∥f∥Lp(·) := inf{λ > 0 : ρp(·)(|f |/λ) ⩽ 1}.

When p(·) ⩾ 1, it is a norm otherwise it is always a quasi-norm.
Let {hj}∞j=0 be a sequence of measurable functions on Rn. Then the quasi-

norm ∥ · ∥Lp(·)(ℓq(·)) is given by

∥∥{hj}∞j=0

∥∥
Lp(·)(ℓq(·))

≡
∥∥∥∥
 ∞∑

j=0

|hj(·)|q(·)
 1

q(·) ∥∥∥∥
Lp(·)

.

The quasi-norm ∥ · ∥ℓq(·)(Lp(·)) is denoted by

∥∥{hj}∞j=0

∥∥
ℓq(·)(Lp(·))

≡ inf

{
λ > 0 : ρℓq(·)(Lp(·))

({
hj
λ

}∞

j=0

)
⩽ 1

}
<∞,
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where

ρℓq(·)(Lp(·))

(
{hj}∞j=0

)
≡

∞∑
j=0

inf

{
λj > 0 :

∫
Rn

(
|hj(x)|
λ
1/q(x)
j

)p(x)

dx ⩽ 1

}
.

If q+ <∞, then

ρℓq(·)(Lp(·))

(
{hj}∞j=0

)
=

∞∑
j=0

∥∥|hj |q(·)∥∥
L

p(·)
q(·)

.

Since the above right-hand side expression is much simper, we use this no-
tation to represent the above left-hand side even when q+ = ∞.

The following generalized Hölder inequality will be used in the sequel.
Let q, q1, q2 ∈ P0(Rn), q+1 , q

+
2 <∞ and 1

q1(·) +
1

q2(·) =
1

q(·) . Then there exists

a constant Cq,q1 independent of the functions f ∈ Lq1(·) and h ∈ Lq2(·) such
that

∥fh∥Lq(·) ⩽ Cq,q1∥f∥Lq1(·)∥h∥Lq2(·) .

We start with the log-Hölder continuity [9, 10], which is the cornerstone of
the variable exponent function spaces.

Definition 2.1. Let f(·) be a real function on Rn.
(i) If there exists Clog(f) > 0 such that

|f(x)− f(y)| ≲ Clog(f)

log(e+ 1
|x−y| )

holds for all x, y ∈ Rn, then the function f(·) is called locally log-Hölder con-

tinuous, abbreviated f(·) ∈ C log
loc (Rn),

(ii) If f(·) is locally log-Hölder continuous and there exist a positive constant
C∞ and f∞ ∈ R such that

|f(x)− f∞| ≲ C∞

log(e+ |x|)
holds for all x ∈ Rn, then the function f(·) is called globally log-Hölder con-
tinuous, abbreviated f(·) ∈ C log(Rn).

Let P log(Rn) be the set of all measurable functions p(·) ∈ P(Rn) satisfying
1

p(·) ∈ C log(Rn). The class P log
0 (Rn) is defined analogously.

The convolution f ∗ g is defined by

(f ∗ g)(x) =
∫
Rn

f(x− y)g(y)dy.

We recall the definition of Local Hardy spaces with variable exponents hp(·)

[20, 22].

Definition 2.2. Let f ∈ S ′, p(·) ∈ P log
0 ∩ LH and ψt(x) = t−nψ(t−1x),

x ∈ Rn. Denote by M the grand maximal operator given by Mlocf(x) =
sup{|ψt ∗ f(x)| : 0 < t < 1, ψ ∈ FN} for any fixed large integer N , where



534 Y. LIU AND L. WANG

FN = {ψ ∈ S :
∫
ψ(x)dx = 1,

∑
|β|⩽N sup(1 + |x|)N |∂βψ(x)| ⩽ 1}. The local

Hardy space with variable exponent hp(·) is the set of all f ∈ S ′ for which the
quantity

∥f∥hp(·) = ∥Mlocf∥Lp(·) <∞.

From [20], we know that

∥f∥hp(·) ≈ ∥ sup
j∈N

|φj(D)f |∥Lp(·) ,

where φj(ξ) = φ(2−jξ), j ∈ Z, φ ∈ S(Rn).
Now, we will recall the definition of Triebel-Lizorkin spaces with variable

exponents and Besov spaces with variable exponents. First, we give a definition
[19] which will be used in the sequel.

Definition 2.3 (Littlewood-Paley Partitions of Unity). {ϕk}k∈N0
⊂ S(Rn) is

a Littlewood-Paley partition of unity in Rn if supp(ϕ0) ⊂ {ξ ∈ Rn : |ξ| ⩽ 2}
and ϕ0(ξ) = 1 in {ξ ∈ Rn : |ξ| ⩽ 1} and for k ∈ N,

ϕk(ξ) = ϕ(2−kξ), ξ ∈ Rn,

where ϕ(ξ) := ϕ0(ξ)− ϕ0(2ξ) for every ξ ∈ Rn.

From the definition we know that

supp(ϕk) ⊂
{
ξ ∈ Rn : 2k−1 ⩽ |ξ| ⩽ 2k+1

}
for k ∈ N and

∑
k∈N0

ϕk ≡ 1.

Definition 2.4. Let {ψk}k∈N0 be a Littlewood-Paley partition of unity, p(·),
q(·) ∈ P log

0 (Rn) with p+, q+ < ∞, and s(·) ∈ C log
loc (Rn). The Triebel-Lizorkin

space with variable exponents F
s(·)
p(·),q(·)(R

n) is defined as

F
s(·)
p(·),q(·)(R

n) := {f ∈ S ′(Rn) : ∥f∥
F

s(·)
p(·),q(·)

<∞},

where

∥f∥
F

s(·)
p(·),q(·)

:=
∥∥{2ks(·)ψk(D)f}k∈N0

∥∥
Lp(·)(ℓq(·))

=

∥∥∥∥
( ∞∑

k=0

∣∣∣2ks(·)ψk(D)f
∣∣∣q(·)) 1

q(·) ∥∥∥∥
Lp(·)

.

Definition 2.5. Let {ψk}k∈N0
be a Littlewood-Paley partition of unity, p(·),

q(·) ∈ P log
0 (Rn) with p+, q+ < ∞, and s(·) ∈ C log

loc (Rn). The Besov space with

variable exponents B
s(·)
p(·),q(·)(R

n) is defined as

B
s(·)
p(·),q(·)(R

n) := {f ∈ S ′(Rn) : ∥f∥
B

s(·)
p(·),q(·)

<∞},

where

∥f∥
B

s(·)
p(·),q(·)

:=
∥∥{2ks(·)ψk(D)f}k∈N0

∥∥
ℓq(·)(Lp(·))

.

Next, we give two lemmas which will be used later [21].
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Lemma 2.6. Let fk and hk be measurable functions on Rn.

(i) If p(·), q(·) ∈ P log
0 (Rn) with p+, q+ <∞, then

∥{fk + hk}∞k=0∥
min(p−,q−,1)

Lp(·)(ℓq(·))
⩽ ∥{fk}∞k=0∥

min(p−,q−,1)

Lp(·)(ℓq(·))
+ ∥{hk}∞k=0∥

min(p−,q−,1)

Lp(·)(ℓq(·))
.

(ii) If p(·), q(·) ∈ P log
0 (Rn) with p+, q+ <∞ and

α ≡ min(q−, 1)min

(
1,

(
p

q

)−
)
,

then

∥{fk + hk}∞k=0∥αℓq(·)(Lp(·)) ⩽ ∥{fk}∞k=0∥αℓq(·)(Lp(·)) + ∥{hk}∞k=0∥αℓq(·)(Lp(·)).

Lemma 2.7. Let p(·), q(·) ∈ P log
0 (Rn) with p+, q+ < ∞, and s(·) ∈ C log

loc (Rn).
Then

(i) If ν > n
2 +

n+3Clog(s)min(p−,q−)
min(p−,q−) , then∥∥{2ks(·)mk(D)fk}∞k=0

∥∥
Lp(·)(ℓq(·))

≲ sup
j⩾0

∥mk(2
k·)∥L2

ν
·
∥∥{2ks(·)fk}∞k=0

∥∥
Lp(·)(ℓq(·))

for all {mk}∞k=0 and {fk}∞k=0 satisfying supp f̂k ⊂
{
ξ ∈ Rn : |ξ| ⩽ 2k+1

}
.

(ii) If ν > n
2 +

2n+3Clog(s)min(p−,q−)
min(p−,q−) , then∥∥{2ks(·)mk(D)fk}∞k=0

∥∥
ℓq(·)(Lp(·))

≲ sup
j⩾0

∥mk(2
k·)∥L2

ν
·
∥∥{2ks(·)fk}∞k=0

∥∥
ℓq(·)(Lp(·))

for all {mk}∞k=0 and {fk}∞k=0 satisfying supp f̂k ⊂
{
ξ ∈ Rn : |ξ| ⩽ 2k+1

}
.

Remark 2.8. Since mk(D)fk(x) = mk(BD)[fk(B
−1·)](Bx) for B > 0, using

change of variables, if we replace supj⩾0 ∥mk(2
k·)∥L2

ν
by supj⩾0 ∥mk(2

kB·)∥L2
ν

for all {mk}∞k=0 ∈ L2
ν(Rn) and {fk}∞k=0 satisfying supp f̂k ⊂

{
ξ ∈ Rn : |ξ| ⩽

B2k
}
, then Lemma 2.7 also holds, where the implicit constant in the inequality

is independent of B.

3. Proof of Theorem 1.1 and Theorem 1.2

Firstly, we will recall the argument of the reduction to elementary symbols
given by Bényi-Torres [7, 16]. Let σ ∈ BSm

1,1, and {φj}∞j=0 be a Littlewood-
Paley partition of unity. Following the decomposition outlined in [16] (pages
313 to 314), we know that

σ(x, ξ, η) =

 ∞∑
j=0

j∑
k=0

+

∞∑
k=1

k−1∑
j=0

σ(x, ξ, η)φj(ξ)φk(η)

=

∞∑
j=0

mj(x)ψj(ξ)χj(η) +

∞∑
j=0

mj(x)χj(ξ)ψj(η),
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where

mj(x) ≈ cj,k,ℓ(x), ∥∂αmj∥L∞ ≲ 2j(m+|α|)∥σ∥BSm
1,1,N′ , |α| ⩽ N ;

ψj(ξ) ≈ φj(ξ), supp ψ0 ⊂ {|ξ| ≲ 1}, supp ψj ⊂ {|ξ| ≈ 2j}, j ⩾ 1,

∥∂αψj∥L∞ ≲ 2−j|α|, |α| ⩽ N ;

χj(η) ≈ φ0(2
−jη), supp χj ⊂ {|ξ| ≲ 2j}, j ⩾ 0, ∥∂αχj∥L∞ ≲ 2−j|α|, |α| ⩽ N ;

and

cj,k,ℓ(x) =
1

(2π)2n

∫
R2n

σ(x, 2jξ, 2jη)ϕ(ξ)ϕ0(η)e
−i(k·ξ+ℓ·η)dξdη,

where, {ϕj}∞j=0 satisfying ϕj = 1 on supp φj , ϕj = ϕ(ξ/2j), j ⩾ 1, supp ϕ0 ⊂
{|ξ| ⩽ 3}, supp ϕ ⊂ {1/3 ⩽ |ξ| ⩽ 3}, and N can be chosen arbitrarily large
and N ′ is determined from N .

Since the estimate of
∑∞

j=0mj(x) χj(ξ)ψj(η) is similar to that of
∑∞

j=0mj(x)

ψj(ξ)χj(η), it is enough to focus on
∑∞

j=0mj(x)ψj(ξ)χj(η). For the sake of

simplicity of the notation, we assume that ∥σ∥BSm
1,1,N′ is equal to one.

Continuing as in [16], we have that

Tσ(f, g)(x) =

∞∑
j=0

∞∑
k=0

mj,k(x)ψj(D)f(x)χj(D)g(x),

and

φℓ(D)Tσ(f, g) =

∞∑
k=0

∞∑
j+k+L⩾ℓ

φℓ(D)[mj,kψj(D)fχj(D)g]

=

∞∑
k=0

∞∑
j=0

φℓ(D)[mj(k,ℓ),kψj(k,ℓ)
(D)fχj(k,ℓ)

(D)g],

where j(k,ℓ) = j − k + ℓ− L, and

mj,0 = φ0(D/2
j)mj , mj,k = φ(D/2j+k)mj , k ⩾ 1,

(3) ∥mj,k∥L∞ ≲ 2jm−kN , j, k ⩾ 0,

supp m̂j,k ⊂
{
|ξ| ≲ 2j+k

}
, j, k ⩾ 0,

supp F [mj,kψj(D)fχj(D)g] ⊂
{
|ξ| ≲ 2j+k

}
, j, k ⩾ 0,

and L is a fixed integer determined from the implicit constants for the sizes of
the supports of φℓ, m̂j,k, ψj , χj .

Let r = min(p−, q−, 1). Using (i) of Lemma 2.6, we have

∥Tσ(f, g)∥rF s(·)
p(·),q(·)

=
∥∥{2ℓs(·)φℓ(D)Tσ(f, g)}∞ℓ=0

∥∥r
Lp(·)(ℓq(·))
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⩽
∞∑

j,k=0

∥∥∥{2ℓs(·)φℓ(D)[mj(k,ℓ),kψj(k,ℓ)
(D)fχj(k,ℓ)

(D)g]
}∞

ℓ=0

∥∥∥r
Lp(·)(ℓq(·))

.

If ν > n
2 +

n+3Clog(s)min(p−,q−)
min(p−,q−) , then using (i) of Lemma 2.7 and Remark

2.8 with B = 2j , we obtain that∥∥∥{2ℓs(·)φℓ(D)[mj(k,ℓ),kψj(k,ℓ)
(D)fχj(k,ℓ)

(D)g]
}∞

ℓ=0

∥∥∥
Lp(·)(ℓq(·))

≲ sup
ℓ⩾0

∥φℓ(2
j+ℓ·)∥L2

ν
·
∥∥∥{2ℓs(·)[mj(k,ℓ),kψj(k,ℓ)

(D)fχj(k,ℓ)
(D)g]

}∞

ℓ=0

∥∥∥
Lp(·)(ℓq(·))

.

Since supp φℓ(2
j+ℓ·) ⊂

{
|ξ| ≲ 2−j

}
and ∥∂αφℓ(2

j+ℓ·)∥L∞ ≲ 2j|α|, we get
that

sup
ℓ⩾0

∥φℓ(2
j+ℓ·)∥L2

ν
≲ sup

ℓ⩾0
∥φℓ(2

j+ℓ·)∥1−ς
L2 ∥φℓ(2

j+ℓ·)∥ς
L2

[ν]+1

≲ 2j(ν−n/2),

where [ν] is the integer part of ν and ν = ς([ν] + 1). Moreover, by change of
variables, (3) and Hölder inequality, we have∥∥∥{2ℓs(·)[mj(k,ℓ),kψj(k,ℓ)

(D)fχj(k,ℓ)
(D)g]

}∞

ℓ=0

∥∥∥
Lp(·)(ℓq(·))

=

∥∥∥∥∥∥∥
 ∞∑

ℓ=j−k−L

∣∣∣2(−j+k+ℓ−L)s(·)[mℓ,kψℓ(D)fχℓ(D)g](x)
∣∣∣q(·)

 1
q(·)
∥∥∥∥∥∥∥
Lp(·)

≲ 2−(j−k)s(·)

∥∥∥∥∥∥
( ∞∑

ℓ=0

∣∣∣2ℓs(·)[mℓ,kψℓ(D)fχℓ(D)g](x)
∣∣∣q(·)) 1

q(·)
∥∥∥∥∥∥
Lp(·)

≲ 2−kN−(j−k)s−

∥∥∥∥∥∥
( ∞∑

ℓ=0

∣∣∣2ℓ(m+s(·))ψℓ(D)f(x)
∣∣∣q(·)) 1

q(·)
∥∥∥∥∥∥
Lp1(·)

∥∥∥∥sup
ℓ⩾0

|χℓ(D)g|
∥∥∥∥
Lp2(·)

≲ 2−kN−(j−k)s−∥f∥
F

m+s(·)
p1(·),q(·)

∥g∥hp2(·) .

Therefore, when s− > ν − n/2, we obtain that

∥Tσ(f, g)∥F s(·)
p(·),q(·)

≲

 ∞∑
j,k=0

2jr(ν−n/2)2−krN−(j−k)rs−

 1
r

∥f∥
F

m+s(·)
p1(·),q(·)

∥g∥hp2(·)

=

 ∞∑
j=0

2−jr(s−−ν+n/2)

 1
r ( ∞∑

k=0

2−kr(N−s−)

) 1
r

∥f∥
F

m+s(·)
p1(·),q(·)

∥g∥hp2(·)

≲ ∥f∥
F

m+s(·)
p1(·),q(·)

∥g∥hp2(·) ,
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since N can be chosen arbitrarily large.
The proof for (1) is complete.

As for (2), let α = min(q−, 1)min

(
1,
(

p
q

)−)
. Using (ii) of Lemma 2.6, we

have

∥Tσ(f, g)∥αBs(·)
p(·),q(·)

=
∥∥{2ℓs(·)φℓ(D)Tσ(f, g)}∞ℓ=0

∥∥α
ℓq(·)(Lp(·))

⩽
∞∑

j,k=0

∥∥∥{2ℓs(·)φℓ(D)[mj(k,ℓ),kψj(k,ℓ)
(D)fχj(k,ℓ)

(D)g]
}∞

ℓ=0

∥∥∥α
ℓq(·)(Lp(·))

.

If ν > n
2 +

2n+3Clog(s)min(p−,q−)
min(p−,q−) , then using (ii) of Lemma 2.7 and Remark

2.8 with B = 2j , we obtain that∥∥∥{2ℓs(·)φℓ(D)[mj(k,ℓ),kψj(k,ℓ)
(D)fχj(k,ℓ)

(D)g]
}∞

ℓ=0

∥∥∥
ℓq(·)(Lp(·))

≲ sup
ℓ⩾0

∥φℓ(2
j+ℓ·)∥L2

ν
·
∥∥∥{2ℓs(·)[mj(k,ℓ),kψj(k,ℓ)

(D)fχj(k,ℓ)
(D)g]

}∞

ℓ=0

∥∥∥
ℓq(·)(Lp(·))

.

Moreover, we have∥∥∥{2ℓs(·)[mj(k,ℓ),kψj(k,ℓ)
(D)fχj(k,ℓ)

(D)g]
}∞

ℓ=0

∥∥∥
ℓq(·)(Lp(·))

=

∥∥∥∥{2(−j+k+ℓ−L)s(·)[mℓ,kψℓ(D)fχℓ(D)g]
}∞

ℓ=j−k−L

∥∥∥∥
ℓq(·)(Lp(·))

≲ 2−(j−k)s(·)
∥∥∥{2ℓs(·)[mℓ,kψℓ(D)fχℓ(D)g]

}∞

ℓ=0

∥∥∥
ℓq(·)(Lp(·))

≲ 2−kN−(j−k)s−
∥∥∥{2ℓ(m+s(·))[ψℓ(D)fχℓ(D)g]

}∞

ℓ=0

∥∥∥
ℓq(·)(Lp(·))

≲ 2−kN−(j−k)s−
∥∥∥{2ℓ(m+s(·))[ψℓ(D)f ]

}∞

ℓ=0

∥∥∥
ℓq(·)(Lp1(·))

sup
ℓ⩾0

∥χℓ(D)g∥Lp2(·)

≲ 2−kN−(j−k)s−
∥∥∥{2ℓ(m+s(·))[ψℓ(D)f ]

}∞

ℓ=0

∥∥∥
ℓq(·)(Lp1(·))

∥∥∥∥sup
ℓ⩾0

|χℓ(D)g|
∥∥∥∥
Lp2(·)

≲ 2−kN−(j−k)s−∥f∥
B

m+s(·)
p1(·),q(·)

∥g∥hp2(·) .

Therefore, when s− > ν − n/2, we can get that

∥Tσ(f, g)∥Bs(·)
p(·),q(·)

≲

 ∞∑
j=0

2−jr(s−−ν+n/2)

 1
α ( ∞∑

k=0

2−kr(N−s−)

) 1
α

∥f∥
B

m+s(·)
p1(·),q(·)

∥g∥hp2(·)

≲ ∥f∥
B

m+s(·)
p1(·),q(·)

∥g∥hp2(·) .

The proof for (2) is complete.
This completes the proofs of Theorems 1.1 and 1.2.



BILINEAR PSEUDODIFFERENTIAL OPERATORS IN VARIABLE SPACES 539

Acknowledgements. The authors would like to express their deep thanks to
the referees for their valuable comments and suggestions.

References

[1] E. Acerbi and G. Mingione, Gradient estimates for the p(x)-Laplacean system, J. Reine

Angew. Math. 584 (2005), 117–148. https://doi.org/10.1515/crll.2005.2005.584.
117

[2] A. Almeida and A. Caetano, Variable exponent Besov-Morrey spaces, J. Fourier Anal.
Appl. 26 (2020), no. 1, Paper No. 5. https://doi.org/10.1007/s00041-019-09711-y

[3] A. Almeida, J. J. Hasanov, and S. G. Samko, Maximal and potential operators in variable

exponent Morrey spaces, Georgian Math. J. 15 (2008), no. 2, 195–208.
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[19] V. Naibo, On the bilinear Hörmander classes in the scales of Triebel-Lizorkin and Besov

spaces, J. Fourier Anal. Appl. 21 (2015), no. 5, 1077–1104. https://doi.org/10.1007/

s00041-015-9398-x

[20] E. Nakai and Y. Sawano, Hardy spaces with variable exponents and generalized Cam-

panato spaces, J. Funct. Anal. 262 (2012), no. 9, 3665–3748. https://doi.org/10.1016/

j.jfa.2012.01.004

[21] T. Noi, Trace and extension operators for Besov spaces and Triebel-Lizorkin spaces with

variable exponents, Rev. Mat. Complut. 29 (2016), no. 2, 341–404. https://doi.org/

10.1007/s13163-016-0191-4

[22] J. Tan and J. Zhao, Multilinear pseudo-differential operators on product of local Hardy

spaces with variable exponents, J. Pseudo-Differ. Oper. Appl. 10 (2019), no. 2, 379–396.

https://doi.org/10.1007/s11868-018-0254-z

[23] H. Triebel, Theory of function spaces, Monographs in Mathematics, 78, Birkhäuser
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