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SHARP BOUNDS OF FIFTH COEFFICIENT AND
HERMITIAN-TOEPLITZ DETERMINANTS FOR
SAKAGUCHI CLASSES

SURYA GIRI AND S. SIVAPRASAD KUMAR

ABSTRACT. For the classes of analytic functions f defined on the unit
disk satisfying
!/ ! ’
20G) g _CFE
f(z) = f(=2) (f(z) = f(=2))

denoted by S¥(¢) and Cs(p), respectively, the sharp bound of the n**
Taylor coefficients are known for n = 2, 3 and 4. In this paper, we obtain
the sharp bound of the fifth coefficient. Additionally, the sharp lower and
upper estimates of the third order Hermitian Toeplitz determinant for the
functions belonging to these classes are determined. The applications of
our results lead to the establishment of certain new and previously known
results.

1. Introduction

Let H be the class of holomorphic functions in the unit disk D and A C H
represent the class of functions f satisfying f(0) = f/(0) —1=0. Let S C A
be the class of univalent functions. A function f € H is said to be starlike with
respect to symmetric point if for r less than and sufficiently close to 1 and every
zp on |z| = r, the angular velocity of f(z) about the point f(—zp) is positive
at z = zp as z traverses the circle |z| = r in the positive direction. Sakaguchi
[20] showed that a function f € A is starlike with respect to symmetrical point
if and only if

2f'(2)
f(z) = f(=2)
The class of all such functions is denoted by S;. It is noted that the class of
functions univalent and starlike with respect to symmetric points includes the
classes of convex functions and odd functions starlike with respect to the origin

Re > 0.
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[20]. Afterwards, Das and Singh [5] introduced the class K5 of f € A, known
as convex functions with respect to symmetric points, which satisfy

(22/(2))
(f(2) = f(=2))
The functions in the class are convex and Das and Singh proved that the nt"
coefficient of functions in Ky is bounded by 1/n, n > 2.

Incorporating the notion of subordination, Ravichandran [19] generalized
these classes as

Re > 0.

L ) )
st ={re s . 200 <o .

(22'(2))
o) = {1 e GO - o),
(f(z) = f(=2))
where ¢(z) is an analytic univalent function in D satisfying (i) ¢(D) is sym-
metric about the real axis, (ii) ¢(D) is starlike with respect to ¢(0) = 1 (iii)
©'(0) > 0 and (iv) Reg(z) > 0 for all z € D. Let us take

(1.1) 0(2) =1+ Biz+ Boz? + B32* +---, By >0.

They obtained certain convolution conditions and growth and distortion esti-
mates for functions belonging to these classes. Later, Shanmugam et al. [21]
found the sharp bound of Feketo-Szegd functional, |az — pa3| for the classes
S*(p) and Cs(p), which easily provides the bound for initial coefficients |as]
and |as|. Further, the sharp bound of |a4| was determined by Khatter et al. [9]
and for certain important choices of ¢ such as

1. =8i(e), St =8(VItz) and
= SE(VEZ— (VI 1)y (1= 2)/(1+2(V2 - 1)2),

the sharp bound of |as| was also established. The sharp bound of |as| for
functions belonging to the classes SX(¢) and Cs(p) was still unknown. We get
this bound in Section 2. Recently, Gangania and Kumar [6] studied generalized
Bohr Rogosinski type inequalities for the classes S¥ () and C,(p). Kumar and
Kumar [11] obtained the sharp bound of second and third order Hermitian-
Toeplitz determinant for Sakaguchi functions and the classes defined in (1.2).

For f € A and m,n € N, the Hermitian-Toeplitz determinant of order m is
given by

(1.2)

(079 Ap+1 et Ap+m—1
An 41 an e An4+m—2
(1.3) To(n)(f) =
Op4m—1 An4ym—-2 (29

It can be easily seen that the determinant of T,,, 1(f) is rotationally invariant
that is determinant of T}, 1(f) and Ty, 1(fg) are same, where fy = =% f(e'2)
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and # € R. Since for n = 1 and f € A, a; = 1. Thus, the third order
Hermitian-Toepilitz determinant is

(1.4) Tg,l(f) =1- 2|a2|2 + 2Re (ag&3> — |a3|2.

Ye and Lim [23] proved that any n x n matrix over C generically can be written
as the product of some Toeplitz matrices or Hankel matrices. The applications
of Toeplitz matrices and Toeplitz determinants can be seen in the field of pure
as well as applied mathematics. They arise in algebraic geometry, numerical
integration, numerical integral equations and queueing networks. For more
applications, we refer to [23] and the references cited therein.

Numerous papers have recently focused on finding the sharp upper and lower
bounds of the Hermitian Toeplitz determinants for functions in A. Cudna et
al. [4] initiated this work by determining the sharp lower and upper estimates
for T 1(f) and T3 1(f) for the class of starlike and convex functions of order «,
0 < o < 1. The bounds of Ty 1(f) and T3 1(f) for the class S and its certain
subclasses were derived by Obradovié¢ and Tuneski [18]. For more recent work
on this topic, we refer to [1,10,12-14] and the references cited therein.

The aim of this paper is to derive the bound of |as| and third order Hermitian
Toeplitz determinant for f belonging to the classes S¥ () and Cs(p).

2. Fifth coefficient bound

Let P be the class of Carathéodory functions p(z) = 14+~ | p, 2" satisfying
Rep(z) > 0 (2 € D). The subsequent lemmas are used in order to prove the
bound of |as|.

Lemma 2.1 ([17]). If the functions 1 + > 7 ppz™ and 1+ > o7 | qn,2" are
members of P, then the same is true of the function

00
1+ Z pn,2Qn o
n=1

Lemma 2.2 ([17]). Let h(z) =1+ B1z+ 22?2+ and 1+ H(2) = 1+ b1z +
baz? + -+ be functions in P, and set

1 1<~ (n
’Yn*zin 1+2;(V>ﬂu ) 70*1-
If A, is defined by
o0 o0
Z(_l)n+1’7n—1Hn(3) = ZAnva
n=1 n=1

then |A,| < 2.

It is worth recalling the Md&bius function W¢, which maps the unit disk I
onto itself and given by

(2.1) Te(z) = —=>, ¢eD.
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Lemma 2.3 ([3]). If p(z) =1+ Y00 pn2™ € P, then for some &1,&,&5 € D,
p1 =28, p2 =26 +2(1— &),
(2.2) p3 =267 +4(1 — |& )&k — 2(1 — G128
+2(1 = &)1 = [&*)Es.

Further, for £1,é2 € D and &3 € T:= 0D = {2z € C: |z| = 1}, there is a unique
function p(z) = (1+w(2))/(1—w(z)) € P with p1, p2 and p3 as in (2.2), where

(2.3) w(z) =2V _¢ (2V_¢,(€32)),

that is

_ 1+ (&2&3 + &1&o + &1)z + (G163 + §16283 + &2)22 + &32°
L+ (L& + &b — &)+ (G — §6& — §)22 — 23

Conversely, for given £1,& € D and & € D, we can construct a (unique)
function p(z) = 1+~ | pp2™ € P such that p1, p» and ps satisfy the identities
n (2.2). For this, we define

(2.4) W(2) = Wey 6,65 (2) = 2V g, (20 ¢, (€32))-

Moreover, if we define p(z) = (1 4+ w(z))/(1 — w(z)), then p1, p2 and p; satisfy
the identities in (2.2) (see the proof of [3, Lemma 2.4]).

p(2)

Assumption 2.4. Let ¢(z) be given by (1.1). The following conditions on
coefficients of ¢ helps us to prove the result.

C1:|B} — 2B By +2B3| < |2B} — B} — 2B, Bs|,
C2:|B} — B{B, +3B; — 3B, Bs| < 3|B} — B} + B3|,
C3: |B] — B¥(8By + 3) — 6B}(B2(3By + 2B3 +2) — 6B3 + 9By)
+ B} (7By(By +4) — 24B3 + 18B,) + 6B} (B3 — 2B3 +8ByB; — 3B3
+6(By +1)By) — 6B1B2(3B5 — 6B3 + B3(4B3 — 6) + 6By(By — 2B3))
+ 18 B3(—2B3 + Bo((Bg — 2) By + 2By)) + B} Bo(Ba(B2(5B2 + 6)
— 24B3 + 18B,) — 36(2B3 + By))| < 2|((By — 2)B; + 2B>)
(B1(2B1 + B2 — 3) + 3B3) (4B} + 6B3 — Bi (B2 + 3) — 3B1 B3)|,
C4: 0< (2B, — B} —2B5)/(2(B, — By)) < 1.
Theorem 2.5. If f(2) = z+a22% + a3z +--- € Si(¢) and coefficients of ¢(z)
satisfy the conditions C1, C2, C3 and C4, then

B
5l < —.
|a’0| — 4

The bound is sharp.
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Proof. Let f(z) = z+ > . panz"™ € Si(¢). Then there exists a Schwarz
function w(z) such that

2p()
) — f(—m) Pl

By the one-to-one correspondence between the class of Schwarz functions and
the class P, we obtain

20'()  (p(z) 1
(25) G f7) ~ *”(p(z> T 1)

for some p(z) =1+ > 7, p,2™ € P. On the comparison of the same powers
of z with the series expansions of functions f(z), ¢(z) and p(z), the above
equation yields

B
(2.6) as = %(Tﬂff + Topipe + Tapips + Tap3 + pa),

where

T AB%——ZBl4-682—-231324&3%——6334-284
1= )

16 B,
3B, — B2 — 6B, + B B2 + 3B, By — B
2.7 T, = Ty =2 -
( ) 2 4-81 ’ 3 Bl ’
v _ B-2B1+2B,
f =

4B,

Let us consider that q(z) =1+ 02 | k2™ and h(z) =1+ > 7, v,2" are the
members of P, then by Lemma 2.1 for p € P, we have

(o)
Pnbn
2.8 1+ H(z):=1 —2" .
(2.8) + H(z) + ; 5 € P
For h € P and the function 1 + H(z) given in (2.8), Lemma 2.2 gives

1 1 1 3 1
(2.9) Ay = Yokaps — ~V1K3D3 — = V1K1K3D1D3 + =2k KaPiP2 — —V3K1D1,s

2 4 2 8 16
where 9 = 1,
(2.10)

_11+1 _11+ +1 _11+3 +3 +1
71—2 2V1 ) 72—4 V1 2V2 ) 73—8 2V1 2V2 21/3
and
(2.11) |Ay| < 2.

Now, in order to establish the required bound, we construct functions h(z) and
g(z) such that

(2.12) Ay = Y1pi + Yopips + Tapips + Yaps + pu,
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where T’s and Ay are given in (2.7) and (2.9), respectively. For 0 < 7 < 1,
define

14272+ 27222 4 2723 4+ 24

N 1—24 ’

q(2)

which yields
(2.13) K1 = k3 =27, kKo =272 and Ky =2.

From [2, Theorem 1], we have ¢ € P. To construct function h(z), using Lemma
2.3, let

1+ wi(z)
Mz) = 1—wi(2)
such that
(214) (.Ul(Z) = Z\I/—b'l (Z\IJ—E2 (532)),

where 1,65 € D and €5 € D. Thus, we have
vy =261, vy =2e24+2(1—|e1P)eo,
vz =263 +4(1 — |e1]?)er1ea — 2(1 — |e1)®)ETes + 2(1 — |e1/2) (1 — |e2)*)es.
The above set of equations may be satisfied by many e’s. For our purpose, we
impose some restriction on €’s and take all €’s as real numbers. Therefore,
(2.15) {1/1 =2y, vy =2e7+2(1—¢?)ey,
v3 =23 +4(1 — el)ereg — 2(1 — el)eres +2(1 — e3)(1 — £3)e3.

In addition, if we define

_ B} —2BB, + 2B3 B3 — B2B, + 3B% — 3B, Bs

T9B2 B _2B,B, }T 3(-B+BY+BI)

€1

£3 = (BI — B%(8By +3) — 6B} (B(3By + 2B3 +2) — 6B3 + 9By)

+ BY(7B2(By + 4) — 24B3 + 18By) + 6B (B3 — 2B3 + 8By B3 — 3B3
+6(By +1)By) — 6B, B2(3B3 — 6B3 + B3(4B3 — 6) — 6B2(2B3 — By))
+ 18B3(—2B3% + Ba((B2 — 2)Bs + 2By)) + BiB>(—36(2B3 + By)

+ By(B2(6 + 5Bs) — 24B3 + 18B4)))/<2((31 —2)B1 +2By)

(B1(2B1 + B2 — 3) + 3B3) (4B} + 6835 — B} (3 + Ba) — 33133))

and

2B, — B? — 2B,
T=\—
2(By — Bs)
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then by Assumption 2.4, we have |e1| < 1, |ea] < 1, |eg] <1l and 0 < 7 < 1.
Putting these defined ¢’s in (2.15), we obtain v;’s, which in turn together with
(2.10) yields

_ (B1 — By)?
T T BU(BZ—2B; + 2Bs)’
(By — By)2(B2 + 6By — B1(3+ By) — 3B3)
(216) Yo = — 3 3
3B1(B? — 2B + 2B,)?
_ (Bi—=By)*(Bf + 6By + B —2Bi(1 + By) — 6B3 + 2B4)
"= AB,(B? — 2B, 1 2B,)?

On putting the values of k;’s and ~;’s from (2.13) and (2.16), respectively, in
(2.9), we get (2.12). Using the bound |A4] < 2 in (2.12), we get
IT1pT + Yopip2 + Yapips + Taps + pal < 2,
which together with (2.6) gives the desired bound of |as].
Consider the function f5(z) =z 4+ Y., d,2" in the unit disk satisfying
2:(2)
fs(2) = f5(=2)
where o(z) is given by (1.1). Clearly, f5 € S¥(p). Equating the coefficients

in the above equation, we obtain a; = a3 = a4 = 0 and as; = B;/4, that
demonstrates the sharpness of the bound. (I

= p(z"),

For —1 < B < A <1, consider the classes S¥[4, B] := §*((1+Az)/(1+ Bxz))
and S} gq = 8*(2/(1 +e77)). These classes are analogues to the correspond-
ing classes of starlike functions introduced and studied in [7,8]. Theorem 2.5
directly gives the following result for these classes.

Corollary 2.6. If f(z) = z+> oo, a,2" € SI[A, B] such that A and B satisfy
the following conditions

Cl:|(A—B)2(A+B+2B2)|<\(A 3B - 2)(A— B)?,
C2:|(A-B)*(B+1)[ <3[(A-B)*(A-1+(B~-1)B)],
C3:|(A—B)*(B+1)(A*(7B + 1) + B(B(38 + (12 — 17B)B)
(2.17) +15)+A(B( (5B —31) —27) — 3))| < 2|/(A— B)*(A
—3B —2)(A(B—2)—4B*+2B +3)(A(B +4) + 2B(B
—2)-3)l,
C4:0<(3B-A+2)/(2B+2)<1

then
las| < (A - B)/4.

The bound is sharp.
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Example 2.7. For A =0 and B = —1/2, all conditions in Corollary 2.6 are
satisfied. Thus, if f(z) = 2+ Y oo, anz™ € 870, —1/2], then |as| < 1/8.

Corollary 2.8. If f(2) = z+ > ;2 ,an2" € S} g¢, then |as| < 1/8 and the
bound is sharp.

In case of the classes S7; and S7 g, the coeflicients of corresponding ¢
satisfy the conditions C1, C2, C3 and C4. Theorem 2.5 yields the following
result for these classes:

Remark 2.9. If f(2) = z + > 0", an2™ € 8¢, then |as| < 1/8 [9, Theorem
5(a)].

Remark 2.10. If f(z) = 2z + > ,an2" € Sipp, then Jas| < (5 — 3v/2)/8
[9, Theorem 5(b)].

Theorem 2.11. If f(z) = z + azz® + azz® + -+ € Cs(p) and coefficients of
p(z) satisfy the conditions C1, C2, C3 and C4, then

By
< —.
s <
The bound is sharp.
Proof. Let f(2) =2+ > .-, anz™ € Cs(¢). Then there exists a Schwarz func-
tion w(z) such that
(22f'(2))'
Ty — ew(z).
(f(2) = f(=2))
Corresponding to the Schwarz function w(z), let there be a function p(z) =
1+ > 07 pnz™ € P satisfying p(z) = (1 + w(2))/(1 — w(z)). Thus, we obtain

22f'(2)) -1
(f(2) = f(=2)) p(z) +1
Comparing the coefficients of the same powers of z after applying the series
expansion of f(2), ¢(z) and p(z) leads to
B
as = ?S(Tlp% + Yopip2 4+ Yspips + Yaps + pa),
where T;’s are given in (2.7). Since, T,;’s are the same as in the case of S¥ (),
therefore following the same methodology as in Theorem 2.5, we get the bound
of |as|.
To see the sharpness, consider the function §5(z) = 2+ .~ , @,2" in D such
that
22gL(2))
_ ( 5E )) - = @(24)
(95(2) = g5(—2))
Comparison of coefficients of same powers yields as = a3 = a4 = 0 and a5 =
B;/20, which proves the sharpness of the bound. (I
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We can define the classes Cs[4, B, Cs.e, Cs,sG, Cs,. and Cy g, in a similar
manner as Si[A, B], 85 e S sar Sip and 8¢ gy, respectively. For these classes,

Theorem 2.11 yields the following:

Corollary 2.12. (1) If f(z) = 2+ . ,—,anz" € Cs[A, B] such that A and B
satisfy the conditions given in Corollary 2.6, then |as| < (A — B)/20.

(2) If f(2) =24 Y07 5 an2" € Cs.e, then |as| < 1/20.

(B) If f(2) =24 Y07y anz" € Cs,1, then |as| < 1/40.

(4) If f(2) = 2+ > oy anz™ € Cs gL, then |as| < (5 — 3v/2)/40.
(5) If f(z) =2+ >0 s anz" € Cs 5, then |as| < 1/40.

All these bounds are sharp.

3. Hermitian-Toeplitz determinant

Shanmugam et al. [21] obtained the following bounds of |az — pa3| for f(z) =
z4 Y07, a,2" belonging to the classes Sz (p) and Cs(¢p).

Lemma 3.1 ([21, Theorem 2.1]). If f(z) =z + Y o0, anz™ € Si(p), then

1
(BQ_NB%> ifﬂSVl,

2 2
lag — pa3| < 71 if v1 <p <y,
1 .
o t) aen

where vy = (2(By — B1))/B? and vo = (2(By + By))/B3?. The bound is sharp.
Lemma 3.2 ([21, Corollary 2.4]). If f(z) = 2+ > .~y anz™ € Cs(), then

1 3 .
6(32_8NB%) if w<u,

By
61 3
—6(32 - HB%> if p= v,

|ag — pa3| < if i <p <y,

8

where vy = (8(Bz — B1))/(3B?) and vo = (8(Ba2 + B1))/(3B%). The bound is
sharp.

For p = 0, the following bounds for |as| directly follow, which help us to
prove the results:
Lemma 3.3. If f(2) = 2z + a22® + a32® + - € S*(p) and By < |Bay|, then
B
\a3| S ‘722|
Lemma 3.4. If f(2) = 2z + a2® + a32® +--- € Cs(p) and By < |Bs|, then
| B

‘a3| S T
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Theorem 3.5. If f € S¥(¢) and By < |Bs|, then
T51(f) <1.
The bound is sharp.
Proof. Let f(z) =2+ Y .7 5 a,2" € Si(p). Then
(3.1) T51(f) =1—2|as|* — |as|® + 2Re(a3as).
Applying the inequality 2 Re(a3as) < 2|a3||as| in the last equation, we obtain
T31(f) < 1= 2|az|? — |as|* + 2|a3||as| =: g(),
where g(z) = 1 — 2|aa|? — 2% + 2|a3|z with = |az|. For f € S*(p), we
have |az| < Bp/2 and from Lemma 3.3, |ag| < |Baz|/2. Thus |az| € [0,1] and
x = |ag| € [0,1]. As ¢'(x) = 0 at & = |az|? and ¢"(z) < 0 for all z € [0,1].
Consequently, we have
T51(f) < maxg(z)
= g(lazf*) = (lazf* —1)* < 1.

Since the identity function f(z) = z is a member of the class S*(¢) and for
this function, we have ag = 0, ag = 0 and T3 1(f) = 1, which shows that the
bound is sharp. O

Theorem 3.6. If f € C.(¢) and By < |Bs|, then
T51(f) <1.
The result is sharp.
Proof. Let f(z) = z+Y ooy anz" € Cs(p). Then using the inequality Re(a3as)
< |az|?|as| in (1.4) for f € Cs(p), we obtain
T31(f) < 1= 2[as|? — |as]* + 2|az[*|as| =: g(2),
where g(z) = 1 —2|az|* — 2% +2|az|?z. Since |az| < By/4 and from Lemma 3.4,
we have |as| < |Bz]|/6, therefore |ago| € [0,1/2] and |as| € [0,1/3]. Also, note
that g(x) attains its maximum value at @ = |az|?. Hence
Ts1(f) < maxg(z)

= g(jazl*) = (la2]* = 1)* < 1.

The equality case holds for f(z) = . O

Theorem 3.7. If f € S*(¢) such that B? > 2By, then the following estimates
hold:

B? B? B?B B2
ind1_2L 121, 21722 P2 0.4
mln{ 1 5 + 1 1 [ g1 ¢[ ) ]a
B? B?B B2
Ts31(f) > et S 2_72’ o1 =4,

I
% BB 4 4Bt - 4B, — 8B))
16(B% + BX(Bo — 1) — 2B, B, — B2)’

1 0'16(0,4),



SAKAGUCHI CLASSES 327

where
2B, (B — 2B,)

(B? — By — By)(B1 + Ba)’

First two inequalities are sharp.

g1 =

Proof. Let f(z) =2+ Y .05 an2" € Si(p). Then from (2.5), we obtain

B 1
Zpl and a3 = g(—Blpf + Bsp} + 2B1ps).

Since the class SX(¢) and the class P is rotationally invariant, therefore we

can take p; = p € [0,2]. Moreover, Libera et al. [15] showed that 2py =
T+ (4—-pi)¢, CeDforp(z) =1+ > 07, pp2™ € P. Thus, we have

as =

s = (szl LB (4 2P + 2By By (4 p1>Re<)

T 64
2Re(a3as) = 6431291 ((32 — B1)pi + Bi(pi + (4 — p}) Re C_)>.

Taking these into account in (1.4), we get

1

T31(f) = o1

<<32 By)Bopt — B4~ p2)°ICP

_ BZ 2
T By(B? — 2By)p (4 —pfmec) S B,

= F(ph |C|7Re§)

It can be seen that F(py,|¢|,ReC) > F(p1,|¢|, —[¢|) =: G(x,y) by considering
p? = x and |(| = y, where

1
Glo.9) = gy (B2~ BoBar? = B~ 0" — Ba(B] ~ 2B0)a(4 - )y
Bizx
- — +1L
3 +
Whenever B} > 2B,, we have
oG 1
oy~ 6 2B} (4 —2)*y — Bi(B} — 2B2)a(4 — 1)) <0

for z € [0,4] and y € [0, 1], which means that G(z,y) is a decreasing function
of y and G(x,y) > G(x,1) =: I(z) with
By B?

Bl +B1(BQ_1)_2B:[BQ_BQ) +76(2B2 Bl)x——+1

I(z) = 1

64(
An easy computation yields that I'(x) = 0 at

281 (B} — 2Bs)
(B — By — B2)(B1 + By)

o =
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and

1
32
Since B? > 2B,, therefore numerator of x( is always positive. Moreover,
denominator of zg and numerator of I''(x) are same, therefore xg < 0 (or
2o > 0) if and only if I”(xq) < 0 (or I"”(xg) > 0). Here we discuss the following
cases:

Case I: Whenever z € (0,4), then I (z¢) > 0. Thus I(x) attains its minimum
value at zg, which gives

T31(f) = I(xo)

I"(x0) = —(B? — By — By)(B; + Bo).

B3(B3 + 4B? — 4B, — 8B,)
16(B3 + B2(By — 1) — 2B, By — B2)’

Case IT: When xy < 0 or zp > 4, which indicates that I(x) does not have any
critical point, therefore

T3.1(f) > min{1(0), 1(4)}
B B} B} BiB, B3
mm{ Ta Tttt T ag

For To = 4, T3~’1(f) > 1(4) ~
Functions fo € 8! () and f35 € S¥(p) given by
2552 20,
FEEr ARG Yoy s EA G

show that these bounds are sharp as

~ B? BB B2 = B?
T3,1(f2):1—71+ 14 : —TQ and T3,1(f3):1—jl,
which completes the proof. (I

Theorem 3.8. If f € Cs(p) and 3B? > 8By, then the following estimates hold:

B2 B2 B2B, B2
ind1——L 12t 22 22 0,4
i TR 82+ 8 36 o2 ¢ [0.4],
B2 B2B, B
Tsa(f) >2q 1- =L 4 222 22 oy =4,
8 .48 36
B3(B3 +12B% + 4B — 32B,)
1-— 3 ) N0 o2 € (034)7
64(3B% + B2(3B, — 4) — 8B, By — 4B2)
where
. 2B (3B} + 10B; — 8Bx)
2

" 3B} +3B2B, — AB? — 8B, B, — 4B2’

First two inequalities are sharp.
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Proof. Let f(z) =z+4 Y "y an2" € Cs(¢). Then from (2.18), we obtain

_ Bipx
8
The rotationally invariant property of the classes Cs(¢) and P allows to take
p1 € [0,2]. Using the formula 2p; = p? + (4 — p?)¢ (see [15]) in (3.2), we get

1
(3.2) as , ag= ﬂ((BQ — B1)p} + 2B1p2).

1 _
—las[* = — o= (B3pt + Bi(4 = p1)*|C* + 2B1 Bopi (4 = p}) Re O),
2- B%P% 2 2 2 2 =
2Re(azaz) = (—=B1pT + Bapt + Bi(py + (4 — p7) Re()).

768
These above values together with (1.4) leads to

B?B B? 1
Tua(f) = (T = 52 Jot - srg PR~ R ICP

1_% 1

33% —8B1B2\ , 9 _ B%p%
021 " OP1P2 ) 2y - 1
( 9304 p1(4 —p7)Re( 32 +
=: F(ps, |Q,Re(_).

As Re( > —[¢], hence F(py,[C],ReC) > F(p1, [¢], ~[¢]) := G(z,y), where

BB, B3 1 3B} — 8B1B
Glauy) =( T = 52 ) - st o = (ST Yol - oy

768 976 2304
- B—%x +1
32
for x = p? € [0,4] and y = [¢| € [0,1]. Whenever 3B? > 8B B, we have
8G(I, y) 3Biq’ — SBlBQ

Ay 288

Therefore, G(z,y) is a decreasing function of y and G(z,y) > G(z,1) =: I(x),
where

hul o _LB§(4 _ x)2y — (2304)95(4 —z) <0.

B1(3B? +10B; — 832):6 B
576 36
22(3B% + 3B2B, — AB? — 8B, B, — 4B2)
* 2304
An elementary calculation reveals that I'(x) = 0 at
2B1(3B? + 10B; — 8By»)
" 3B} +3B?B, — AB? — 8B, B, — AB?

Iz)=1-

Zo

and

383 + 3828, — AB? — 8B, By — AB2
B 1152 ’
Since 3B? > 8By and By > 0, therefore numerator of xq is always positive.
Also, note that, denominator xy and numerator of I”(z) is same, therefore sign
of ¢y and I"'(x) changes simultaneously. Here, two cases arise:

I//(x)
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Case I: 0 < zyp < 4. In this case I”(z) > 0, so the minimum of 7(x) attains at
T, which gives
T3,1(f) > I(zo)
B3(B3} + 12B% + 4B, — 32Bs)
64(3B} + B?(3By —4) — 8By By — 4B3)’
Case II: 2y < 0 or zp > 4. In this case I(x) has no critical point. Thus
Ts51(f) = min{1(0), I(4)}
B? B? B?By B3
—mindl1— =L 1-=2L 1 20
mm{ 368 T 48 36

For the case xo = 4, we have T3 1(f) > I(4).
The sharpness of these bounds follows from the functions g2(z) and gs(2)
defined by

22g5(2))’ 2zg5(2))
= ( _QE ))_ - =¢(z) and = ( _BE ))_ - = p(2?),
(92(2) = g2(—2)) (93(2) — g3(—2))
respectively. Since
i B  BiB, Bj . B}
T31(92) =1— =< T’ 36 and T5:(g3) =1— 36’
which completes the proof. (I

4. Some special cases

If p(z) = (14 Az)/(1 + Bz), the classes S¥(¢) and Cs(¢) reduce to the
classes S¥[A, B] and Cs[A, B, respectively. Theorems 3.5 and 3.6 immediately
give the following sharp bound for the class S¥[A, B] and C,[A, B].

Corollary 4.1. (1) If f € S:[A, B] and A— B < |B? — AB|, then T5 1(f) < 1.
(2) If f € Cs|A, B] and A— B < |B? — AB|, then T51(f) < 1.

Theorems 3.7 and 3.8 yield the following lower bound of T3 1(f) for these
classes.

Corollary 4.2. If f € SI[A, B] such that A*> — B? > 0, then the following
estimates hold:

Mn&—iM—BPJ—iM—BFMB+m} o1 ¢ [0,4],

T3’1(f) Z 1—%(A—B)2(AB+2), g1 :4,
(A2 —2A(B —2)+ B%+4B — 4)(A - B)?
1+ 16(1—A)(1—B) s 0'16(0,4),
where B 2A+ B)
T T A -A(1-B)

First two inequalities are sharp.



SAKAGUCHI CLASSES 331

Corollary 4.3. If f € Cs[A, B] and 3A% +2AB —5B? > 0, then the following
estimates hold:

, A—B)? A—-B)?*(B*+3AB+18
min 1—( 36),1—( )(144 )}7 o2 ¢ [0,4],
2/ 2
() >4 1 (A-B) (BMZ 3AB + 18)7 —
(A2 —2A(B —6) + B2 +20B +4)(A — B)?
1— 09 € (0 4)
64(1 — B)(3A+ B —4) ’ T
where

2(34+5(B+2))
(1-B)BA+B-4)
First two inequalities are sharp.

09 =

For p(z) = (1+ (1 —2a)2)/(1 —2) and (1 4+ 2)/(1 — z) in S*(y), we obtain
the class S¥(a) and Sakaguchi’s class, S¥, respectively, where a € [0,1]. For
more detail of these classes, we refer to [16,22]. Theorems 3.5 and 3.7 yield the
following sharp lower and upper bounds of T3 1 (f) for these classes, proved by
Kumar and Kumar [11].

Remark 4.4. (1) If f € 8*(a), then (3 —2a)a? < T5:1(f) < 1 [11, Theorem
2.2].
(2) If f e Sk, then 0 <Ts1(f) <1 [11, Corollary 2.3].

For other subclasses of S, the following sharp bounds follow from Theo-
rem 3.7.

Corollary 4.5. If f € S} g¢, then T3 1(f) > 2009/2304.

Remark 4.6. (1) If f € S7 1, then T3 1(f) > 221/256 [11, Theorem 3.1].
(2) If f € 8%y, then Ty (f) > (863 — 444+/2) /256 [11, Theorem 3.3].

Theorems 3.6 and 3.8 give the following corollaries for different subclasses
of C..

Corollary 4.7. (1) If f € Cs[A, B] and A— B < |B%? — AB|, then T3 1(f) < 1.
(2) If f € Cs(a), then T51(f) < 1.
(3) If f €Cs, then T3 1(f) < 1.

All these bounds are sharp.

Corollary 4.8. (1) If f € Cs sc, then T3 1(f) > 31/32.

(2) If f € Cs,1, then T51(f) > 4459/4608.

(3) If f € Cs.rL, then T31(f) > (—3731 + 58351/2) /4608.
All these bounds are sharp.
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